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o Chapter IV. Rings



4.1 Rings



Definition

If a non-empty set R has two closed binary operations:
addition and multiplication,

satisfying the following conditions, for a,b,c € R
()a+b=b+a

(2) (a+b)+c=a+ (b+c¢)

(3) There is an element 0 € R such that 0+ a = a.

(4) There exists an element —a € R such that a 4+ (—a) = 0.
(5) (ab)e = a(bc).

(6) a(b+c) = ab+ ac; (a + b)c = ac + be.

(R,+,-) is called a ring.

e A ring is an abelian group (R, +) together with a second
binary operation satisfying

(ab)c = a(bc), a(b+ c) =ab+ ac, (a+ b)c = ac+ be.



o If ab = ba,Va,b € R, we call R an abelian ring.




o If ab = ba,Va,b € R, we call R an abelian ring.

Let R={0} and 0+0 =0,0-0 = 0. Then R is aring. R is called
zero ring. It is obvious that Z,Q, R are rings with identity.




o If ab = ba,Va,b € R, we call R an abelian ring.

Let R={0} and 0+0 =0,0-0 = 0. Then R is aring. R is called
zero ring. It is obvious that Z,Q, R are rings with identity.

If there is an element 1z € R such that 1z # 0 and

lgra = alg,Va € R,

we say R is a ring with unit or identity.




Let 2Z = {2z|z € Z} is a ring. There is no identity in 27Z. I
°




Let 2Z = {2z|z € Z} is a ring. There is no identity in 27Z. I
°

M, (R) is a ring with addition and multiplication of matrix. This
ring is called Full-matrix ring.




Let 2Z = {2z|z € Z} is a ring. There is no identity in 27Z. I

M, (R) is a ring with addition and multiplication of matrix. This
ring is called Full-matrix ring.

The continuous real-valued functions on an interval [a,b] form
a commutative ring by defining (f + ¢)(z) = f(x) + g(x) and
(f9)(x) = f(z)g(x).




A nonzero element a € R is called a zero divisor if there is a
non-zero element b, such that ab = 0.




A nonzero element a € R is called a zero divisor if there is a
non-zero element b, such that ab = 0.

2,3 € Zg, we have 2-3 = 0. So 2 and 3 are zero divisors.



A nonzero element a € R is called a zero divisor if there is a
non-zero element b, such that ab = 0.

@ 2,3 € Zg, we have 2-3 = 0. So 2 and 3 are zero divisors.
@ There is no zero divisor in Z, Q, R.



A commutative ring with identity is called an integral domain if
for any a,b € R such that ab = 0, either a =0 or b = 0.
°




A commutative ring with identity is called an integral domain if
for any a,b € R such that ab = 0, either a =0 or b = 0.
°

o We have Z,Q,R and C are integral domains.



A commutative ring with identity is called an integral domain if
for any a,b € R such that ab = 0, either a =0 or b = 0.
°

o We have Z,Q,R and C are integral domains.
@ Zg is not a integral domain.



A divisor ring R is a ring with identity in which every nonzero
exists an unique element a~! € R such that aa~! =a"la = 1.)

element in R is a unit (that is for each nonzero a € R, there




A divisor ring R is a ring with identity in which every nonzero
exists an unique element a~! € R such that aa~! =a"la = 1.)

element in R is a unit (that is for each nonzero a € R, there

o A commutative divisor ring is called a field.




exists an unique element a~! € R such that aa~! =a"la = 1.)
"]

A divisor ring R is a ring with identity in which every nonzero
element in R is a unit (that is for each nonzero a € R, there

o A commutative divisor ring is called a field.

e Q,R and C are fields. (Z,, +, -) is a ring, but it is neither
an integral domain nor a divisor ring.




tative. Moreover it is neither an integral domain nor a divisor
ring, thus it is not a field.

(Max2(R), +, -) is a ring with identity Es, which is not commu-




Example

Let Qg be the quaternion group. We have
Q= {a+bl +cJ+dKla,b,c,d € R}

is a noncommutative divisor ring, called the ring of quaternions.
@ is a divisor ring. In fact, for every a + bl + ¢J + dK, we have
a — bl — ¢J — dK such that

(a+bI +cJ 4+ dK)(a — bl — cJ — dK) = a® + b*> + ¢ + d°.

This element can be zero only if a,b,c and d are all zero. So if
a+bl+cJ+dK #0,

a—>bl —cJ —dK
a® + b2 + 2 + d2

(a+ b + cJ + dK)(

)=1




Proposition

Let R be a ring with a and b in R. Then
(1) a0 = 0a = 0;

(2) a(=b) = (—a)b = —ab;

(3) (—a)(=b) = ab;

(4) Ya € R,—a = —1ga = a(—lR);

(5) Ya,b € R and n € Z, n(ab) = (an)b = a(nb);
(6) (nlr)a = a(nlr) = na;

(7) Given ay, az, -+, am and by, ba, -+, by

m

R,

m n
(a1 +az+ - +am)(br+ba+-+by) =D ai» b




e Proof: (1) a0 = a(0+ 0) = a0 + a0. Solving the equation,
we have a0 = 0. Similarly, 0a = 0.



e Proof: (1) a0 = a(0+ 0) = a0 + a0. Solving the equation,
we have a0 = 0. Similarly, Oa = 0.

e (2) Since ab+ a(—b) = a(b+ (=b)) = a0 =0, a(-b) =
° (%) Following from (2), (—a)(-=b) = ( (— )) = —(— ab)

o (4) a(-1g) = —(alr) = —a = —(1ga).

e (5) Prove by the mathematical induction. If n =0, 0(ab) =
0 = (0a)b = a(0b). Assume that it is true for m, which is to
say m(ab) = (ma)b = a(mb). Then (m+ 1)ab = mab+ ab =
(ma + a)b = a((m + 1)b).

u]
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e (6) (nlr)a =a(lgn) = na =n(alg) = na.

o = = = = 9ace



(6) (nlg)a = a(lgn) = na = n(algr) = na.

