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Preface

This text is intended as an introduction to elementary probability theory and stochas-
tic processes. It is particularly well suited for those wanting to see how probability
theory can be applied to the study of phenomena in fields such as engineering, com-
puter science, management science, the physical and social sciences, and operations
research.

It is generally felt that there are two approaches to the study of probability theory.
One approach is heuristic and nonrigorous and attempts to develop in the student an
intuitive feel for the subject that enables him or her to “think probabilistically.” The
other approach attempts a rigorous development of probability by using the tools of
measure theory. It is the first approach that is employed in this text. However, because
it is extremely important in both understanding and applying probability theory to be
able to “think probabilistically,” this text should also be useful to students interested
primarily in the second approach.

New to This Edition

The twelfth edition includes new text material, examples, and exercises in almost ev-
ery chapter. Newly added Sections begin in Chapter | with Section 1.7, where it is
shown that probability is a continuous function of events. The new Section 2.8 proves
the Borel-Cantelli lemma and uses it as the basis of a proof of the strong law of large
numbers. Subsection 5.2.5 introduces the Dirichlet distribution and details its rela-
tionship to exponential random variables. Notable also in Chapter 5 is a new approach
for obtaining results for both stationary and non-stationary Poisson processes. The
biggest change in the current edition, though, is the addition of Chapter 12 on cou-
pling methods. Its usefulness in analyzing stochastic systems is indicated throughout
this chapter.

Course

Ideally, this text would be used in a one-year course in probability models. Other
possible courses would be a one-semester course in introductory probability theory
(involving Chapters 1-3 and parts of others) or a course in elementary stochastic
processes. The textbook is designed to be flexible enough to be used in a variety of
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possible courses. For example, I have used Chapters 5 and 8, with smatterings from
Chapters 4 and 6, as the basis of an introductory course in queueing theory.

Examples and Exercises

Many examples are worked out throughout the text, and there are also a large number
of exercises to be solved by students. More than 100 of these exercises have been
starred and their solutions provided at the end of the text. These starred problems can
be used for independent study and test preparation. An Instructor’s Manual, containing
solutions to all exercises, is available free to instructors who adopt the book for class.

Organization

Chapters | and 2 deal with basic ideas of probability theory. In Chapter | an axiomatic
framework is presented, while in Chapter 2 the important concept of a random variable
is introduced. Section 2.6.1 gives a simple derivation of the joint distribution of the
sample mean and sample variance of a normal data sample. Section 2.8 gives a proof
of the strong law of large numbers, with the proof assuming that both the expected
value and variance of the random variables under consideration are finite.

Chapter 3 is concerned with the subject matter of conditional probability and con-
ditional expectation. “Conditioning” is one of the key tools of probability theory, and
it is stressed throughout the book. When properly used, conditioning often enables us
to easily solve problems that at first glance seem quite difficult. The final section of
this chapter presents applications to (1) a computer list problem, (2) a random graph,
and (3) the Polya urn model and its relation to the Bose—Einstein distribution. Sec-
tion 3.6.5 presents k-record values and the surprising Ignatov’s theorem.

In Chapter 4 we come into contact with our first random, or stochastic, process,
known as a Markov chain, which is widely applicable to the study of many real-world
phenomena. Applications to genetics and production processes are presented. The
concept of time reversibility is introduced and its usefulness illustrated. Section 4.5.3
presents an analysis, based on random walk theory, of a probabilistic algorithm for
the satisfiability problem. Section 4.6 deals with the mean times spent in transient
states by a Markov chain. Section 4.9 introduces Markov chain Monte Carlo methods.
In the final section we consider a model for optimally making decisions known as a
Markovian decision process.

In Chapter 5 we are concerned with a type of stochastic process known as a count-
ing process. In particular, we study a kind of counting process known as a Poisson
process. The intimate relationship between this process and the exponential distri-
bution is discussed. New derivations for the Poisson and nonhomogeneous Poisson
processes are discussed. Examples relating to analyzing greedy algorithms, minimiz-
ing highway encounters, collecting coupons, and tracking the AIDS virus, as well as
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material on compound Poisson processes, are included in this chapter. Section 5.2.4
gives a simple derivation of the convolution of exponential random variables.

Chapter 6 considers Markov chains in continuous time with an emphasis on birth
and death models. Time reversibility is shown to be a useful concept, as it is in the
study of discrete-time Markov chains. Section 6.8 presents the computationally im-
portant technique of uniformization.

Chapter 7, the renewal theory chapter, is concerned with a type of counting process
more general than the Poisson. By making use of renewal reward processes, limit-
ing results are obtained and applied to various fields. Section 7.9 presents new results
concerning the distribution of time until a certain pattern occurs when a sequence of
independent and identically distributed random variables is observed. In Section 7.9.1,
we show how renewal theory can be used to derive both the mean and the variance of
the length of time until a specified pattern appears, as well as the mean time until
one of a finite number of specified patterns appears. In Section 7.9.2, we suppose
that the random variables are equally likely to take on any of m possible values, and
compute an expression for the mean time until a run of m distinct values occurs. In
Section 7.9.3, we suppose the random variables are continuous and derive an expres-
sion for the mean time until a run of m consecutive increasing values occurs.

Chapter 8 deals with queueing, or waiting line, theory. After some preliminaries
dealing with basic cost identities and types of limiting probabilities, we consider ex-
ponential queueing models and show how such models can be analyzed. Included in
the models we study is the important class known as a network of queues. We then
study models in which some of the distributions are allowed to be arbitrary. Included
are Section 8.6.3 dealing with an optimization problem concerning a single server,
general service time queue, and Section 8.8, concerned with a single server, general
service time queue in which the arrival source is a finite number of potential users.

Chapter 9 is concerned with reliability theory. This chapter will probably be of
greatest interest to the engineer and operations researcher. Section 9.6.1 illustrates a
method for determining an upper bound for the expected life of a parallel system of
not necessarily independent components and Section 9.7.1 analyzes a series structure
reliability model in which components enter a state of suspended animation when one
of their cohorts fails.

Chapter 10 is concerned with Brownian motion and its applications. The theory
of options pricing is discussed. Also, the arbitrage theorem is presented and its rela-
tionship to the duality theorem of linear programming is indicated. We show how the
arbitrage theorem leads to the Black—Scholes option pricing formula.

Chapter 11 deals with simulation, a powerful tool for analyzing stochastic mod-
els that are analytically intractable. Methods for generating the values of arbitrarily
distributed random variables are discussed, as are variance reduction methods for
increasing the efficiency of the simulation. Section 11.6.4 introduces the valuable
simulation technique of importance sampling, and indicates the usefulness of tilted
distributions when applying this method.

Chapter 12 introduces the concept of coupling and shows how it can be effectively
employed in analyzing stochastic systems. Its use in showing stochastic order relations
between random variables and processes—such as showing that a birth and death pro-
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cess is stochastically increasing in its initial state—is illustrated. It is also shown how
coupling can be of use in bounding the distance between distributions, in obtaining
stochastic optimization results, in bounding the error of Poisson approximations, and
in other areas of applied probability.
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Introduction to Probability Theory n

1.1 Introduction

Any realistic model of a real-world phenomenon must take into account the possibility
of randomness. That is, more often than not, the quantities we are interested in will
not be predictable in advance but, rather, will exhibit an inherent variation that should
be taken into account by the model. This is usually accomplished by allowing the
model to be probabilistic in nature. Such a model is, naturally enough, referred to as a
probability model.

The majority of the chapters of this book will be concerned with different probabil-
ity models of natural phenomena. Clearly, in order to master both the “model building”
and the subsequent analysis of these models, we must have a certain knowledge of ba-
sic probability theory. The remainder of this chapter, as well as the next two chapters,
will be concerned with a study of this subject.

1.2 Sample Space and Events

Suppose that we are about to perform an experiment whose outcome is not predictable
in advance. However, while the outcome of the experiment will not be known in ad-
vance, let us suppose that the set of all possible outcomes is known. This set of all
possible outcomes of an experiment is known as the sample space of the experiment
and is denoted by S.

Some examples are the following.

1. If the experiment consists of the flipping of a coin, then
S={H,T}

where H means that the outcome of the toss is a head and T that it is a tail.
2. If the experiment consists of rolling a die, then the sample space is

S=1{1,2,3,4,5,6)

where the outcome i means that i appeared on the die, i =1, 2, 3,4, 5, 6.
3. [If the experiment consists of flipping two coins, then the sample space consists of
the following four points:

S={(H, H),(HT),(T,H),(T,T)}

The outcome will be (H, H) if both coins come up heads; it will be (H, T') if the
first coin comes up heads and the second comes up tails; it will be (7, H) if the

Introduction to Probability Models. https://doi.org/10.1016/B978-0-12-814346-9.00006-8
Copyright © 2019 Elsevier Inc. All rights reserved.
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first comes up tails and the second heads; and it will be (7', T) if both coins come
up tails.

If the experiment consists of rolling two dice, then the sample space consists of
the following 36 points:

(1,1),(1,2),(1,3),(1,4),(1,5), (1,6)
(2,1),(2,2),(2,3),(2,4),(2,5), (2,6)
(3,1),3,2),(3,3),3,4),.(3,5),(3,6)
4,1),4,2),4,3),4,4),4,5),4,6)
(5,1),(5,2),(,3),(5,4),(5,5),(5,6)
(6, 1), (6,2),(6,3),(6,4),(6,5), (6,6)

where the outcome (i, j) is said to occur if i appears on the first die and j on the
second die.

If the experiment consists of measuring the lifetime of a car, then the sample space
consists of all nonnegative real numbers. That is,’

S =10, 00) |

Any subset E of the sample space S is known as an event. Some examples of events

are the following.

1.

2.

3.

4.

5.

In Example (1), if E = {H}, then E is the event that a head appears on the flip of
the coin. Similarly, if E = {T}, then E would be the event that a tail appears.

In Example (2), if E = {1}, then E is the event that one appears on the roll of the
die. If E = {2, 4, 6}, then E would be the event that an even number appears on
the roll.

In Example (3), if E = {(H, H), (H, T)}, then E is the event that a head appears
on the first coin.

In Example (4), if E ={(1,6),(2,5),(3,4),(4,3),(5,2),(6, 1)}, then E is the
event that the sum of the dice equals seven.

In Example (5), if E = (2, 6), then E is the event that the car lasts between two
and six years. |

We say that the event E occurs when the outcome of the experiment lies in E. For

any two events E and F of a sample space S we define the new event E U F to consist
of all outcomes that are either in E or in F orin both E and F'. Thatis, the event EU F'
will occur if either E or F occurs. For example, in (1) if E = {H} and F = {T}, then

EUF={HT}

That is, E U F would be the whole sample space S. In (2) if E ={1,3,5} and F =

{1,

2,3}, then

EUF={1,2,3,5)

! The set (a, b) is defined to consist of all points x such that a < x < b. The set [a, b] is defined to consist
of all points x such that a < x < b. The sets (a, b] and [a, b) are defined, respectively, to consist of all
points x such that a < x < b and all points x such thata < x < b.
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and thus £ U F would occur if the outcome of the die is 1 or 2 or 3 or 5. The event
E U F is often referred to as the union of the event E and the event F.

