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Model of the behavior of stock prices

= Wiener processes

Definition: A Wiener ( Gaussian) process or Brounian motion process {z ().t €
[0, 00) } is a stochastic process on a probability space (€2, 7, P) which satisfies:

1. zero initial value: z (0) =0 a.s.
2. the Markov property: the probability distributions for any future z (t+s)

depend only on the current value z () , and are not affected by its past
history. ‘

3. independent increments: increments (changes), z (ti1) — z(t;) , in the
process over any finite time interval are independent of those over
any other nonoverlapping time interval, z (tj41) — z (¢;), (tis) — )N

2(tjq1) - 2(t) Nz(tir1) —2(t;) = ¢




4, normally-distributed increments: increments (changes), z (f + s)—z (t),

follow :
z(t+s)—2(t) ~ N (0,0%s), (3)

where ¢ is a constant.

5. For each w € 0, z (t;w) is continuous in ¢ € [0, 00) .

Jote:

o When o =1 in (3), z is said to be a standard Wiener process (Brownian
motion). In what 1ollows, z reprosents a standard Wiener process:
SETFs) -z (t)~ N(0,s).

e A nonstandard Wiener process y, say y (¢ + 8) —y (£) ~ N (0,0%s) , can
be represented in terms of a standard Wiener process z as

y(t)=oz(1).

= For a standard wiener process z,

(a) Eldz(t)] =0,
(b) E[(dz (z))'-’] =dt,

(c) E[(dz (a))'-"*'"] =0,n=12-,
(d) E[dz(¢)dz(s)] = 0.t # s,

() (dz(2))" =dt,

(f) dz (t)dt = 0.




3. For two standard Wiener processes z and w with the instantaneous
correlation coefficient of dz (¢) and dw () equal to p,

(a) Cove(dz(t),dw(t)) = pdt,
(b) dz(t)dw (t) = pdt.

dz | dw | dt
dz | dt | pdt | O
dw dt | 0
dit 0

The process for stock prices

o Usually we assume the process of stock prices as
geometric Brownian motion:

dS = puSdt + oSdz

the discrete-time version of the model is

%S = uAt 4+ cev At

AS/S is normally distribution

LN INRN/)

o The limit of binomial tree process is Geometric
Brownian motion as At — 0.




= |tos lemma
Let F be a function of Lto process p and tiune ¢, F'(p,t), whoere
dp(t) = p(t,p(t))dt+ o (g,p(t))dz (1),
with the required technical conditions being satisfied. And assume:

(a) F(p,t)is at least twice differentiable w.r.t. p;
(b) F(p,t) is at least once differentiable w.r.t. .
Then, instantaneous increments of F' are given by

aF oF 19*F

dii = E[“ + a—pdp—i— § ap,_, {(]}JJ
o 0F 1 ).
= — — 4 = :
Dot dp 2 ip

= Example

o Lognormal property of stock prices

= If a stock price, S, follows Geometric Brownian motion,

dS = puSdt 4+ 0Sdz
then,

dinS = (u — 02/2)dt + odz




Derivation of the Black-Scholes model

o Assumptions:
The stock price follows the process with pando constant.
The short selling of securities is permitted.
There are no transactions costs or taxes. All securities are perfectly divisible.
There are no dividends during the life of the derivative.
There are no risk-less arbitrage opportunities.
Security trading is continuous.
The risk-free rate of interest, r, is constant and the same for all maturities.
o Method 1: risk-free portfolio method.
o Method 2: martingale approach.

Martingale

Definition: an adapted sequence (Mp)o<n<n
of real random variables is

e a martingale if E(M,41|Fn) = My for all
n<N-1

e a supermartingale if E(M,,41|Fn) < My for
aln< N -1

e a submartingale if E(M,41|Fn) > My, for
aln<N-1




1. (Mn)o<n<n is @ martingale if and only if

2. The sum of two martingale is martingale.

3. Obviously, similar properties can be shown
for supermartingales and submartingales.

Option on a stock paying a continuous

dividend yield

o Assume the dividend yield is g, the payment of a
continuous dividend yield causes the growth rate
in the stock price to be less than it would
otherwise be by an amount q.

o The probabilities distribution for the stock price at
time T in each of the following two cases are
equivalent:

The stock starts at price s, and pays a continuous
dividend yield at rate .

The stock starts at price s,.—«rand pays no dividend yield.




a Option pricing formula

c = Soe 'N(dy) — Xe "' N(dy)
p = Xe "TN(—dp) — Spe 1T N(—dy)
IN(So/X) + (r —q+ 02/2)T

di =
1 ovT

do = di—oVT

o The risk-neutral process for the stock price is
dS = (r — q)Sdt + 0Sdz

Futures options

o The expected gain to the holder of a futures
contract in a risk-neutral world is zero.

o Option pricing formula

c = e "T[FyN(dy) — Xe "' N(dy)]
p = e "T[XN(—dp) — FoN(—dy)
_ In(Fo/X) +0°T/2

oVT

dy = dl—oﬁ
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