(7) Prove by the mathematical induction. When n = 1,

(e +as+-+an)b=(a1+ (ag+ -+ an))b
=a1b+ (a2 + - +am)b=aib+ab+ (ag + -+ ap)b =
=alb+a2b+---+amb=2aib
i=1

Assume that it is true for s — 1. When n = s,

(a1+a2+~~+am)(b1+b2+~~'+bs)

=(a1 +az+ - +am)(b +b2+ - +bs—1) + (a1 + a2+ +an)
s—1 m
=3 > 0+ Y
i=1 j=1 i=1
m S



Let D be a commutative ring with identity. The D is an integral
we have b=c.

domain if and only if for all nonzero elements a € D with ab=ac,




Let D be a commutative ring with identity. The D is an integral
we have b=c.

domain if and only if for all nonzero elements a € D with ab=ac,

@ Proof let D be an integral domain, then D has no zero divi-

sors. Suppose that ab =acand a # 0, then0 =a-b—a-c =
a-(b—c). Thenb—c=0,ie b=c.




Let D be a commutative ring with identity. The D is an integral
domain if and only if for all nonzero elements a € D with ab=ac,
we have b=c.

@ Proof let D be an integral domain, then D has no zero divi-
sors. Suppose that ab =acand a # 0, then0 =a-b—a-c =
a-(b—c). Thenb—c=0,ie b=c.

o Conversely, suppose that the cancellation law is true in D.
That is, suppose that ab = ac implies b = ¢. Let ab = 0. If
a # 0, then ab = 0 = a - 0 implies b = 0. Therefore, a can
not be a zero divisor. So there is nonzero division, D is an
integral domain.
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Every finite integral domain is a field. I
°




Every finite integral domain is a field. I

Proof.

Let D be a finite integral domain, D* = D/{0}. For each a € D*,
define a map A\, : D* — D* by b — ab for a € D. Firstly, A\,
is well-defined since if a # 0,b # 0, then ab # 0 by D is integral
domain. Next, A\, is injective. Assume that \,(b) = Ag(c), i.e.
ab = ac, then b = ¢ by the cancellation law. It is obvious that
A 18 surjective since D* is a finite set, the map A, must also be
surjective. Hence, for some d € D*, \,(d) = ad = 1, Therefore,
a has a left inverse. Since D is commutative, d must be a right
inverse for a. Consequently, D is a field. O

v




The characteristic of a ring R is the least positive integer n such

that nr = 0, for any » € R. If no such integer exists, then the
characteristic of R is defined to be 0. Denote as char(R)
°




The characteristic of a ring R is the least positive integer n such
that nr = 0, for any » € R. If no such integer exists, then the
characteristic of R is defined to be 0. Denote as char(R)

Z, is a field if p is prime. Then pa = 0, for a € Z,, then
char(Zy,) = p. Moreover, we have

char(Q) = char(R) = char(C) = 0.




The characteristic of an integral domain is either prime or zero.

N



The characteristic of an integral domain is either prime or zero. I

Proof.

Let D be an integral domain, suppose that char(D) = n,n # 0.
If n is not prime, then n = a - b, where 1 < a < n,1 < b < n.
Since 0 =n-1=(a-b)1 = (a-1)(b-1), note that D is integral
domain, a-1=00rb-1=01If a-1 =0, then char(D) =a < n.
It is contradiction. The same for b. Hence, n must be prime. DJ




4.2 Subrings and ideals



that (S, +,-) is a ring.

Let (R,+,-)be a ring. A subring S of R is a subset S of R such




Let (R,+,-)be a ring. A subring S of R is a subset S of R such
that (S, +,-) is a ring.

The ring nZ is a subring of Z. Notice that even though the
original ring may have an identity, we do not require that its
subring have an identity. We have the following chain of subrings:
ZcCcQcRcC.




Proposition

Let R be a ring and S a subset of R. Then S is a subring of R
if and only if the following conditions are satisfied.

(1) S # 0.

(2)r—se€S forallr,seS.

(8) rs €S forallr,s €S.
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Proposition

Let R be a ring and S a subset of R. Then S is a subring of R
if and only if the following conditions are satisfied.

(1) S # O.

(2)r—se€S forallr,seS.

(8) rs €S forallr,s €S.

Proof.

If S is a subring, then (S,+) is a subgroup of (R,+), thus (1)
and (2) hold. (3) is clear because S is a subring.

If S satisfy (1), (2) and (3), we have S is subgroup under ”+" by
(1) and (2). (3) means that S is closed under multiplication. S is
a subset of R, so S is associative and distributive. Thus (S, +, -)
is a subring of R. Ol

v
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Example

R:Mﬂ@):{(‘i b) yabcdeR}

Tri= { (g q) ]p,q,rER}

.. U v p q
Tri is a nonempty set. Let (0 w) , (0 r) € T, then

(6 2)(© D)=(F o)
(6 2)=67)= (" a2 er

Then T is a subring of R.




A subring I of R is an ideal if ar,ra € I, for a € I,r € R, or
equivalent I C I,Ir C I.

ideals.

{0} and R are ideals of R. These two ideals are called trivial




A nonempty set I of R is an ideal of R if
(1) a,be I, thena—bel.
(2)a€l,r €R, then ar,ra € 1.

We have [ is a commutative subgroup under ”+” by (1). I is a
subring by (1) and (2), and ar,ra € I. Thus I of R is an ideal of
R. O




(Z, + ,0). Take n # 0,n € Z.

I={m|rezZ}={--,-2n,—n,0,n,2n---}
is an ideal of Z since ZI,[7.CI.

All ideals of (Z,+,0) are nZ for every n # 0.




Example

LetR = { (g I;) |a,b,c€Z}, then I = { (8 g) |dEZ} is an

ideal of R.