For any two events E and F, we may also define the new event EF, sometimes
written E N F, and referred to as the intersection of E and F, as follows. EF consists
of all outcomes which are both in E and in F. That is, the event EF will occur only if
both E and F occur. For example, in (2) if E ={1,3,5} and F = {1, 2, 3}, then

EF={1,3)

and thus EF would occur if the outcome of the die is either 1 or 3. In Example (1)
if E={H} and F = {T}, then the event EF would not consist of any outcomes and
hence could not occur. To give such an event a name, we shall refer to it as the null
event and denote it by @. (That is, @ refers to the event consisting of no outcomes.) If
EF =@, then E and F are said to be mutually exclusive.

We also define unions and intersections of more than two events in a similar man-
ner. If Eq, E3, ... are events, then the union of these events, denoted by U,‘f’zl E,,is
defined to be the event that consists of all outcomes that are in E,, for at least one value
of n =1,2,.... Similarly, the intersection of the events E,, denoted by ﬂ,‘f:l E,,
is defined to be the event consisting of those outcomes that are in all of the events
E,,n=12,....

Finally, for any event E we define the new event E€, referred to as the complement
of E, to consist of all outcomes in the sample space S that are not in E. That is, E€
will occur if and only if E does not occur. In Example (4) if E = {(1, 6), (2, 5), (3, 4),
4,3), (5,2), (6, 1)}, then E€ will occur if the sum of the dice does not equal seven.
Also note that since the experiment must result in some outcome, it follows that

Sc=0.

1.3 Probabilities Defined on Events

Consider an experiment whose sample space is S. For each event E of the sample
space S, we assume that a number P (E) is defined and satisfies the following three
conditions:
i O PE)LL
g P =1.
(iili) For any sequence of events Ej, E, ... that are mutually exclusive, that is,
events for which E, E,, = @ when n # m, then

P <[0J En) = iP(En)
n=1 n=1

We refer to P(E) as the probability of the event E.
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Example 1.1. In the coin tossing example, if we assume that a head is equally likely
to appear as a tail, then we would have

P{H)=P(T) =1

On the other hand, if we had a biased coin and felt that a head was twice as likely to
appear as a tail, then we would have

P{H)=3% = P(TH= m

1
3

Example 1.2. In the die tossing example, if we supposed that all six numbers were
equally likely to appear, then we would have

P({1}) = P({2}) = P({3}) = P({4) = P({5}) = P({6}) = ¢
From (iii) it would follow that the probability of getting an even number would equal
P({2,4,6}) = P({2}) + P({4}) + P({6})
1
=1 |
2

Remark. We have chosen to give a rather formal definition of probabilities as being
functions defined on the events of a sample space. However, it turns out that these
probabilities have a nice intuitive property. Namely, if our experiment is repeated over
and over again then (with probability 1) the proportion of time that event E occurs
will justbe P(E).

Since the events E and E€ are always mutually exclusive and since E U E€ = S we
have by (ii) and (iii) that

1=P(S)=P(EUES)= P(E)+ P(E°)
or
P(E)=1— P(E) (1.1)

In words, Eq. (1.1) states that the probability that an event does not occur is one
minus the probability that it does occur.

We shall now derive a formula for P(E U F), the probability of all outcomes either
in E orin F. To do so, consider P(E)+ P(F), which is the probability of all outcomes
in E plus the probability of all points in . Since any outcome that is in both E and F
will be counted twice in P(E) 4+ P(F) and only once in P(E U F), we must have

P(E)4+ P(F)=P(EUF)+ P(EF)
or equivalently

P(EUF) = P(E)+ P(F) — P(EF) (1.2)
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Note that when E and F are mutually exclusive (that is, when EF = @), then Eq. (1.2)
states that

P(EUF)=P(E)+ P(F) — P(®)
= P(E)+ P(F)

a result which also follows from condition (iii). (Why is P (@) = 0?)

Example 1.3. Suppose that we toss two coins, and suppose that we assume that each
of the four outcomes in the sample space

S={(H,H),(H,T),(T,H),(T,T)}
is equally likely and hence has probability 41_1' Let
E={(H H),(H,T)} and F={(H H),(T,H)}

That is, E is the event that the first coin falls heads, and F' is the event that the second
coin falls heads.

By Eq. (1.2) we have that P(E U F), the probability that either the first or the
second coin falls heads, is given by

P(EUF)=P(E)+ P(F)— P(EF)
=3+~ P((H H))

1 3
4

1

1

This probability could, of course, have been computed directly since
P(EUF)=P({(H H),(HT),(T.H)}) = 3 u

We may also calculate the probability that any one of the three events E or F or G
occurs. This is done as follows:

P(EUFUG)=PH(EUF)UG)
which by Eq. (1.2) equals
P(EUF)+ P(G)— P((EUF)G)

Now we leave it for you to show that the events (EU F)G and EGU FG are equivalent,
and hence the preceding equals

P(EUFUG)
= P(E) + P(F) — P(EF) + P(G) — P(EGUFG)
= P(E) + P(F) — P(EF) + P(G) — P(EG) — P(FG) + P(EGFG)
= P(E)+ P(F) + P(G) — P(EF) — P(EG) — P(FG) + P(EFG)  (1.3)
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In fact, it can be shown by induction that, for any » events E1, E», E3, ..., E,,

P(E{UE,U---UE,) =Y P(E)— Y P(EEj)+ Y P(EE;E)

i<j i<j<k
— Y P(EE;EE)
i<j<k<l
4o+ (=)' P(EIEy - Ep) (1.4)

In words, Eq. (1.4), known as the inclusion—exclusion identity, states that the prob-
ability of the union of n events equals the sum of the probabilities of these events taken
one at a time minus the sum of the probabilities of these events taken two at a time
plus the sum of the probabilities of these events taken three at a time, and so on.

1.4 Conditional Probabilities

Suppose that we toss two dice and that each of the 36 possible outcomes is equally
likely to occur and hence has probability %. Suppose that we observe that the first
die is a four. Then, given this information, what is the probability that the sum of the
two dice equals six? To calculate this probability we reason as follows: Given that
the initial die is a four, it follows that there can be at most six possible outcomes
of our experiment, namely, (4, 1), (4,2), 4,3), (4,4),(4,5), and (4, 6). Since each
of these outcomes originally had the same probability of occurring, they should still
have equal probabilities. That is, given that the first die is a four, then the (conditional)
probability of each of the outcomes (4, 1), (4,2), (4,3), (4,4), (4,5), (4,6) is é while
the (conditional) probability of the other 30 points in the sample space is 0. Hence, the
desired probability will be %.

If we let E and F denote, respectively, the event that the sum of the dice is six
and the event that the first die is a four, then the probability just obtained is called the
conditional probability that E occurs given that F' has occurred and is denoted by

P(E|F)

A general formula for P(E|F) that is valid for all events E and F is derived in the
same manner as the preceding. Namely, if the event F occurs, then in order for E to
occur it is necessary for the actual occurrence to be a point in both E and in F, that
is, it must be in EF. Now, because we know that F has occurred, it follows that F
becomes our new sample space and hence the probability that the event EF occurs
will equal the probability of EF relative to the probability of F. That is,

P(EF)
P(F)

P(E|F) = (1.5)

Note that Eq. (1.5) is only well defined when P(F) > 0 and hence P(E|F) is only
defined when P (F) > 0.
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Example 1.4. Suppose cards numbered one through ten are placed in a hat, mixed up,
and then one of the cards is drawn. If we are told that the number on the drawn card is
at least five, then what is the conditional probability that it is ten?

Solution: Let E denote the event that the number of the drawn card is ten, and
let F be the event that it is at least five. The desired probability is P(E|F). Now,
from Eq. (1.5)

P(EF)

P(E|F) = POF)

However, EF = E since the number of the card will be both ten and at least five if
and only if it is number ten. Hence,

1
P(E|F) =" = ]

5|°|o|"

Example 1.5. A family has two children. What is the conditional probability that both
are boys given that at least one of them is a boy? Assume that the sample space S is
givenby S ={(b,b), (b, g), (g,b), (g, g)}, and all outcomes are equally likely. ((b, g)
means, for instance, that the older child is a boy and the younger child a girl.)

Solution: Letting B denote the event that both children are boys, and A the event
that at least one of them is a boy, then the desired probability is given by

P(BA)
P(B|A) = A

I (R
P({(5. ), (b, 8), (8, D))

ENTIFNEN
w

Example 1.6. Bev can either take a course in computers or in chemistry. If Bev takes
the computer course, then she will receive an A grade with probability %; if she takes
the chemistry course then she will receive an A grade with probability % Bev decides
to base her decision on the flip of a fair coin. What is the probability that Bev will get
an A in chemistry?

Solution: If we let C be the event that Bev takes chemistry and A denote the
event that she receives an A in whatever course she takes, then the desired proba-
bility is P(AC). This is calculated by using Eq. (1.5) as follows:

P(AC)=P(C)P(A|C)
=1 [
Example 1.7. Suppose an urn contains seven black balls and five white balls. We

draw two balls from the urn without replacement. Assuming that each ball in the urn
is equally likely to be drawn, what is the probability that both drawn balls are black?
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Solution: Let F and E denote, respectively, the events that the first and second
balls drawn are black. Now, given that the first ball selected is black, there are
Six remalmng black balls and five white balls, and so P(E|F) = 161 As P(F) is

clearly 13 our desired probability is

P(EF) = P(F)P(E|F)
16 _ 4 ]

Example 1.8. Suppose that each of three men at a party throws his hat into the center
of the room. The hats are first mixed up and then each man randomly selects a hat.
What is the probability that none of the three men selects his own hat?

Solution: We shall solve this by first calculating the complementary probability
that at least one man selects his own hat. Let us denote by E;,i = 1,2, 3, the event
that the 7th man selects his own hat. To calculate the probability P(E; U E; U E3),
we first note that

P(Ey=1%,  i=123
HEE)_; i (1.6)
P(E|E2E3) =¢

To see why Eq. (1.6) is correct, consider first
P(E,Ej) = P(E;)P(E;|E))

Now P (E;), the probability that the ith man selects his own hat, is clearly % since
he is equally likely to select any of the three hats. On the other hand, given that the
ith man has selected his own hat, then there remain two hats that the jth man may
select, and as one of these two is his own hat, it follows that with probability % he

will select it. That is, P(E;|E;) = % and so

1

P(E;Ej) = P(E)P(EjIEn=1}} =1
To calculate P(E| E>E3) we write

P(E\ExE3) = P(E1E2)P(E3|E1ED)
= $ P(E3|E1Ey)

However, given that the first two men get their own hats it follows that the
third man must also get his own hat (since there are no other hats left). That is,
P(E3|E1E>) =1 and so

P(E\E2E3) = ¢

Now, from Eq. (1.4) we have that
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P(E1UEyU E3)=P(E1) + P(Ey) + P(E3) — P(E1E?)
— P(E\E3) — P(EyE3) + P(E 1 EyE3)

Hence, the probability that none of the men selects his own hat is 1 — % = % ]

1.5 Independent Events

Two events E and F are said to be independent if
P(EF) = P(E)P(F)
By Eq. (1.5) this implies that E and F are independent if
P(E|F) = P(E)

(which also implies that P (F|E) = P(F)). Thatis, E and F are independent if knowl-
edge that F has occurred does not affect the probability that £ occurs. That is, the
occurrence of E is independent of whether or not F occurs.