Note that J = {(a b

0 0) la,b € Z} is not an ideal of R =

{ (Z b) [@bic,de Z}' Let a,b,¢,d, a2, b2 € Z, we have

d
a b\ (az b\ [(aaz by
(c d) (O O) a <0a2 cbg) 7 o

u]
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Example

R is a commutative, identity ring, a € R,

I = (a) ={ar|r € R}

is an ideal of R. Since 0 = a0 € (a) and a = al € (a), I is
nonempty. If ary € I,arg € I, then ary —arg = a(ry —ry) € I. If
ar € (a), s € R, we have s(ar) = as(r) € (a). Thus < a > is an

ideal.




o Let R be a ring, Va € R. Define
u

{z1ay1 + 202 + - - - + Trmaym + sa + at + nal
xivy’ﬁS’tER,nEZ”L’: ]_,...m}



u

o Let R be a ring, Va € R. Define

xivy’ﬁS’tER,nEZ”L’: ]_,...m}
@ U is an ideal.

{z10y1 + w202 + - - - + TyaYm + sa + at + nal



o Let R be a ring, Va € R. Define
u

{z10y1 + w202 + - - - + TyaYm + sa + at + nal
@ U is an ideal.

J"ivy’hS’tER,nEZ”L’: ]_,...m}

o In fact, if ui,us € U, u1 tuo €U. Forr € R,

u = zx10Y] + x20Yy2 + - -+ + Tayy, + sa + at 4 na,
then

r(xiay; + x2ay2 + -+ - + Tpmaym, + sa + at + na)

reiayy + rreays + - - + rem,may, + rsa + rat 4+ rna.
Note that rzq, rzs, -
ur €Y.

[m]

T, TS,y € R, ru € U. Similarly,

=



Let R be a ring, a € R, an ideal of the form
(a) =

{z10y1 + T202Yy2 + - * + T1aYm + sa + at + nal
Zi, Yi, S, t € Ryn € Z}

is called a principal ideal.




e (1) If R is a commutative ring, then

(a) = {ra+nalr € R,n € Z}.



e (1) If R is a commutative ring, then

(a) = {ra+nalr € R,n € Z}
e (2) If R is a ring with identity, then

(a) = {Z ziayi| i, y; € R}



e (1) If R is a commutative ring, then

(a) = {ra+nalr € R,n € Z}.
e (2) If R is a ring with identity, then

(a) = {Z ziayi| i, y; € R}

e (3) If R is a commutative ring with identity , then

(a) = {ra|r € R}.



o Let R be a ring, Vai,ao,

,am € R. Define
12{81+82+-'~+8m|8i€ (ai)},
Let u=s1+s2+ -+ sm,u =8| +sh+---+s), €T, then

u—u' = (s1—8)) +(sg—8h)+ -+ (sm —s,) € L.
Let r € R, then rs;,rs, € (a;) and

ru=rs1+rss+---+1r8m €L, ur=s1r+8r+---+su,re’l
Thus Z is an ideal of R. Denote Z = (ai,ag, -+ ,m)



There are only two ideals in a divisor ring i.e. trivial ideals.

N



There are only two ideals in a divisor ring i.e. trivial ideals.

Assume that I is an ideal of R. For a # 0,a € I, there exists
a~! € R such that a~'a = aa=! = 1. Thus for any b € R,
b =051 € I, that means I = R. O




Every ideal in the ring of integers Z is a principle ideal.
°




Every ideal in the ring of integers Z is a principle ideal.

Proof.

If I = (0) = {0}, then [ is a principle ideal. If I # {0}, then
I C Z. I is consisted by some integers in Z. Let n be the smallest
positive integer of I by the principle of well-ordering. For all
a € I, there exist ¢,r € Z,0 < r < n, such that a = nqg+r. That
isr=a—nqg € I, but r = 0 since n is the least positive element
in I. Therefore a = ng. So I = (n). O

v




o Let n € Z. Note that nZ is an ideal of Z. If na € nZ, then
nab € nZ,b € 7. All ideals of Z are nZ. For example

{'”_87_47074a8a
{"'_47_27())2)47
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e Let R be a commutative ring with identity. Any expression
of the form

f(x) =ap + a1 + aga® - + apa”,

where a; € R and a, # 0, is called a polynomial over R
with indeterminate x. The elements ag, a1, - ,a, are called
the coefficients of f. The coefficient a,, is called the leading
coefficient.



e Let R be a commutative ring with identity. Any expression
of the form

flx)=ag+ a1z + asz? -+ apa™,

where a; € R and a, # 0, is called a polynomial over R
with indeterminate x. The elements ag, a1, - ,a, are called

the coefficients of f. The coefficient a,, is called the leading
coefficient.

@ A polynomial is called monic if the leading coefficient is 1.
If n is the largest nonnegative number for which a,, # 0, we
say that the degree of f is n and write degf(z) = n. If no
such n exists, then the degree of f is defined to be co.



@ Denote the set of all polynomials with coefficients in a ring

R by R[z]. R[x]is a ring, we call it as polynomial ring.



R by R[z]. R[x]is a ring, we call it as polynomial ring.
Let p(x) = 3 + 323 and ¢(z) = 4 + 422 + 42* be polynomials in
Zis[x]. Then
p(x) + q(z) = 7+ 42% + 32 + 4a*
p(x)q(z) = 0.

o Denote the set of all polynomials with coefficients in a ring
x

This example tells us that we can not expect R[z] to be an inte-
gral domain if R is not an integral domain.
°




e Let F' be a field. A principal ideal in F[z] is an ideal (p(z))
generated by some polynomial p(z), that is,

(p(z)) = {p(x)q(z)|q(x) € F[x]}.



e Let F' be a field. A principal ideal in F[z] is an ideal (p(z))
generated by some polynomial p(z), that is,

(p(z)) = {p(x)q(z)|q(x) € F[x]}.

term of degree 1.

e For example, the polynomial 22 € F[x] generates the ideal
(x?) consisting of all polynomials with no constant term or



Let F be a field. Then every ideal in Flz| is a principal ideal. I
°




Let F be a field. Then every ideal in Flz| is a principal ideal. l

e Proof: Let I be an ideal of F[z]|. If I is the zero ideal, the
theorem is easily true. Suppose that I is a nontrivial ideal
in F[z], and let p(z) € I be a nonzero element of minimal
degree. If degp(z) = 0, then p(x) is a nonzero constant and
1 must be in I. Since 1 generates all of F|z|, (1) = I = F[z]
and [ is again a principal ideal.