Two events E and F that are not independent are said to be dependent.

Example 1.9. Suppose we toss two fair dice. Let E1 denote the event that the sum of
the dice is six and F denote the event that the first die equals four. Then

P(E\F)=P({4,2) = 5
while

P(ENP(F) = 55 = 35

and hence E| and F are not independent. Intuitively, the reason for this is clear for
if we are interested in the possibility of throwing a six (with two dice), then we will
be quite happy if the first die lands four (or any of the numbers 1, 2, 3, 4, 5) because
then we still have a possibility of getting a total of six. On the other hand, if the first
die landed six, then we would be unhappy as we would no longer have a chance of
getting a total of six. In other words, our chance of getting a total of six depends on
the outcome of the first die and hence E; and F cannot be independent.

Let E; be the event that the sum of the dice equals seven. Is E; independent of F'?
The answer is yes since

P(E2F)=P({(4,3))) = 5

while

P(E)P(F)=45=1
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We leave it for you to present the intuitive argument why the event that the sum of
the dice equals seven is independent of the outcome on the first die. ]

The definition of independence can be extended to more than two events. The
events E, E», ..., E, are said to be independent if for every subset Ey/, Ey, ..., E,r,
r < n, of these events

P(EyEy---Ey)=P(Ey)P(Ey)--- P(Ey)

Intuitively, the events Eq, E», ..., E, are independent if knowledge of the occurrence
of any of these events has no effect on the probability of any other event.

Example 1.10 (Pairwise Independent Events That Are Not Independent). Let a ball
be drawn from an urn containing four balls, numbered 1, 2, 3, 4. Let E ={1,2}, F =
{1, 3}, G = {1, 4}. If all four outcomes are assumed equally likely, then

P(EF)= P(E)P(F) =1,

i
P(EG) = P(E)P(G) =g,
P(FG)= P(F)P(G) =1

However,
1 =P(EFG) # P(E)P(F)P(G)

Hence, even though the events E, F, G are pairwise independent, they are not jointly
independent. ]

Example 1.11. There are r players, with player i initially having »n; units, n; >0,i =
1, ..., r. At each stage, two of the players are chosen to play a game, with the winner
of the game receiving 1 unit from the loser. Any player whose fortune drops to O is
eliminated, and this continues until a single player has all n = ) ";_, n; units, with
that player designated as the victor. Assuming that the results of successive games
are independent, and that each game is equally likely to be won by either of its two
players, find the probability that player i is the victor.

Solution: To begin, suppose that there are n players, with each player initially
having 1 unit. Consider player i. Each stage she plays will be equally likely to
result in her either winning or losing 1 unit, with the results from each stage being
independent. In addition, she will continue to play stages until her fortune becomes
either O or n. Because this is the same for all players, it follows that each player
has the same chance of being the victor. Consequently, each player has player
probability 1/n of being the victor. Now, suppose these n players are divided into

r teams, with team i containing n; players, i = 1, ..., r. That is, suppose players
1,...,n constitute team 1, players n; + 1, ..., n1 4 ny constitute team 2 and so
on. Then the probability that the victor is a member of team i is n; /n. But because
team i initially has a total fortune of n; units,i = 1, ..., r, and each game played by

members of different teams results in the fortune of the winner’s team increasing
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by 1 and that of the loser’s team decreasing by 1, it is easy to see that the probability
that the victor is from team i is exactly the desired probability. Moreover, our
argument also shows that the result is true no matter how the choices of the players
in each stage are made. u

Suppose that a sequence of experiments, each of which results in either a “success”
or a “failure,” is to be performed. Let E;, i > 1, denote the event that the ith experiment
results in a success. If, for all i1, ia, ..., iy,

n
P(Ei Eiy-- Ei,) = [ P(Ei)
j=1

we say that the sequence of experiments consists of independent trials.

1.6 Bayes’' Formula

Let E and F be events. We may express E as
E =EFUEF°

because in order for a point to be in E, it must either be in both E and F, or it must
be in E and not in F. Since EF and EF° are mutually exclusive, we have that

P(E) = P(EF) + P(EF)
— P(E|F)P(F) + P(E|F)P(F°)
= P(E|F)P(F) + P(E|F)(1 — P(F)) (1.7)

Eq. (1.7) states that the probability of the event E is a weighted average of the con-
ditional probability of E given that F has occurred and the conditional probability of
E given that F has not occurred, each conditional probability being given as much
weight as the event on which it is conditioned has of occurring.

Example 1.12. Consider two urns. The first contains two white and seven black balls,
and the second contains five white and six black balls. We flip a fair coin and then
draw a ball from the first urn or the second urn depending on whether the outcome
was heads or tails. What is the conditional probability that the outcome of the toss was
heads given that a white ball was selected?

Solution: Let W be the event that a white ball is drawn, and let H be the event
that the coin comes up heads. The desired probability P(H |W) may be calculated
as follows:

P(HW)  P(W|H)P(H)
P(W)y  PW)

P(H|W) =
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B P(W|H)P(H)
T P(W|H)P(H)+ P(W|H¢)P(H®)
1

2
55 22
- 92 _ == [ |

Example 1.13. In answering a question on a multiple-choice test a student either
knows the answer or guesses. Let p be the probability that she knows the answer
and 1 — p the probability that she guesses. Assume that a student who guesses at the
answer will be correct with probability 1/m, where m is the number of multiple-choice
alternatives. What is the conditional probability that a student knew the answer to a
question given that she answered it correctly?

Solution: Let C and K denote respectively the event that the student answers the
question correctly and the event that she actually knows the answer.
Now

P(K|C) = PKC) _ P(C|K)P(K)
o= P(C) ~ P(C|K)P(K)+ P(C|KS)P(K®)
_ p
~ p+(A/m)1 = p)
___mr
T l+m-1Dp

Thus, for example, if m =5, p = %, then the probability that a student knew the
answer to a question she correctly answered is %. |

Example 1.14. A laboratory blood test is 95 percent effective in detecting a certain
disease when it is, in fact, present. However, the test also yields a “false positive” result
for 1 percent of the healthy persons tested. (That is, if a healthy person is tested, then,
with probability 0.01, the test result will imply he has the disease.) If 0.5 percent of
the population actually has the disease, what is the probability a person has the disease
given that his test result is positive?

Solution: Let D be the event that the tested person has the disease, and E the
event that his test result is positive. The desired probability P(D|E) is obtained by

P(DE) P(E|D)P(D)

P(E) = P(E|D)P(D)+ P(E|D)P(D°)
B (0.95)(0.005)

~(0.95)(0.005) + (0.01)(0.995)

95

=—~0323
294

P(D|E) =

Thus, only 32 percent of those persons whose test results are positive actually have
the disease. |



Introduction to Probability Theory 13

Eq. (1.7) may be generalized in the following manner. Suppose that Fp, F»,
..., F, are mutually exclusive events such that U;IZI F; = S. In other words, exactly

one of the events Fi, F, ..., F, will occur. By writing
n
E=|JEF;
i=1
and using the fact that the events EF;,i =1, ..., n, are mutually exclusive, we obtain
that

P(E)=Y_ P(EF))

i=1

= P(EIF)P(F) (1.8)

i=1

Thus, Eq. (1.8) shows how, for given events F, F», ..., F, of which one and only
one must occur, we can compute P (E) by first “conditioning” upon which one of the
F; occurs. That is, it states that P (E) is equal to a weighted average of P(E|F;), each
term being weighted by the probability of the event on which it is conditioned.

Suppose now that E has occurred and we are interested in determining which one
of the F; also occurred. By Eq. (1.8) we have that

P(EFj)

P(E)
_ P(EJF))P(F))
~ Y" P(EIF,)P(F)

(1.9)

Eq. (1.9) is known as Bayes’ formula.

Example 1.15. You know that a certain letter is equally likely to be in any one of
three different folders. Let «; be the probability that you will find your letter upon
making a quick examination of folder i if the letter is, in fact, in folder i,i =1, 2, 3.
(We may have «; < 1.) Suppose you look in folder 1 and do not find the letter. What
is the probability that the letter is in folder 1?

Solution: Let F;,i = 1,2, 3 be the event that the letter is in folder i; and let E
be the event that a search of folder 1 does not come up with the letter. We desire
P(F1|E). From Bayes’ formula we obtain

P(E|F))P(F1)
3

> P(E|F;)P(F;)
i=1

P(F\|E) =

. U-apy 11—
I—anj+3+5 3-a
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1.7 Probability Is a Continuous Event Function

We say that the sequence of events A1, Ay, ... is an increasing sequence if A, C Ap41
foralln > 1.If A,,n > 1is an increasing sequence of events, we define its limit by

lim A, = U2, A

n—o00

Similarly, we say that A,,,n > 1 is a decreasing sequence of events if A, C A, for
all n > 1, and define its limit by

n— o0
We now show that probability is a continuous event function.

Proposition 1.1. If A,,n > 1 is either an increasing or a decreasing sequence of
events, then

P(lim A,) = lim P(A,)
n—>oo n—oo

Proof. We will prove this when A,,n > 1 is an increasing sequence of events, and
leave the proof in the decreasing case as an exercise. So, suppose that A,,n > 1is an
increasing sequence of events. Now, define the events B,,, n > 1, by letting B, be the
set of points that are in A, but were not in any of the events Ay, ..., A,—1. Thatis, we
let By = Ay, and forn > 1 let

B,=A,N (Ul"lz_ll Ai)c
— A, AC

n—1

where the final equality used that Aq, Aj, ... being increasing implies that Ul’.’;ll A; =
Ap—1. It is easy to see that the events B,, n > 1 are mutually exclusive, and are such
that

UL Bi=U_jAi=A,, n>1
and
U2 Bi =UZ A
Hence,
P(lim A,) = P(U?ilAi)
n—oo
= P(U2,B;)

o
= Z P(B)) since the B; are mutually exclusive

i=1
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n
= lim, ) P(B)
=
= lim P(U'"_,B;)
n—oo
= lim P(U.,A))
n—oo

= lim P(A,) (]
n—>oo

Example 1.16. Consider a population of individuals and let all individuals initially
present constitute the first generation. Let the second generation consist of all offspring
of the first generation, and in general let the (n + 1)st generation consist of all the
offspring of individuals of the nth generation. Let A,, denote the event that there are
no individuals in the nth generation. Because A, C A, it follows that lim, .0 A, =
U2 A;. Because U2 | A; is the event that the population eventually dies out, it follows
from the continuity property of probability that

lim P(A,) = P(population dies out) ]
n—oo
Exercises

1. A box contains three marbles: one red, one green, and one blue. Consider an
experiment that consists of taking one marble from the box then replacing it in
the box and drawing a second marble from the box. What is the sample space?
If, at all times, each marble in the box is equally likely to be selected, what is
the probability of each point in the sample space?

*2. Repeat Exercise | when the second marble is drawn without replacing the first
marble.

3. A coin is to be tossed until a head appears twice in a row. What is the sample
space for this experiment? If the coin is fair, what is the probability that it will
be tossed exactly four times?

4. Let E, F, G be three events. Find expressions for the events that of E, F, G
(a) only F occurs,

(b) both E and F but not G occur,
(c¢) atleast one event occurs,
(d) at least two events occur,
(e) all three events occur,
(f) none occurs,
(g) at most one occurs,
(h) at most two occur.
*5.  An individual uses the following gambling system at Las Vegas. He bets $1

that the roulette wheel will come up red. If he wins, he quits. If he loses then he
makes the same bet a second time only this time he bets $2; and then regardless
of the outcome, quits. Assuming that he has a probability of % of winning each
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q &

*9,

10.

11.

12.

13.

14.

15.
16.
*17.

bet, what is the probability that he goes home a winner? Why is this system not
used by everyone?

Show that E(F U G) = EFU EG.

Show that (E U F)¢ = E°F°€.

If P(E)=0.9 and P(F) =0.8, show that P(EF) > 0.7. In general, show that

P(EF) = P(E)+ P(F) -1

This is known as Bonferroni’s inequality.
We say that E C F if every point in E is also in F. Show that if E C F, then

P(F) = P(E)+ P(FE°) > P(E)

Show that

p (O Ei) < 2”: P(E))
i=1 i=1

This is known as Boole’s inequality.

Hint: Either use Eq. (1.2) and mathematical induction, or else show that
U/ Ei :.L_.Jl'-’zl F;, where F| = E|,F; = E; ﬂ'j_:ll E¥, and use property (iii)
of a probability.

If two fair dice are tossed, what is the probability that the sum is i,i =
2,3,...,12?

Let E and F be mutually exclusive events in the sample space of an experiment.
Suppose that the experiment is repeated until either event E or event F occurs.
What does the sample space of this new super experiment look like? Show that
the probability that event E occurs before event F is P(E)/ [P(E) + P(F)].

Hint: Argue that the probability that the original experiment is performed n
times and E appears on the nth time is P(E) x (1 — p)”_1 ,n=1,2,..., where
p = P(E)+ P(F). Add these probabilities to get the desired answer.

The dice game craps is played as follows. The player throws two dice, and if
the sum is seven or eleven, then she wins. If the sum is two, three, or twelve,
then she loses. If the sum is anything else, then she continues throwing until she
either throws that number again (in which case she wins) or she throws a seven
(in which case she loses). Calculate the probability that the player wins.

The probability of winning on a single toss of the dice is p. A starts, and if
he fails, he passes the dice to B, who then attempts to win on her toss. They
continue tossing the dice back and forth until one of them wins. What are their
respective probabilities of winning?

Argue that E =EFUEF‘, EUF = E U FE°.

Use Exercise 15 to show that P(E U F)= P(E) + P(F) — P(EF).

Suppose each of three persons tosses a coin. If the outcome of one of the tosses
differs from the other outcomes, then the game ends. If not, then the persons
start over and retoss their coins. Assuming fair coins, what is the probability that
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18.

*19.

20.

21.

22,

23.

24.

*25.

26.

the game will end with the first round of tosses? If all three coins are biased and
have probability % of landing heads, what is the probability that the game will
end at the first round?

Assume that each child who is born is equally likely to be a boy or a girl. If
a family has two children, what is the probability that both are girls given that
(a) the eldest is a girl, (b) at least one is a girl?

Two dice are rolled. What is the probability that at least one is a six? If the two
faces are different, what is the probability that at least one is a six?

Three dice are thrown. What is the probability the same number appears on
exactly two of the three dice?

Suppose that 5 percent of men and 0.25 percent of women are colorblind. A ran-
domly chosen person is colorblind. What is the probability of this person being
male? Assume that there are an equal number of males and females.

A and B play until one has 2 more points than the other. Assuming that each
point is independently won by A with probability p, what is the probability they
will play a total of 2n points? What is the probability that A will win?

For events Eq, E», ..., E, show that

P(EV\Ey---E,) = P(E)P(E2|E)P(E3|EVEp) - P(ER|E1--- En—1)

In an election, candidate A receives n votes and candidate B receives m votes,
where n > m. Assume that in the count of the votes all possible orderings of
the n +m votes are equally likely. Let P, , denote the probability that from the
first vote on A is always in the lead. Find

@ Py (b) P3; (© Pun d) P32 () Py
& Puo (8 P (h) Ps3 (i) Psq
(j). Make a conjecture as to the value of Py ;.

Two cards are randomly selected from a deck of 52 playing cards.

(a) What is the probability they constitute a pair (that is, that they are of the
same denomination)?

(b) What is the conditional probability they constitute a pair given that they
are of different suits?

A deck of 52 playing cards, containing all 4 aces, is randomly divided into 4

piles of 13 cards each. Define events E1, E;, E3, and E4 as follows:

E1 = {the first pile has exactly 1 ace},
E> = {the second pile has exactly 1 ace},
E3 = {the third pile has exactly 1 ace},
E4 = {the fourth pile has exactly 1 ace}

Use Exercise 23 to find P(E|E>E3Ey), the probability that each pile has an
ace.
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*217.

28.

29.

*30.

31.

*32.

33.

34.

35.

Suppose in Exercise 26 we had defined the events E;,i = 1,2, 3,4, by

E1 = {one of the piles contains the ace of spades},
E, = {the ace of spades and the ace of hearts are in different piles},
E3 = {the ace of spades, the ace of hearts,

and the ace of diamonds are in different piles},

E4 = {all 4 aces are in different piles}

Now use Exercise 23 to find P(E1EE3E4), the probability that each pile has
an ace. Compare your answer with the one you obtained in Exercise 26.
If the occurrence of B makes A more likely, does the occurrence of A make B
more likely?
Suppose that P(E) = 0.6. What can you say about P(E|F) when
(a) E and F are mutually exclusive?
(b) ECF?
(c) FCE?
Bill and George go target shooting together. Both shoot at a target at the same
time. Suppose Bill hits the target with probability 0.7, whereas George, inde-
pendently, hits the target with probability 0.4.
(a) Given that exactly one shot hit the target, what is the probability that it

was George’s shot?
(b) Given that the target is hit, what is the probability that George hit it?
What is the conditional probability that the first die is six given that the sum of
the dice is seven?
Suppose all n men at a party throw their hats in the center of the room. Each
man then randomly selects a hat. Show that the probability that none of the n
men selects his own hat is

1 1 1 (=D

G TR TR TR

Note that as n — oo this converges to e~ !. Is this surprising?

The winner of a tennis match is the first player to win 2 sets. A golden set occurs
when one of the players wins all 24 points of a set. Supposing that the results
of successive points are independent and that each point is equally likely to be
won by either player, find the probability that at least one of the sets of a match
is golden.

There is a 40 percent chance that A can fix her busted computer. If A cannot,
then there is a 20 percent chance that her friend B can fix it. Find the probability
it will be fixed by either A or B.

A fair coin is continually flipped. What is the probability that the first four
flips are

(a) H,H H H?

() T,H H H?
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36.

37.

38.

39.

*40.

41.

42,

43.

4.

(c) What is the probability that the pattern 7, H, H, H occurs before the pat-
tern H, H, H, H?

Consider two boxes, one containing one black and one white marble, the other,

two black and one white marble. A box is selected at random and a marble is

drawn at random from the selected box. What is the probability that the marble
is black?

In Exercise 36, what is the probability that the first box was the one selected

given that the marble is white?

Urn 1 contains two white balls and one black ball, while urn 2 contains one

white ball and five black balls. One ball is drawn at random from urn 1 and

placed in urn 2. A ball is then drawn from urn 2. It happens to be white. What
is the probability that the transferred ball was white?

Stores A, B, and C have 50, 75, and 100 employees, and, respectively, 50, 60,

and 70 percent of these are women. Resignations are equally likely among all

employees, regardless of sex. One employee resigns and this is a woman. What

is the probability that she works in store C?

(a) A gambler has in his pocket a fair coin and a two-headed coin. He selects
one of the coins at random, and when he flips it, it shows heads. What is
the probability that it is the fair coin?

(b) Suppose that he flips the same coin a second time and again it shows
heads. Now what is the probability that it is the fair coin?

(¢) Suppose that he flips the same coin a third time and it shows tails. Now
what is the probability that it is the fair coin?

In a certain species of rats, black dominates over brown. Suppose that a black
rat with two black parents has a brown sibling.

(a) What is the probability that this rat is a pure black rat (as opposed to being
a hybrid with one black and one brown gene)?

(b) Suppose that when the black rat is mated with a brown rat, all five of their
offspring are black. Now, what is the probability that the rat is a pure black
rat?

There are three coins in a box. One is a two-headed coin, another is a fair coin,
and the third is a biased coin that comes up heads 75 percent of the time. When
one of the three coins is selected at random and flipped, it shows heads. What
is the probability that it was the two-headed coin?

The blue-eyed gene for eye color is recessive, meaning that both the eye genes
of an individual must be blue for that individual to be blue eyed. Jo (F) and
Joe (M) are both brown-eyed individuals whose mothers had blue eyes. Their
daughter Flo, who has brown eyes, is expecting a child conceived with a blue-
eyed man. What is the probability that this child will be blue eyed?

Urn 1 has five white and seven black balls. Urn 2 has three white and twelve
black balls. We flip a fair coin. If the outcome is heads, then a ball from urn

1 is selected, while if the outcome is tails, then a ball from urn 2 is selected.

Suppose that a white ball is selected. What is the probability that the coin landed

tails?
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*45.

46.

47.

*48.

49.
50.

51.

An urn contains b black balls and r red balls. One of the balls is drawn at ran-
dom, but when it is put back in the urn ¢ additional balls of the same color are
put in with it. Now suppose that we draw another ball. Show that the probability
that the first ball drawn was black given that the second ball drawn was red is
b/(b+r+ ).

Three prisoners are informed by their jailer that one of them has been chosen
at random to be executed, and the other two are to be freed. Prisoner A asks
the jailer to tell him privately which of his fellow prisoners will be set free,
claiming that there would be no harm in divulging this information, since he
already knows that at least one will go free. The jailer refuses to answer this
question, pointing out that if A knew which of his fellows were to be set free,
then his own probability of being executed would rise from % to %, since he
would then be one of two prisoners. What do you think of the jailer’s reason-
ing?