it
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o Now assume that degp(z) > 1 and let f(z) be any element in
I. By the division algorithm there exist ¢(z) and r(x) in F|x]
such that f(z) = p(x)q(x) + r(z) and degr(z) < degp(x).
Since f(x),p(x) € I and I is an ideal, r(z) = f(z)—p(z)q(x)
is also in I. However, since we chose p(z) to be of minimal
degree, r(x) must be the zero polynomial. Since we can write
any element f(z) € I as p(x)q(z) for some ¢(x) € F[z], it
must be the case that I = (p(x)).

u]
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4.3 Ring homomorphisms



Definition

Let R and S be rings, amap ¢ : R — S is a ring homomorphism,
if for all a,b € R,

pla+b) = ¢(a)+o(b),
p(ab) = ¢(a)¢(b).

The kernel of a ring homomorphism to be the set
Ker¢ ={a| ¢(a) =0,a € R}.

If ¢ : R — S is a bijection, then ¢ is called an isomorphism of
rings.

o If there is an isomorphism ¢ : R — S, we say R is isomor-
phic to S, denote R = S.



Examples:

Example

Let ¢ : Z — Zy, : a — a( mod n) be a map. Then ¢ is a ring
homomorphism, since

¢(a+b) ¢(a) + o(b)
= (a+0b)( mod n)
= a( modn)+b( modn)

= ¢(a) + ¢(b)

and

¢(ab) = ab( mod n) =a( mod n)b( mod n) = ¢(a)p(b).

(]
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Example

Let Cla,b] be the ring of continuous real-valued functions on an
interval [a, b]. For a fixed « € [a, b], we define a map

¢o : Cla,b] — R,
f — fla).

This is a ring homomorphism since

da(f+9) = (f+9)(a)=f(a)+gla) = da(f) + dalg),
¢a(fg) = (fg)(a) = f(a)g(a) = ¢a(f)¢a(g)'

Ring homomorphisms of the type ¢, are called evaluation homo-
morphism.




Let R = { (_ab 2) la,b € R} be a subring of the matrix ring
M (R). Now define a map

¢o: R — C,

(a b) — a-+ bi.
-b a

Then ¢ is a ring homomorphism.
°




Proposition

Let ¢ : R — S be a ring homomorphism.
(1) If R is a commutative ring, then ¢(R) is commutative.

(2) $(0R) = 0Os.

(8) Let 1r,1g be the identities for R and S. If ¢ is surjective,

then ¢(1R) =1g.
(4) If R is a field and ¢(R) # 0, then ¢(R) is a field.




(1) Let a,b € R and ab = ba. Then

$(a)p(b) = p(ab) = ¢(ba) = ¢(b)d(a).

S is commutative.

(2) Note that ¢ is a group homomorphism under addition, then
¢(0r) = Os.

(3) Let ¢(r) = 1g by ¢ surjective. Then 1g = ¢(r) = ¢(rlg) =
¢(r)¢(1r) = 1s¢(1g) = #(1g). Thus ¢(1g) = 1s.

(4) Ris afield, 1gr € R. Let ¢(r) € ¢(R), then ¢(r) = ¢(rlg)
¢(r)p(1g) for any r € R, then ¢(1pr) is the identity in ¢(R). ¢(R
is commutative since R is commutative. Let a € R, ¢(a) € ¢(R),
then ¢(1g) = ¢(aa™t) = ¢(a)p(a=!). Thus, for every ¢(a) €
B(R), d(a)! = p(a™). =




R.

The kernel of any ring homomorphism ¢ : R — S is an ideal in




The kernel of any ring homomorphism ¢ : R — S is an ideal in

R.

°
Note that ker¢ is a subgroup of R. For all a € kerg,r € R, we
have

So ra,ar € kerg. O




multiplication defined by

Let I be an ideal of R. The factor group R/I is a ring with

(r+I)(s+I)=rs+1.

(1)




Let I be an ideal of R. The factor group R/I is a ring with
multiplication defined by

(r+I)(s+1I)=rs+1. (1)

°
e proof: Let r+I,s+ I € R/I, then R/I is an abelian group
since
(r+D+(s+I)=r+s+1.
We will show that the multiplication is well-defined. That is

the product (r+ 1)+ (s+ I) = r + s+ I is independent of
the choice of coset.



Let I be an ideal of R. The factor group R/I is a ring with
multiplication defined by

(r+I)(s+1I)=rs+1. (1)

°

e proof: Let r+I,s+ I € R/I, then R/I is an abelian group
since

(r+D+(s+I)=r+s+1.

We will show that the multiplication is well-defined. That is
the product (r+ 1)+ (s+ I) = r + s+ I is independent of
the choice of coset.

o Ifr'er+1,s € s+1,thenr's’ €rs+1.Sincer’,s' e r+1,
there exist a,b € I such that ¥ = r +a and s’ = s + b.
The multiplication r's’ = rs 4+ as + rb+.ab. is in r + L since




laws because

o The multiplication satisfy associative law and distributive

(r+D(s+1)t+I)=(rs+D)(t+1)=(rs)t+1=rst+1,
(r+D((s+Dt+1D)=0+I)(st+1)=r(st)+1=rst+1.
and

(r+D+G+D)t+D)=+s+Dt+I1)=(r+s)t+1,
(r+D((s+D)+@t+1)=r+I)(s+t+I)=r(s+t)+1.



ring or quotient ring.

Let R be a ring, and I be an ideal of R, ring R/I is called factor




Let I be an ideal of R. The map 1 : R — R/I defined by ¢ (r) =
r+ I is a ring homomorphism of R onto R/I with kernel I.
°




Let I be an ideal of R. The map 1 : R — R/I defined by ¢ (r) =
r + I is a ring homomorphism of R onto R/I with kernel I.