For a fixed event B, show that the collection P(A|B), defined for all
events A, satisfies the three conditions for a probability. Conclude from this
that

P(A|B) = P(A|BC)P(C|B) + P(A|BC)P(C¢|B)

Then directly verify the preceding equation.

Sixty percent of the families in a certain community own their own car, thirty
percent own their own home, and twenty percent own both their own car and
their own home. If a family is randomly chosen, what is the probability that this
family owns a car or a house but not both?

Prove Proposition 1.1 for a sequence of decreasing events.

If Ay, Az, ...1is asequence of events then limsup,,_, ., A, is defined as the set of
points that are in an infinite number of the events A,,n > 1; and liminf,_, o A,
is defined as the set of points that are in all but a finite number of the events
Ay,,n>1.

(a) If A,,n > 1is an increasing sequence of events, show that

limsup A, =liminf A, = U2 A;.
n—00 n—oo

(b) If A,,n > 11is a decreasing sequence of events, show that

limsup A, =liminf A, = N2, A;.
n— 00 n—0o0

There is a 40 percent chance of rain on Monday; a 30 percent chance of rain
on Tuesday; and a 20 percent chance of rain on both days. It did not rain on
Monday. What is the probability it will rain on Tuesday.
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Random Variables

2.1 Random Variables

It frequently occurs that in performing an experiment we are mainly interested in some
functions of the outcome as opposed to the outcome itself. For instance, in tossing dice
we are often interested in the sum of the two dice and are not really concerned about
the actual outcome. That is, we may be interested in knowing that the sum is seven
and not be concerned over whether the actual outcome was (1, 6) or (2, 5) or (3, 4) or
(4,3)or (5,2)or (6, 1). These quantities of interest, or more formally, these real-valued
functions defined on the sample space, are known as random variables.

Since the value of a random variable is determined by the outcome of the experi-
ment, we may assign probabilities to the possible values of the random variable.

Example 2.1. Letting X denote the random variable that is defined as the sum of two
fair dice; then

P{X =2} =P{(I. 1)} = 5.
P{X=3}=P{(1,2), (2, D} = &,
P{X=4}=P{(1,3),(2,2).3, D} = £,
P{X =5}=P{(1,4),(2,3).(3,2), 4, D} = %,
P{X =6} = P{(1,5),(2,4).(3,3), 4,2), (5. D} = £,
P{X =17} = P{(1,6),(2,5).(3,4), (4,3),(5.2), (6, )} = &,
P{X =8} = P{(2,6),(3,5).(4,4),(5.3),(6.2)} = 3.
P{X =9} = P{(3,6), (4,5),(5.4), (6,3)} = 3,
P{X =10} = P{(4,6), (5,5), (6,4)} = £,
P{X =11} = P{(5,6), (6,5} = &,
P{X =12} = P{(6,6)} = 5 (2.1
In other words, the random variable X can take on any integral value between two and

twelve, and the probability that it takes on each value is given by Eq. (2.1). Since X
must take on one of the values two through twelve, we must have

12 12
1:P{U {X:n}}:ZP{X:n}
n=2 n=2

which may be checked from Eq. (2.1). ]

Example 2.2. For a second example, suppose that our experiment consists of tossing
two fair coins. Letting Y denote the number of heads appearing, then Y is a random

Introduction to Probability Models. https://doi.org/10.1016/B978-0-12-814346-9.00007-X
Copyright © 2019 Elsevier Inc. All rights reserved.
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variable taking on one of the values 0, 1, 2 with respective probabilities

P{Y=0}=P((T.T)}=1.
P{Y=1}=P{(T.H),(H,T)} =%,
P{Y=2}=P{(H,H)} =3

Of course, P{Y =0} + P{Y =1} + P{Y =2} =1. ]

Example 2.3. Suppose that we toss a coin having a probability p of coming up heads,
until the first head appears. Letting N denote the number of flips required, then as-
suming that the outcome of successive flips are independent, N is a random variable
taking on one of the values 1, 2, 3, ..., with respective probabilities

P(N=1}=P{H}=p,
P{N =2} = P{(T, H)} = (1 — p)p,
P{N =3}=P{(T,T,H)} = (1 - p)*p,

P{N=n}=P{T,T,....T,H)}=(1—-p)" 'p, n>1
h/_d

n—1

As a check, note that

P (U{N:n}) =Y P{N=n)
n=1 n=1

=p)_ (—py!
n=l1

_r
1—(1-p)
=1 |

Example 2.4. Suppose that our experiment consists of seeing how long a battery can
operate before wearing down. Suppose also that we are not primarily interested in the
actual lifetime of the battery but are concerned only about whether or not the battery
lasts at least two years. In this case, we may define the random variable I by

/— 1, if the lifetime of battery is two or more years
10, otherwise

If E denotes the event that the battery lasts two or more years, then the random variable
I is known as the indicator random variable for event E. (Note that I equals 1 or 0
depending on whether or not E occurs.) ]
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Example 2.5. Suppose that independent trials, each of which results in any of m pos-
sible outcomes with respective probabilities py, ..., pn, Zl’-”:l pi = 1, are continually
performed. Let X denote the number of trials needed until each outcome has occurred
at least once.

Rather than directly considering P{X = n} we will first determine P{X > n}, the
probability that at least one of the outcomes has not yet occurred after n trials. Letting
A; denote the event that outcome i has not yet occurred after the first n trials, i =
1,...,m, then

P{X>n)=P (LmJAi)
i=1
ZP(A) —> > P(AiA)

i<j

ZZZP(A AjAY) =4 (=D P(A; - Ay)

i<j<k

Now, P(A;) is the probability that each of the first » trials results in a non-i outcome,
and so by independence

P(A)=01-p)"

Similarly, P(A;Aj) is the probability that the first n trials all result in a non-i and
non-j outcome, and so

P(AiAj)=(1—pi—pj)"

As all of the other probabilities are similar, we see that

P{X >n}= Z(l—m" DD A—pi—pp)"

i<j

+ZZZ(1—P1 pj—po)" —

i<j<k

Since P{X =n} = P{X >n — 1} — P{X > n}, we see, upon using the algebraic
identity (1 —a)"' — (1 —a)" =a(l —a)*~', that

PX=n}=3 pi(l=p)""" =3 > (pi+p)d—pi—pp)""

i=1 i<j

+Y D pi+pi+p)d—pi—pj—p)" = ]

i<j<k
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In all of the preceding examples, the random variables of interest took on either a
finite or a countable number of possible values.' Such random variables are called dis-
crete. However, there also exist random variables that take on a continuum of possible
values. These are known as continuous random variables. One example is the random
variable denoting the lifetime of a car, when the car’s lifetime is assumed to take on
any value in some interval (a, b).

The cumulative distribution function (cdf) (or more simply the distribution func-
tion) F(-) of the random variable X is defined for any real number b, —00 < b < 00,
by

F(b) = P{X < b}

In words, F(b) denotes the probability that the random variable X takes on a value
that is less than or equal to . Some properties of the cdf F are

(i) F(b) is a nondecreasing function of b,

(i) limp— oo F(b) = F(00) =1,
(iii) limp_ oo F(b) = F(—00) =0.
Property (i) follows since for a < b the event {X < a} is contained in the event {X <
b}, and so it must have a smaller probability. Properties (ii) and (iii) follow since X
must take on some finite value.

All probability questions about X can be answered in terms of the cdf F(-). For

example,

Pla<X <by=F()—F(a) foralla<b

This follows since we may calculate P{a < X < b} by first computing the probability
that X < b (that is, F (b)) and then subtracting from this the probability that X <a
(that is, F(a)).

If we desire the probability that X is strictly smaller than b, we may calculate this
probability by

P{X <b}= lim P{X <b—h}
h—0t
= lim F(b—h)
h—0t
where lim;,_, g+ means that we are taking the limit as & decreases to 0. Note that

P{X < b} does not necessarily equal F(b) since F(b) also includes the probability
that X equals b.

I A set is countable if its elements can be put in a one-to-one correspondence with the sequence of positive
integers.
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2.2 Discrete Random Variables

As was previously mentioned, a random variable that can take on at most a countable
number of possible values is said to be discrete. For a discrete random variable X, we
define the probability mass function p(a) of X by

pla) = P{X =a}

The probability mass function p(a) is positive for at most a countable number of

values of a. That is, if X must assume one of the values x1, x2, ..., then
p(x;) >0, i=1,2,...
px)=0, all other values of x

Since X must take on one of the values x;, we have
o0
Y pai)=1
i=1

The cumulative distribution function F can be expressed in terms of p(a) by

Fay= ) px)

all x;<a
For instance, suppose X has a probability mass function given by
rh=3  p@Q=5  pB =3

then, the cumulative distribution function F of X is given by

0, a<l

%, 1<a<?2
F(a)= s

6’ 2§a<3

1, 3<a

This is graphically presented in Fig. 2.1.

F(x)

= olon o

Figure 2.1 Graph of F(x).
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Discrete random variables are often classified according to their probability mass
functions. We now consider some of these random variables.

2.2.1 The Bernoulli Random Variable

Suppose that a trial, or an experiment, whose outcome can be classified as either a
“success” or as a “failure” is performed. If we let X equal 1 if the outcome is a success
and 0 if it is a failure, then the probability mass function of X is given by

p0)=P{X=0}=1-p,

2.2)
p()=P{X=1}=p

where p, 0 < p <1, is the probability that the trial is a “success.”
A random variable X is said to be a Bernoulli random variable if its probability
mass function is given by Eq. (2.2) for some p € (0, 1).

2.2.2 The Binomial Random Variable

Suppose that n independent trials, each of which results in a “success” with probability
p and in a “failure” with probability 1 — p, are to be performed. If X represents the
number of successes that occur in the n trials, then X is said to be a binomial random
variable with parameters (n, p).

The probability mass function of a binomial random variable having parameters
(n, p) is given by

p(i)z(’l?>p"(1—p)"—i, i=0,1,...,n (2.3)

where

()=aim
i) m=0Di!

equals the number of different groups of i objects that can be chosen from a set of
n objects. The validity of Eq. (2.3) may be verified by first noting that the probabil-
ity of any particular sequence of the n outcomes containing i successes and n — i
failures is, by the assumed independence of trials, p’(1 — p)"~. Eq. (2.3) then fol-

lows since there are (:’) different sequences of the n outcomes leading to i successes

and n — i failures. For instance, if n = 3,7 = 2, then there are (;) =3 ways in

which the three trials can result in two successes. Namely, any one of the three out-
comes (s,s, f), (s, f,s), (f,s,s), where the outcome (s, s, f) means that the first
two trials are successes and the third a failure. Since each of the three outcomes
(s,s, f), (s, f,5), (f,s,s) has a probability pz(l — p) of occurring the desired prob-

ability is thus (g)pm — ).
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Note that, by the binomial theorem, the probabilities sum to one, that is,

S . g n i n—i __ n__
gpm:;(l.)p(l—p) =(p+(1-p)'=1

Example 2.6. Four fair coins are flipped. If the outcomes are assumed independent,
what is the probability that two heads and two tails are obtained?

Solution: Letting X equal the number of heads (“successes”) that appear, then X
is a binomial random variable with parameters (n =4, p = %). Hence, by Eq. (2.3),

=) (' -

Example 2.7. It is known that any item produced by a certain machine will be defec-
tive with probability 0.1, independently of any other item. What is the probability that
in a sample of three items, at most one will be defective?

Solution: If X is the number of defective items in the sample, then X is a bi-
nomial random variable with parameters (3, 0.1). Hence, the desired probability is
given by

PX=0}+P{X=1}= <3> 0.1)°(0.9)° + G) 0.D0'0.9?=0972 =

Example 2.8. Suppose that an airplane engine will fail, when in flight, with probabil-
ity 1 — p independently from engine to engine; suppose that the airplane will make a
successful flight if at least 50 percent of its engines remain operative. For what values
of p is a four-engine plane preferable to a two-engine plane?

Solution: Because each engine is assumed to fail or function independently of
what happens with the other engines, it follows that the number of engines re-
maining operative is a binomial random variable. Hence, the probability that a
four-engine plane makes a successful flight is

4 4 4
<2> pr(1—p)* + <3> pPa—p+ (4) p*(1—p)°
=6p*(1 — p)2 +4p°(1 — p) + p*

whereas the corresponding probability for a two-engine plane is

<f> p(1—p)+ @ p*=2p(1 — p) + p*

Hence the four-engine plane is safer if

6p>(1 — p)? +4p>(1 = p)+ p* =2p(1 — p) + p?
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or equivalently if

6p(1—p)> +4p*(l—p)+p*=2-p
which simplifies to

3pP =8p*+7p—2>0 or (p—1)>Bp—-2)>0
which is equivalent to

3p—2>0 or p> %

Hence, the four-engine plane is safer when the engine success probability is at
least as large as %, whereas the two-engine plane is safer when this probability

falls below % u

Example 2.9. Suppose that a particular trait of a person (such as eye color or left
handedness) is classified on the basis of one pair of genes and suppose that d repre-
sents a dominant gene and r a recessive gene. Thus a person with dd genes is pure
dominance, one with rr is pure recessive, and one with rd is hybrid. The pure dom-
inance and the hybrid are alike in appearance. Children receive one gene from each
parent. If, with respect to a particular trait, two hybrid parents have a total of four chil-
dren, what is the probability that exactly three of the four children have the outward
appearance of the dominant gene?

Solution: If we assume that each child is equally likely to inherit either of two
genes from each parent, the probabilities that the child of two hybrid parents will
have dd, rr, or rd pairs of genes are, respectively, %, %, % Hence, because an
offspring will have the outward appearance of the dominant gene if its gene pair is
either dd or rd, it follows that the number of such children is binomially distributed
with parameters (4, %). Thus the desired probability is

4\ 3\ 1\ 27
. ) === |
3/\4 4 64
Remark on Terminology. If X is a binomial random variable with parameters (n, p),
then we say that X has a binomial distribution with parameters (n, p).

2.2.3 The Geometric Random Variable

Suppose that independent trials, each having probability p of being a success, are
performed until a success occurs. If we let X be the number of trials required until the
first success, then X is said to be a geometric random variable with parameter p. Its
probability mass function is given by

p(n):P{X:n}:(l—p)"_lp, n=1,2,... 2.4
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Eq. (2.4) follows since in order for X to equal n it is necessary and sufficient that
the first n — 1 trials be failures and the nth trial a success. Eq. (2.4) follows since the
outcomes of the successive trials are assumed to be independent.

To check that p(n) is a probability mass function, we note that

Y opmy=pY (1-p) =1
n=1 n=1

2.2.4 The Poisson Random Variable

A random variable X, taking on one of the values 0, 1, 2, ..., is said to be a Poisson
random variable with parameter A, if for some A > 0,
)Li
p(i):p{xzi}ze—k.—', i=0,1,... (2.5)
L.

Eq. (2.5) defines a probability mass function since

=) 0 i

A R U
E pi)=e E i!_e et =1
i=0 i=0

The Poisson random variable has a wide range of applications in a diverse number of
areas, as will be seen in Chapter 5.

An important property of the Poisson random variable is that it may be used to
approximate a binomial random variable when the binomial parameter n is large and
p is small. To see this, suppose that X is a binomial random variable with parameters
(n, p), and let . = np. Then

; n! i n—i
P{X=l}=mp (1-p)

N AN A
_(n—i)!i!(;) < _E>

_n(n—l)u-(n—i—}—l))Li a—=x/n)"
- ni il (1= Ar/n)i

Now, for n large and p small

<1—f>nm—*, ne— =it D (1—&)1x1

n n'

Hence, for n large and p small,

)Li
P(X=i}~e =
Ll
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Example 2.10. Suppose that the number of typographical errors on a single page of
this book has a Poisson distribution with parameter A = 1. Calculate the probability
that there is at least one error on this page.

Solution:
PX>1}=1-P{X=0=1—-¢"'20632 [

Example 2.11. If the number of accidents occurring on a highway each day is a Pois-
son random variable with parameter A = 3, what is the probability that no accidents
occur today?

Solution:
P{X=0}=¢3~0.05 [

Example 2.12. Consider an experiment that consists of counting the number of
a-particles given off in a one-second interval by one gram of radioactive material.
If we know from past experience that, on the average, 3.2 such «-particles are given
off, what is a good approximation to the probability that no more than two a-particles
will appear?

Solution: If we think of the gram of radioactive material as consisting of a large
number n of atoms each of which has probability 3.2/n of disintegrating and send-
ing off an a-particle during the second considered, then we see that, to a very
close approximation, the number of «-particles given off will be a Poisson random
variable with parameter . = 3.2. Hence the desired probability is

2
(32°
2

P{X <2}=e¢32432:732 + 2 ~0.380 u

2.3 Continuous Random Variables

In this section, we shall concern ourselves with random variables whose set of possible
values is uncountable. Let X be such a random variable. We say that X is a continuous
random variable if there exists a nonnegative function f(x), defined for all real x €
(—o00, 00), having the property that for any set B of real numbers

P{X e B} = / f(x)dx (2.6)

B
The function f(x) is called the probability density function of the random variable X.
In words, Eq. (2.6) states that the probability that X will be in B may be obtained

by integrating the probability density function over the set B. Since X must assume
some value, f(x) must satisfy

1= P{X € (—00,0)} = /oo f(x)dx
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All probability statements about X can be answered in terms of f(x). For instance,
letting B = [a, b], we obtain from Eq. (2.6) that

b
P{anfb}:/ f(x)dx 2.7

If we let a = b in the preceding, then

P{X:a}:/af(x)dxzo

In words, this equation states that the probability that a continuous random variable
will assume any particular value is zero.

The relationship between the cumulative distribution () and the probability den-
sity f(-) is expressed by

a
F@=P(Xe(-ooal= [ feds
—00
Differentiating both sides of the preceding yields

dF B
da (a) = f(a)

That is, the density is the derivative of the cumulative distribution function. A some-
what more intuitive interpretation of the density function may be obtained from
Eq. (2.7) as follows:

ate/2

PP—§§X§a+%}=ﬁﬂﬂfﬁmx%ﬁw)

when ¢ is small. In other words, the probability that X will be contained in an interval
of length ¢ around the point a is approximately ef (a). From this, we see that f(a) is
a measure of how likely it is that the random variable will be near a.

There are several important continuous random variables that appear frequently in
probability theory. The remainder of this section is devoted to a study of certain of
these random variables.

2.3.1 The Uniform Random Variable

A random variable is said to be uniformly distributed over the interval (0, 1) if its
probability density function is given by

0<x <1
otherwise

ro=1o
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Note that the preceding is a density function since f(x) >0 and

[e'e) 1
/ f(x)dx:/ dx =1
—00 0

Since f(x) > 0 only when x € (0, 1), it follows that X must assume a value in (0, 1).
Also, since f(x) is constant for x € (0, 1), X is just as likely to be “near” any value in
(0, 1) as any other value. To check this, note that, forany 0 <a <b < 1,

b
P{afxib}zf fx)dx=b—a

In other words, the probability that X is in any particular subinterval of (0, 1) equals
the length of that subinterval.

In general, we say that X is a uniform random variable on the interval («, g) if its
probability density function is given by

, fa<x<p

1
fx)=1B-« (2.8)

0, otherwise

Example 2.13. Calculate the cumulative distribution function of a random variable
uniformly distributed over (¢, ).

Solution: Since F(a) = ffoo f(x)dx, we obtain from Eq. (2.8) that

0, a<u«
a—a

F(a)= o’ a<a<p [ |
L a>p

Example 2.14. If X is uniformly distributed over (0, 10), calculate the probability
that(@) X <3,(b) X >7,(c) 1 <X <6.

Solution:
3
d 3
P{X<3}:f0 o2
10 10
dx 3
P{X >17}= =—,
10 10
f16dx 1
P{l<X<6bl="—"——=— ]

10 2
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2.3.2 Exponential Random Variables

A continuous random variable whose probability density function is given, for some
A >0, by

re M if x>0
fo= {0, if x <0

is said to be an exponential random variable with parameter A. These random variables
will be extensively studied in Chapter 5, so we will content ourselves here with just
calculating the cumulative distribution function F':

a
F(a):/ re Mdx=1—e 9, a>0
0

Note that F'(0c0) = fooo re M dx =1, as, of course, it must.

2.3.3 Gamma Random Variables

A continuous random variable whose density is given by

)Le—)»x ()»X)a_l
Sx) = () ’

0, ifx <0

ifx>0

for some A > 0, « > 0 is said to be a gamma random variable with parameters o, A.
The quantity I"(«) is called the gamma function and is defined by

o
INa) = / e *x*lax
0
It is easy to show by induction that for integral «, say, @ = n,

I'n)=(m—1)!

2.3.4 Normal Random Variables

We say that X is a normal random variable (or simply that X is normally distributed)
with parameters 1 and o if the density of X is given by

e \2/902
e~ (¥—m7/207, —00 <X <00

fx) =

V21 o

This density function is a bell-shaped curve that is symmetric around u (see Fig. 2.2).
An important fact about normal random variables is that if X is normally distributed
with parameters y and o2 then ¥ = X + B is normally distributed with parameters



36 Introduction to Probability Models

<« - m +oo —p>

Figure 2.2 Normal density function.

ap + B and o202, To prove this, suppose first that & > 0 and note that Fy(-),” the
cumulative distribution function of the random variable Y, is given by

Fy(a) = P{Y <a}

=P{aX+ B <a}

[x=2]
=PlX<

o

( )
o
1

(a—B)/a
—00 \/27‘[ o

a 1 —(v—(ap+ B))?
= /;OO NP exp{ 70202 }dv 2.9)

where the last equality is obtained by the change in variables v = ax + 8. However,
since Fy(a) = f_aoo fr(v)dv, it follows from Eq. (2.9) that the probability density
function fy () is given by

e—(x—ﬂ)2/2€72 dx

—(v—(ap+ B)?