Proof.
It is obvious that ¢ : R — R/I is a group homomorphism. Let
r,s € R, then

B(rs) = $(r)(s) = (r+ I)(s + 1) = rs+ L.
Thus 9 is a ring homomorphism. If r € I, then

w(r)=r+I=I=0+I1=0€ R/I.




ical homomorphism.

The map ¥ : R — R/I is called natural homomorphism or canon-




First Isomorphism Theorem for Rings: Let ¢ : R — S
be a ring homomorphism. Then Ker¢ is an ideal of R. If 1 :
R — R/ker¢ is the canonical homomorphism, then there exists
an isomorphism n : R/Ker¢ — ¢(R) such that ¢ = mip.
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First Isomorphism Theorem for Rings: Let ¢ : R — S
be a ring homomorphism. Then Kerg is an ideal of R. If v :
R — R/ker¢ is the canonical homomorphism, then there exists
an isomorphism n : R/Ker¢ — ¢(R) such that ¢ = mip.

@ Proof: By the First Isomorphism Theorem for groups, there
exist a well-defined additive group homomorphism 7 : R/Ker¢ —

¢(R) defined by n(r + Ker¢) = ¢(r). And n preserve multi-
plication since

n((r+1)(s + 1)) = n(rs + 1) = ¢(rs) = o(r)(s),
n(r+Dn(s +1) = o(r)é(s).




Second Isomorphism Theorem for rings: Let I be a subring
of a ring R and J an ideal of R. Then INJ is an ideal of I, and

IJInJ=I+J)/J




Second Isomorphism Theorem for rings: Let I be a subring
of a ring R and J an ideal of R. Then INJ is an ideal of I, and

I/InJ = I+J)/J.

Third Isomorphism Theorem: Let R be a ring and I and J
be ideals of R where J C I. Then

R/J

R/T= 705 (2)




Theorem

the set of subrings S containing I and the set of subrings of R/I.
R/I.

Correspondence Theorem of rings: Let I be an ideal of a
Furthermore, the ideals of R containing I correspond to ideals of

ring R. Then S — S/I is a one-to-one correspondence between




Correspondence Theorem of rings: Let I be an ideal of a
ring R. Then S — S/I is a one-to-one correspondence between
the set of subrings S containing I and the set of subrings of R/I.
Furthermore, the ideals of R containing I correspond to ideals of
R/I.

The correspondence between subgroups applies here. All one has
to do is verify that S is a subring if and only if S/I is. Assume
that S is a subring containing I as an ideal, then there is a factor
ring S/I. Conversely, if S/I is a subring of R/I, then S is a
subring of R. Ol




4.4 Maximal ideals and prime ideals



M is not a proper subset of any ideal of R except R itself.
o

A proper ideal M of a ring R is a maximal ideal of R if the ideal




A proper ideal M of a ring R is a maximal ideal of R if the ideal
M is not a proper subset of any ideal of R except R itself.

27 is a maximal ideal of Z. But 47 is not a maximal ideal of Z
since 47 C 27 C 7.




Let R be a commutative ring with identity and M an ideal in R.
Then M is a mazimal ideal of R if and only if R/M is a field.




Let R be a commutative ring with identity and M an ideal in R.
Then M is a maximal ideal of R if and only if R/M is a field.

@ Proof: Let M be a maximal ideal in R. If R is a commutative
ring, then R/M must also be a commutative ring. Clearly,
14 M acts as an identity for R/M. We must also show that
every nonzero element in R/M has an inverse. If a + M
is a nonzero element in R/M, then a ¢ M. Define I =
{ra+m|r € R,m € M}. We will show that I is an ideal
in R. The set I is nonempty since Oa + 0 = 0 € I. If
ria + mq,rea + mo € I, then

(ria+mq) — (r2a +mg) = (r1 —r2) + (M1 — ma2) ? I.

[m] = =




o Also, for any s € R, then s(ra 4+ m) = sra + sm € I since
sm € M, (ra+m)s = ras +ms = rsa+sm € I by R
commutativity. Hence, I is an ideal. Therefore, I is an ideal
properly containing M. Since M is a maximal ideal, I = R.
consequently, by the definition of I there must be an m € M
and an element b € R such that 1 = ab 4+ m. Therefore,

1+ M=ab+M=ba+M=(a+M)Db+ M).

u]
8]
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e Conversely, suppose that M is an ideal and R/M is a field.
Since R/M is a field, it must contain at least two elements:
0+M = M and 14+ M. Hence, M is a proper ideal of R. Let
I be any ideal properly containing M. We need to show that
I = R. Choose a € I but a ¢ M. Since a + M is a nonzero
element in a field, there exists an element b + M € R/M
such that (a+M)(b+ M) = ab+M = 1+ M. Consequently,
there exists an element m € M such that ab+m = 1 and
1 € I. Therefore, r1 = r € I for all »r € R. Consequently,
I=R
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since Z/pZ = Z, is a field.

Let p be prime, pZ be an ideal in Z. Then pZ is a maximal ideal




A proper ideal P in a commutative ring R is called a prime ideal
if whenever ab € P, then either a € P or b € P.




A proper ideal P in a commutative ring R is called a prime ideal
if whenever ab € P, then either a € P or b € P.

Z12. This ideal is prime and maximal ideal.




Let Zs[x] be the polynomial ring over Zy. Then (22 4 1) is not a
prime ideal. Since

(z+D(z+1)=22+1€ (2 +1),

but x + 1 ¢ (22 + 1). So (x? + 1) is not a prime ideal of Zs[z].

v



only if n is prime.

Let n be a positive integer. Then (n) is a prime ideal of Z if and




Let n be a positive integer. Then (n) is a prime ideal of Z if and
only if n is prime.

Proof.

If n is not prime, then n is 1 or a composite number. If n = 1,
then (n) = Z, it is not a prime ideal. If n = abfor 1 <a <n,1 <
b < n, then n € (n), but a ¢ (n),b ¢ (n). So (n) is not a prime
ideal.

Conversely, if n is a prime number, and ab € (n), then n|ab, thus
n|a or n|b, that is a € (n) or b € (n).

O




Let R be a commutative ring with identity 1g. Then P is a prime
ideal in R if and only if R/P is an integral domain.
o




Let R be a commutative ring with identity 1g. Then P is a prime
ideal in R if and only if R/P is an integral domain.

o
@ Proof: Assume that P is an ideal in R and R/ P is an integral
domain. Suppose that ab € P. If a + P,b+ P € R/P such
that
(a+P)(b+P)=0+P=P,
then either a+ P = P or b+ P = P. This means that either
a € P or b e P, which shows that P must be prime.
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Let R be a commutative ring with identity 1g. Then P is a prime
ideal in R if and only if R/P is an integral domain.

(]

@ Proof: Assume that P is an ideal in R and R/ P is an integral
domain. Suppose that ab € P. If a + P,b+ P € R/P such
that

(a+P)(b+P)=0+P=P,
then either a+ P = P or b+ P = P. This means that either
a € P or b e P, which shows that P must be prime.
o Conversely, suppose that P is prime and

(a+P)(b+P)=ab+P=0+P=P.

Then ab € P. If a ¢ P, then b must be in P by the definition
of a prime ideal. Hence, b+P = 0+ P and R/P is an integral




prime.

Every ideal in Z is of the form nZ. The factor ring Z/nZ = Z,
is an integral domain only when n is prime. It is actually a field.

Hence, the nonzero prime ideals in Z are the ideals pZ for p a
°




a prime ideal.

Every maximal ideal in a commutative ring with identity is also




a prime ideal.

Every maximal ideal in a commutative ring with identity is also

o Remark: If there is no identity in the ring R, the corollary

is not true. For example, 4Z is a maximal ideal of 2Z, but
47 is not a prime ideal of 2Z.




Let F be a field and suppose that p(x) € F[z]. Then the ideal
generated by p(x) is mazimal if and only if p(x) is irreducible.




Let F be a field and suppose that p(x) € F[z]. Then the ideal
generated by p(x) is mazimal if and only if p(x) is irreducible.

e Proof: Suppose that p(z) generates a maximal ideal of F'[z].
Then (p(z)) is also a prime ideal of F[z]. Since a maximal
ideal must be properly contained inside F'[z], p(z) cannot
be a constant polynomial. Let us assume that p(x) factors
into product of two polynomials, say p(z) = f(z)g(x), where
degf(z) < deg(p(x),degg(x) < deg(p(z). Since (p(z)) is a
prime ideal, one of these factors, say f(x), is in (p(x)) and
therefore be a multiple of p(x). But this would imply that
(p(x)) C (f(x)), which is impossible since (p(z)) is maximal.

[m] [l = =




e Conversely, suppose that p(x) is irreducible over F[x]. Let I
be an ideal in F[x] containing (p(x)). Then I is a principal
idea, hence, I = (f(x)) for some f(z) € F[z]. Since p(z) € I,
it must be the case that p(x) = f(z)g(z) for some g(z) €
F[z]. However, p(x) is irreducible; hence, either f(z) or g(z)
is a constant polynomial. If f(z) is constant, then I = F[z]
and we are done. If g(x) is a constant, then f(x) is a constant
multiple of I and I = (p(z)). Thus, there are no proper
ideals of F[z] that properly contain (p(x)).

DA
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4.5 Extension fields



The field F is called the base field. We write F C E or E/F.

Let E is a field. A subfield F' is a subset of £ and F' is a field

A field E is an extension field of a field F' if F is a subfield of E.




Let E is a field. A subfield F' is a subset of F and F is a field.
A field E is an extension field of a field F' if F is a subfield of E.
The field F is called the base field. We write F C E or E/F.

e Given a field extension E/F, the larger field E' can be con-
sidered as a vector space over F. The elements of E are
the vectors and the elements of F' are scalars. For example,

C = {a + bila,b € Q,i%> = —1} is a vector space over Q, and
C is a extension field of Q.



If an extension field E of a field F' is a finite dimensional vector
space over F' of dimension n, then we say that F is a finite ex-

tension of degree n over F. We write [E : F| = n to indicate the
dimension of E over F.




If an extension field E of a field F' is a finite dimensional vector
space over F' of dimension n, then we say that F is a finite ex-
tension of degree n over F. We write [E : F| = n to indicate the
dimension of E over F'.

Example
Let

Q(V2) = {a+ bv2|a,b € Q}.

Then Q(v/2) is a extension field of Q, the basis of Q(v/2) over Q
is {1,1/2}, and

[Q(v2): Q] =2.




If we consider the polynomial

p(x) = 2t — 522 + 6 = (22 — 2)(2? - 3)
(v? — 2) and (2% — 3) are irreducible in Q.

Let

E =Q(v2,V3) = {a+bV3a,b € Q(v2)}.
Then p(x) is reducible in E.




e F is a extension field of Q(v/2), the basis of Q(v/2,/3) over
QW3 is {1,v/3}, and

[Q(V2,V3) : Q(v2)] = 2.

o = = = = 9Dac



e F is a extension field of Q(v/2), the basis of Q(v/2,/3) over
QW3 is {1,v/3}, and

[Q(vV2,V3) : Q(v2)] = 2.
e Furthermore,
Q(v2,V3) = Q(V2)(V3) = {a+bV2+cv3+dV6|a, b, c,d € Q},

then

[Q(V2,V3) : Q] = 4.

o = = = = 9Dac



Telescope Formula: If E is a finite extension of F and K is a
finite extension of E, then K is a finite extension of F and

[K:F]=[K:E|E:F|.

(3)



@ Proof: Let {a1, -+ ,a,} be a basis for E as a vector space

over F' and {f1, -+, Bm} be a basis for K as a vector space
over E. We claim that {c;/f;} is a basis for K over F.



@ Proof: Let {a1, -+ ,a,} be a basis for E as a vector space
over F' and {f1, -+, Bm} be a basis for K as a vector space
over E. We claim that {c;/f;} is a basis for K over F.

o We will first show that these vectors span K. Let u € K.