1
frw)= N { 3 @0)?

}, — <V <X

Hence, Y is normally distributed with parameters ¢ + 8 and (oza)z. A similar result
is also true when a < 0.

One implication of the preceding result is that if X is normally distributed with
parameters . and o2 then Y = (X — u)/o is normally distributed with parameters 0
and 1. Such a random variable Y is said to have the standard or unit normal distribu-
tion.

2 When there is more than one random variable under consideration, we shall denote the cumulative distri-
bution function of a random variable Z by F;(-). Similarly, we shall denote the density of Z by f,(-).
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2.4 Expectation of a Random Variable

2.4.1 The Discrete Case

If X is a discrete random variable having a probability mass function p(x), then the
expected value of X is defined by

ElX]= )  xp@)

x:p(x)>0

In other words, the expected value of X is a weighted average of the possible values
that X can take on, each value being weighted by the probability that X assumes that
value. For example, if the probability mass function of X is given by

p(H)=1=pQ)
then
Ex1=1(3)+2(4) =3

is just an ordinary average of the two possible values 1 and 2 that X can assume. On
the other hand, if

p(h=3%  p@)=3
then
E[X]=1(§)+2(§)=%

is a weighted average of the two possible values 1 and 2 where the value 2 is given
twice as much weight as the value 1 since p(2) =2p(1).

Example 2.15. Find E[X] where X is the outcome when we roll a fair die.
Solution: Since p(1) = p(2) = p(3) = p(4) = p(5) = p(6) = %, we obtain

=1 2 12 () +4()+3() )=
Example 2.16 (Expectation of a Bernoulli Random Variable). Calculate E[X] when
X is a Bernoulli random variable with parameter p.

Solution: Since p(0) =1 — p, p(1) = p, we have
E[X]=0-p)+1(p)=p

Thus, the expected number of successes in a single trial is just the probability that
the trial will be a success. ]
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Example 2.17 (Expectation of a Binomial Random Variable). Calculate E[X] when
X is binomially distributed with parameters n and p.

Solution:

n! i n—i
“Z a7

i=1

_ (n—D! Pl = pyr
pZ(n_,)v(, o A=p

n—1
n—1
:an( . )pk(l—p)”‘l‘k
k=0

=nplp+ (1 —p1"!
:np

where the third from the last equality follows by letting k =i — 1. Thus, the
expected number of successes in n independent trials is » multiplied by the proba-
bility that a trial results in a success. ]

Example 2.18 (Expectation of a Geometric Random Variable). Calculate the expec-
tation of a geometric random variable having parameter p.

Solution: By Eq. (2.4), we have

E[X]=) np(l—p)y"”!

n=1
o0
n=1
where g =1 — p,

> d
ElX]=p)_ —(q")
n=1 dq
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In words, the expected number of independent trials we need to perform until we
attain our first success equals the reciprocal of the probability that any one trial
results in a success. ]

Example 2.19 (Expectation of a Poisson Random Variable). Calculate E[X]if X is a
Poisson random variable with parameter A.

Solution: From Eq. (2.5), we have

0 . _hgi
E[X]=Zle, A

where we have used the identity Y -, A k= et ]

2.4.2 The Continuous Case

We may also define the expected value of a continuous random variable. This is done
as follows. If X is a continuous random variable having a probability density function
f(x), then the expected value of X is defined by

E[X] :/00 xf(x)dx

Example 2.20 (Expectation of a Uniform Random Variable). Calculate the expecta-
tion of a random variable uniformly distributed over (¢, 8).
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Solution: From Eq. (2.8) we have

B x
E[X]: ; mdx
ﬁ2_a2
T 26w
_Btua
2

In other words, the expected value of a random variable uniformly distributed over
the interval (o, B) is just the midpoint of the interval. ]

Example 2.21 (Expectation of an Exponential Random Variable). Let X be exponen-
tially distributed with parameter A. Calculate E[X].

Solution:
o0
E[X]= / xhe M dx
0
Integrating by parts (dv = Ae ™" dx, u = x) yields

o0
E[X]= —xe‘“|§°+/ e dx

0
_jx |00
—0-¢
Ao
1
— |
A

Example 2.22 (Expectation of a Normal Random Variable). Calculate E[X] when X
is normally distributed with parameters x and o2,

Solution:
1 o0 202
E[X]= / xe W07 gy
\/EO' —00

Writing x as (x — @) + w yields

E[X]= ! /Oo(x — M)é'*(ximz/zaz dx+u 1 /oo e*(xfu)2/202 dx
V2o J-xo V2o J-o

Letting y = x — p leads to

1 R 20 2 o
/ ye ¥ /20 dy+,u/ f(x)dx
V2o J-x —00

where f(x) is the normal density. By symmetry, the first integral must be 0, and so

E[X]=

E[X]=M/ fx)dx=p u
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2.4.3 Expectation of a Function of a Random Variable

Suppose now that we are given a random variable X and its probability distribution
(that is, its probability mass function in the discrete case or its probability density
function in the continuous case). Suppose also that we are interested in calculating
not the expected value of X, but the expected value of some function of X, say, g(X).
How do we go about doing this? One way is as follows. Since g(X) is itself a random
variable, it must have a probability distribution, which should be computable from a
knowledge of the distribution of X. Once we have obtained the distribution of g(X),
we can then compute E[g(X)] by the definition of the expectation.

Example 2.23. Suppose X has the following probability mass function:
p(0)=0.2, p(1)=0.5, p(2)=0.3

Calculate E[X?].

Solution: Letting ¥ = X2, we have that ¥ is a random variable that can take on
one of the values 02, 12, 22 with respective probabilities

py(0)=P{Y =0%}=0.2,
py()=P{Y =12} =0.5,
pr(@) =P{Yy =22}=023

Hence,
E[X?]=E[Y]=0(0.2) + 1(0.5) + 4(0.3) = 1.7
Note that
1.7=E[X?]1# (E[X])? =121 ]

Example 2.24. Let X be uniformly distributed over (0, 1). Calculate E[X 3.
Solution: Letting ¥ = X 3 we calculate the distribution of Y as follows. For
0<ac<l,

Fy(a)=P{Y <a}
=P{X?}<a)
=P{X <a'l?)
— 43

where the last equality follows since X is uniformly distributed over (0, 1). By
differentiating Fy (a), we obtain the density of Y, namely,

fr@=131a""  0<a<l
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Hence,

o]

E[X?]= E[Y] =/ afy(a) da

1
=/ a%a_2/3 da
0

1
%/ a'®da
0

1

3
1

W=

a4/3‘
0

=

While the foregoing procedure will, in theory, always enable us to compute the
expectation of any function of X from a knowledge of the distribution of X, there
is, fortunately, an easier way to do this. The following proposition shows how we
can calculate the expectation of g(X) without first determining its distribution.

Proposition 2.1. (a) If X is a discrete random variable with probability mass func-
tion p(x), then for any real-valued function g,

ElgX)]= ) gx)pw)

x:p(x)>0

(b) If X is a continuous random variable with probability density function f(x),
then for any real-valued function g,

o]

Elg(X)] = / (0 £ () dx n

Example 2.25. Applying the proposition to Example 2.23 yields
E[X?]1=0%0.2) + (11)(0.5) + 2%)(0.3) = 1.7

which, of course, checks with the result derived in Example 2.23.
Applying the proposition to Example 2.24 yields

1
E[X?] =/ x3dx  (since f(x)=1,0<x <1)
0
1
=z |
A simple corollary of Proposition 2.1 is the following.
Corollary 2.2. If a and b are constants, then

ElaX +b]l=aE[X]+ b
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Proof. In the discrete case,

ElaX +b]= Z (ax +b)p(x)

x:p(x)>0

=a ), ap@+b Y pw)
x:p(x)>0 x:p(x)>0

=aE[X]+Db

In the continuous case,

o0

E[aX—i—b]:/ (ax +b) f(x)dx

—00

=a/Oo )cf()c)dx—l—b‘/.oO f(x)dx

—aE[X]+b [

The expected value of a random variable X, E[X], is also referred to as the mean
or the first moment of X. The quantity E[X"],n > 1, is called the nth moment of X.
By Proposition 2.1, we note that

> x"p(x), if X is discrete

E[X"] _ x:p(x)>0

o0
/ x"f(x)dx, if X is continuous
o

Another quantity of interest is the variance of a random variable X, denoted by
Var(X), which is defined by

Var(X) = E[(X — E[X])z]
Thus, the variance of X measures the expected square of the deviation of X from its
expected value.

Example 2.26 (Variance of the Normal Random Variable). Let X be normally dis-
tributed with parameters © and o2, Find Var(X).

Solution: Recalling (see Example 2.22) that E[X] = u, we have that
Var(X) = E[(X — p)°]

1 /w(x—u)2e_(x_“)2/2"2 dx
2no J-o

Substituting y = (x — u)/o yields

o2 © 2
Var(X) = N / y2e ¥ 2 dy
—00
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Integrating by parts (u =y, dv = ye‘yz/Zdy) gives

2 oo
o 2 /5|00 2
Var(X):—(—yey /2‘ —l—/ e /zdy)
V2 —00 —00
2
_ 9 /oo ey
V21 J -0
= 0'2
Another derivation of Var(X) will be given in Example 2.42. |

Suppose that X is continuous with density f, and let E[X] = u. Then,

Var(X) = E[(X — )*]
= E[X? —2uX + u?]

— /Oo (2 =2ux + p?) f(x)dx

=/ xzf(x)dx—2uf xf(x)dx+,u2/ fx)dx
= E[X*] = 2up + u*
= E[X*] - u?

A similar proof holds in the discrete case, and so we obtain the useful identity
Var(X) = E[X?] — (E[X])?

Example 2.27. Calculate Var(X) when X represents the outcome when a fair die is
rolled.