Then u = » ", b;jB8; and bj = 31, ajja;, where b; € E and
a;; € F'. Then

u = Z(Z a;jaq) By = Zaij(aiﬁj)'
1,]

j=1 i=1

So the mn vectors «;/3; must span K over F.



e We must show that {a;3;} are linearly independent. Sup-
pose that there exist ¢;; € F' such that

w=y_cijlaify) =Y (cijai)B;) =0

1,7 2%
Since the ﬁ}s are linearly independent over E, it must be
the case that

E cijay =0,
i’j

for all j. However, the a; are also linearly independent over
proof.

F. Therefore, ¢;; = 0 for all < and j, which completes the



If F; is a field for i = 1,---  k and Fi+1 s a finite extension of
F;, then Fy, is a finite extension of Fy and

[Fi : F1] = [Fy : Fg—1] -+ [Fa2: Fi]

(4)




o If F is a field extension of F' and «aq, - - , o, are contained in
E, we denote the smallest field containing F' and a, -+ , ap
by F(aq, -+ ,ap). If E = F(a) for some o € E, then E is a
simple extension of F.

e Let E = F(«) be a simple extension of F'. Note that a € F,
then a* € E for k € N. Let f(x) = ap + a1x + agz® + --- +
anx"™ + -+ € Flz], then

f(a):a0+a1a+02012+---+anan+...GE‘

If g(a) = by + by + baa® + --- + bpa™ + --- # 0, then
g(a)™t € E. Thus

E = {f(a)g(a)”"|f(2), 9(z) € F[z], g(a) # 0}.
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Fla] = {f(a)|f(x) € Flz]}

F(x1;$27

e Let F[z] be the polynomial ring over field F,
F[alaQQa : 7a5] = {f(a17a27"' aas)lf(xlax%
R 7935)}-



e Let F[z] be the polynomial ring over field F,
Fla] ={f(a)[f(z) € Flz]},
F[C(]_,CUQ, o 7a5] = {f(al,QQ, e ,Oés)lf((l,’]_,(EQ, e ,Z‘s) €
F($1,$2, e ws)}

o If £ = F(ai,a,---as) be a extension of F, then F =
F(a1)(ag) - (as). Thus

E = {f(Oé]_,OQ,"' an)g(al,a2,~-- 7an)—1|

f(x), 9(x) € Flz], g(ar, az,- -, an) # 0}.



e Let F[z] be the polynomial ring over field F,
Fla] ={f(a)|f(z) € Flz]},
Flaj,ag, -+ ,as] = {f(a1, a0, ,a5)|f(x1, 29, -+ ,25) €
F(z1,z9, - ,xs)}.

o If £ = F(ai,a,---as) be a extension of F, then F =
F(a1)(ag) - (as). Thus

E = {f(Oé]_,OQ,"' an)g(alaQQa"' ,Oén)—1|

f(@),9(x) € Flz],g(ar, ag,- -, am) # O}

e Then F(a) is a factor field of Fla|, F(ay, g, - ,as) is a
factor field of Flag, ag, -, as).
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o Let F be a field Q. Consider the simple extension QIr].
Then

Q(m) = {f(m)g(m) | f(2), 9(x) € Ql], () # 0}
Q(m) is the factor field of ring Q[x].

o F = = £ DA



o Exercise: Show that
(1) Q(v2) = Q[v2] = {a + bv/2|a,b € Q}.
(2) Q(v2,v3) = Q[v2, V3.

o F = = £ DA



o Exercise: Show that
(1) Q(v2) = Q[v2] = {a + bv/2|a,b € Q}.
(2) Q(v2,v3) = Q[v2, V3.

o Recall that (v2)7! = 1v/2 € Q[v2]. In fact,

Q(V2,v3) = Q(V2)(V3)=Q[v2](V3)
= {a+bV3|a,b e Q(v2}.

o = = = = 9ace



o Let p(x) = 22 + x + 1 € Zs[z]. Since neither 0 nor 1 is

a root of this polynomial, we know that p(z) is irreducible
over Zo. We will construct a field extension of Zs containing
an element « such that p(a) = 0.



o Let p(x) = 22 + x + 1 € Zs[z]. Since neither 0 nor 1 is
a root of this polynomial, we know that p(z) is irreducible
over Zs. We will construct a field extension of Zy containing
an element « such that p(a) = 0.

o Theideal (p(z)) generated by p(x) is maximal. Hence, Zs/(p(x))
is a field. Let f(x) + (p(z)) be an arbitrary element of
Zs/{p(x)). By the division algorithm,

f(x) = (@ + z + )g(z) + r(2),

where the degree of r(z) is less than the degree of 2% +z + 1.
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fx)+ (@ +z+1)=r(z)+ (2 +z+1).

The only possibilities for r(x) are then 0,1,z and 1 + z.

Consequently, Zs/(p(x)) is a field with four elements and
zero « of p(x).

must be a field extension of Za, E = Zy/(p(z)) containing a



fx)+ (@ +z+1) =r(x)+ (@® +z+1).

The only possibilities for r(x) are then 0,1,z and 1 + z.
Consequently, Zs/(p(x)) is a field with four elements and
must be a field extension of Za, E = Zy/(p(z)) containing a
zero « of p(x).

@ The field Zy(«) consists of elements

0+ 0a =0,
14 0a=1,
0+ 1la=a,
1+la=1+a.
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e Notice that a® + « + 1 = 0. Hence, if we compute

(1+a)? = (1+a)(1+a) = 1+ata+(a)? = a+(1+a+(@)?) = a



e Notice that a® + « + 1 = 0. Hence, if we compute

(1+a)? = (1+a)(1+a) = 1+ata+(a)? = a+(1+a+(@)?) = a
o Let a + ba be the inverse of «, then

1 =a(a+ba) = aa+ba® = aa +b(—1 — ) = (a — b)a — b,
Thusa=-1=1,b

1 =1. So the inverse of o is 1 + av.



Table: Addition Table of Zy(«)

+ 0 1 1+«
0 0 1 1+a
1 1 0 «
«a a 1 1
1 1 « 0

Table: Multiplication Table of Zs ()

. 0 1+«
0 0 0
1 0 1+«
o' 0 1
1 0 a




4.6 Algebraic extension fields



An element « in an extension field E over F' is algebraic over F
if f(a)) = 0 for some nonzero polynomial f(z) € F[z].




An element « in an extension field E over F' is algebraic over F
if f(a)) = 0 for some nonzero polynomial f(z) € F[z].

An element in E that is not algebraic over F' is transcendental
over F.




An element « in an extension field E over F' is algebraic over F
if f(a)) = 0 for some nonzero polynomial f(z) € F[z].

An element in F that is not algebraic over F' is transcendental
over F.

An extension field F of a field F' is an algebraic extension of F
if every element in F is algebraic over F'.




e Both v/2 and i are algebraic over Q since they are zeros of
the polynomials 22 — 2 and z2 + 1, respectively.



e Both v/2 and i are algebraic over Q since they are zeros of
the polynomials 22 — 2 and z2 + 1, respectively.

o Clearly 7 and e are algebraic over the real numbers. How-
Q.

ever, it is a nontrivial fact that they are transcendental over



e Both v/2 and i are algebraic over Q since they are zeros of
the polynomials 22 — 2 and z2 + 1, respectively.

o Clearly 7 and e are algebraic over the real numbers. How-
Q.

ever, it is a nontrivial fact that they are transcendental over

o Numbers in R that are algebraic over Q are in fact quite

rare. Almost all real numbers are transcendental over Q.



e Both v/2 and i are algebraic over Q since they are zeros of
the polynomials 2 — 2 and 22 + 1, respectively.

o Clearly 7 and e are algebraic over the real numbers. How-
ever, it is a nontrivial fact that they are transcendental over
Q.

o Numbers in R that are algebraic over Q are in fact quite
rare. Almost all real numbers are transcendental over Q.

o In many cases we do not know whether or not a particular
number is transcendental; for example, it is still not known
whether 7 + e is transcendental or algebraic.

u]
8]
I
i
it



We will show that v/2 + v/3 is algebraic over Q. If o = /2 + /3,
then a? = 2+ /3. Hence, o® —2 = /3 and (a? —2)? = 3. Since
a*—402+1 = 0, it must be true that « is a zero of the polynomial
zt —42? +1 € Q[z].

A complex number that is algebraic over Q is an algebraic num-
ber. A transcendental number is an element of C that is
transcendental over Q.




A field extension of finite degree is algebraic. I

Proof.

Let F be a finite extension of F' and let z € E. By hypothesis,
[E : F| = n, E has finite dimension n as a vector space over F'.
Consequently, the set {1,a,a?,---,a"} is linearly dependent,
and there are elements ag, a1, - ,a, € F not all zero, such that
An0™ + ap_10™ 1+ -+ aja+ag = 0. So « is a root of the
nonzero polynomial a,z" + ap_12" "+ + - - + a1z + ap = 0, and
FE is therefore algebraic over F. [

v




Theorem

Let E be an extension field of a field F' and o € E with « algebraic
over F' . Then there is a unique irreducible monic polynomial
p(z) € F(x) of smallest degree such that p(a)) = 0. If f(z) is
another polynomial in Fx] such that f(a) = 0, then p(x) divides

f().

u]
8]
I
i
it



e Proof: Let ¢, : F[z] — E be the evaluation homomor-
phism. The kernel of ¢, is a principal ideal generated by
some p(z) € Flx] with deg p(x) > 1. We know that such
a polynomial exists, since F'[z| is a principal ideal domain
and « is algebraic. The ideal (p(x)) consists exactly of those
elements of F[x] having « as a zero. If f(a) =0 and f(z) is
not the zero polynomial, then f(z) € (p(x)) and p(x) divides
f(x). So p(x) is a polynomial of minimal degree having « as
a zero. Any other polynomial of the same degree having «
as a zero must have the form bp(z) for some b € F.
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e Proof: Let ¢, : F[z] — E be the evaluation homomor-
phism. The kernel of ¢, is a principal ideal generated by
some p(z) € Flx] with deg p(x) > 1. We know that such
a polynomial exists, since F'[z| is a principal ideal domain
and « is algebraic. The ideal (p(x)) consists exactly of those
elements of F[x] having « as a zero. If f(a) =0 and f(z) is
not the zero polynomial, then f(z) € (p(x)) and p(x) divides
f(x). So p(x) is a polynomial of minimal degree having « as
a zero. Any other polynomial of the same degree having «
as a zero must have the form bp(z) for some b € F.

@ Suppose now that p(x) = r(x)s(z). Since p(a) = 0,7(a)s(«x)
0, consequently, either r(a) = 0 or s(«) = 0, which contra-
dicts the fact that degp(z) > 1. Therefore, p(z) must be
irreducible.
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Let F be an extension field of F' and a € E be algebraic over F'.
The unique monic polynomial p(z) of the last theorem is called

the minimal polynomial for « over F. The degree of p(x) is
the degree of o over F.




Let F be an extension field of F' and a € E be algebraic over F'.
The unique monic polynomial p(z) of the last theorem is called
the minimal polynomial for « over F. The degree of p(x) is
the degree of o over F.

Let f(z) = 22 —2 and g(x) = 2* — 422 + 1. They are the minimal
polynomials of v/2 and /2 + /3, respectively.




e The minimal polynomials of 7 in Q and R is 224 1. We have

Qi) = Qlz]/(+* +1), R[]

o~

Rlz]/(a? + 1).



@ The minimal polynomials of 7 in Q and R is 22 +1. We have
Qli] = Q[z]/(x® + 1), R[i] =R[z]/(z* +1).
o Let

fl@) = ((&=V3)>=2)((z+V3)* - 2)
= (@—V3-V2)(z—V3+V2)
(x+x/§ V2)(z +V3+V2)

= 2t —102? + 1.

Then f (\/§ + \/3) = 0. The minimal polynomials of V2+3
is f(z) = 2* — 1022 4 1.

o = = E = wae
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