Solution: As previously noted in Example 2.15, E[X] = % Also,

1= (1) 2 () 4 (1) 4 () 42 (1) 6 () = (o0

Hence,

(9%
9]

Var(x) =4 — (3)" =3 m

o8]

2.5 Jointly Distributed Random Variables

2.5.1 Joint Distribution Functions

Thus far, we have concerned ourselves with the probability distribution of a single
random variable. However, we are often interested in probability statements concern-
ing two or more random variables. To deal with such probabilities, we define, for any
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two random variables X and Y, the joint cumulative probability distribution function
of X and Y by

F(a,b)=P{X <a,Y <b}, —o0o<a,b<oo
The distribution of X can be obtained from the joint distribution of X and Y as follows:

Fx(a)=P{X <a}
=P{X <a,Y <oo}
= F(a, 00)

Similarly, the cumulative distribution function of Y is given by
Fy(b) = P{Y < b} = F(0c0, b)

In the case where X and Y are both discrete random variables, it is convenient to define
the joint probability mass function of X and Y by

px,y)=P{X=x,Y =y}

The probability mass function of X may be obtained from p(x, y) by

px®= > py

y:p(x,y)>0

Similarly,

proN="> pxy

x:p(x,y)>0

We say that X and Y are jointly continuous if there exists a function f(x, y), de-
fined for all real x and y, having the property that for all sets A and B of real numbers

P{XeA,YeB}:f/f(x,y)dxdy
BJA

The function f(x, y) is called the joint probability density function of X and Y. The
probability density of X can be obtained from a knowledge of f (x, y) by the following
reasoning:

P{XeAl=P{XeA,Y € (—o0,00)}

=/ /ﬂnww@
—o0JA

=/ fx(x)dx
A
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where
fx(x) 2[ Fx,y)dy

is thus the probability density function of X. Similarly, the probability density function
of Y is given by

fY()’)Z/ fx,y)dx
Because
a b
F(a,b):P(Xfa,YSb):/ / f(x,y)dydx

differentiation yields
2

dadb

F(a,b)= f(a,b)

Thus, as in the single variable case, differentiating the probability distribution function
gives the probability density function.

A variation of Proposition 2.1 states that if X and Y are random variables and g is
a function of two variables, then

ElgX,Y)]= Z Z glx,y)p(x,y) in the discrete case
y X

o o0
= / / g(x,y)f(x,y)dxdy inthe continuous case
—00 J —00

For example, if g(X, Y) = X + Y, then, in the continuous case,

Ew+ﬂ=/ / (4 3) £ (r y) dx dy

=f / quwuw+/ f V(. y) dxdy

= E[X]+ E[Y]

where the first integral is evaluated by using the variation of Proposition 2.1 with
g(x, y) = x, and the second with g(x, y) = y.

The same result holds in the discrete case and, combined with the corollary in
Section 2.4.3, yields that for any constants a, b

E[aX +bY]=aE[X]+ bE[Y] (2.10)

Joint probability distributions may also be defined for n random variables. The de-
tails are exactly the same as when n = 2 and are left as an exercise. The corresponding
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result to Eq. (2.10) states that if X1, X», ..., X, are n random variables, then for any
n constants ay,az, ..., a,,

ElaiX1+aXo+- - +ay Xpl =a1 E[X1]+ a2 E[X2] + -+ a, E[X,] (2.11)

Example 2.28. Calculate the expected sum obtained when three fair dice are rolled.

Solution: Let X denote the sum obtained. Then X = X| + X, + X3 where X;
represents the value of the ith die. Thus,

E[X]=E[Xi]1+ E[X2]+ E[X3]1=3(}) =% =

Example 2.29. As another example of the usefulness of Eq. (2.11), let us use it to
obtain the expectation of a binomial random variable having parameters n and p.
Recalling that such a random variable X represents the number of successes in n trials
when each trial has probability p of being a success, we have

X=X1+X24+ -+ X,
where

X — 1, if the ith trial is a success
"7 10, if the ith trial is a failure

Hence, X; is a Bernoulli random variable having expectation E[X;] = 1(p) + 0(1 —
p) = p. Thus,

E[X]=E[X1]+ E[X2]+ -+ E[Xy]=np
This derivation should be compared with the one presented in Example 2.17. ]

Example 2.30. At a party N men throw their hats into the center of a room. The hats
are mixed up and each man randomly selects one. Find the expected number of men
who select their own hats.

Solution: Letting X denote the number of men that select their own hats, we can
best compute E[X] by noting that

X=X1+Xo+ -+ Xn
where

X, — 1, if the ith man selects his own hat
"7 10, otherwise

Now, because the ith man is equally likely to select any of the N hats, it follows
that

1
P{X; = 1} = P{ith man selects his own hat} = v
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and so
1
EX;]=1P{X;=1}+0P{X; =0} = N

Hence, from Eq. (2.11) we obtain
1
EX]1=E[X1]+ -+ E[XN]= <ﬁ) N=1

Hence, no matter how many people are at the party, on the average exactly one of
the men will select his own hat. ]

Example 2.31. Suppose there are 25 different types of coupons and suppose that each
time one obtains a coupon, it is equally likely to be any one of the 25 types. Compute
the expected number of different types that are contained in a set of 10 coupons.

Solution: Let X denote the number of different types in the set of 10 coupons.
We compute E[X] by using the representation
X=X1+---+ X35

where

X, — 1, if at least one type i coupon is in the set of 10
"7 10, otherwise

Now,

E[X;]=P{X;=1}
= P{at least one type i coupon is in the set of 10}
=1 — P{no type i coupons are in the set of 10}

10
24
=1 (_5)

when the last equality follows since each of the 10 coupons will (independently)
not be a type i with probability %. Hence,

10
E[X]=E[X\]+ -+ E[X5] =25 [1—(%) } u

Example 2.32. Let Ry, ..., R, be arandom permutation of 1, ..., n +m. (That is,
R1, ..., R4+ is equally likely to be any of the (n +m)! permutations of 1, ..., n+m.)
For a given i <n, let X be the ith smallest of the values Ry, ..., R,. Find E[X].

Solution: If we let N be the number of the values R,41, ..., R,4, that are
smaller than X, then X is the (i + N)th smallest of all the values Ry, ..., Rytm-
Because Ry, ..., R, consists of all numbers 1, ...,n + m, it follows that X =
i + N. Consequently,

E[X]=i+ E[N]
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To compute E[N], fork =1,...,m let I,44 equal 1 if R,4; < X and let it equal
0 otherwise. Using that

m
N=D I
k=1

we obtain that

m

E[X]1=i+) Ellul
k=1

Now,

Elln+k] = P(Rp4k < X)
= P(Ry+k < ithsmallestof Ry, ..., Ry)

= P(R,+ is one of the i smallest of the values Ry, ..., R, Ry+x)
i
Cn+41
where the final equality used that R, is equally likely to be either the smallest,
the second smallest, ..., or the (n 4+ 1)st smallest of the values Ry, ..., R,, Ry+k-
Hence,
E[X]=i+ |
[X]=i+m p—

2.5.2 Independent Random Variables
The random variables X and Y are said to be independent if, for all a, b,
P{X <a,Y <b}=P{X <a}P{Y <b} (2.12)

In other words, X and Y are independent if, for all a and b, the events E, = {X < a}
and Fj, = {Y < b} are independent.

In terms of the joint distribution function F of X and Y, we have that X and Y are
independent if

F(a,b) = Fx(a)Fy () foralla, b
When X and Y are discrete, the condition of independence reduces to
px,y) = px()py(y) (2.13)
while if X and Y are jointly continuous, independence reduces to

f e, y) = fx) fr(y) (2.14)
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To prove this statement, consider first the discrete version, and suppose that the joint
probability mass function p(x, y) satisfies Eq. (2.13). Then

P{X<a,Y <b}=7) > p(x,)

y<bx=a

=> "> px@pyr(y

y<bx=a

=Y pr(» Y px(x)

y=<b x=a

= P{Y <b}P{X <a)

and so X and Y are independent. That Eq. (2.14) implies independence in the contin-
uous case is proven in the same manner and is left as an exercise.
An important result concerning independence is the following.

Proposition 2.3. If X and Y are independent, then for any functions h and g
E[g(X)h(Y)] = E[g(X)]E[h(Y)]

Proof. Suppose that X and Y are jointly continuous. Then
B0 = [ [ g dxdy
=/ f g@h(y) fx(x) fr(y)dxdy

=/ h(y)fy(y)dy/ g(x) fx(x)dx

—00 —0o0

= E[h(Y)]E[g(X)]

The proof in the discrete case is similar. |

2.5.3 Covariance and Variance of Sums of Random Variables

The covariance of any two random variables X and Y, denoted by Cov(X, Y), is de-
fined by

Cov(X,Y) = E[(X — E[X)(Y — E[Y])]
= E[XY — YE[X] — XE[Y] + E[X]E[Y]]
= E[XY]— E[Y]E[X] - E[X]E[Y] + E[X]E[Y]
= E[XY] - E[X]E[Y]

Note that if X and Y are independent, then by Proposition 2.3 it follows that
Cov(X,Y)=0.
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Let us consider now the special case where X and Y are indicator variables for
whether or not the events A and B occur. That is, for events A and B, define

¥ — {1, if A occurs {1, if B occurs

. Y= .
0, otherwise, 0, otherwise

Then,
Cov(X,Y)=E[XY]— E[X]E[Y]

and, because XY will equal 1 or 0 depending on whether or not both X and Y equal 1,
we see that

Cov(X,Y)=P{X=1,Y=1}—- P{X=1}P{Y =1}
From this we see that

Cov(X,Y)>0& P{X=1,Y =1} > P{X = 1}P{Y = 1}
PiX=1Y=1)

P{X =1}
SPY=1X=1}>P{Y =1}

> P{Y =1}

That is, the covariance of X and Y is positive if the outcome X = 1 makes it more
likely that Y = 1 (which, as is easily seen by symmetry, also implies the reverse).

In general it can be shown that a positive value of Cov(X, Y) is an indication that Y
tends to increase as X does, whereas a negative value indicates that ¥ tends to decrease
as X increases.

Example 2.33. The joint density function of X, Y is
L~y
fl,y)=—e ™Y 0<x,y<o0
y

(a) Verify that the preceding is a joint density function.
(b) Find Cov (X,Y).

Solution: To show that f(x, y) is a joint density function we need to show it is
nonnegative, which is immediate, and that f fooo f fooo f(x,y)dydx =1. We prove
the latter as follows:

o o0 00 00 1
/ / f(-xv }’) dydx :/ / —e_(y+x/y)dy dx
—00 J—00 0 0y
0 % |
:/ e_y/ _e—x/ydxdy
0 oV
o

=/ e Vdy
0

1
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To obtain Cov(X, Y), note that the density function of Y is
1
fryn) = e*y/ —ePVdx=e"?
0oy

Thus, Y is an exponential random variable with parameter 1, showing (see Exam-
ple 2.21) that

E[Y]=1

We compute E[X] and E[X Y] as follows:

E[X]:/OQ /00 xf(x,y)dydx

o0 o0 x
=/ e_y/ Ze *Vdxdy
0 0oy

Now, fooo Lo=%/Ydx is the expected value of an exponential random variable with
parameter 1/y, and thus is equal to y. Consequently,

o0
E[X]:/ ve Ydy=1
0
Also

E[XY]:/OO /OO xy f(x,y)dydx

o0 o x

=/ yefy/ Ze M Vdxdy
0 oy
o

= / yie dy
0

Integration by parts (dv = e Vdy, u = y*) gives
o 00 [e¢)
E[XY] =/ yieVdy =—y*e|] +/ 2yeVdy =2E[Y]=2
0 0
Consequently,

Cov(X,Y)=E[XY] - E[X]E[Y]=1 |

The following are important properties of covariance.

Properties of Covariance

For any random variables X, Y, Z and constant c,
1. Cov(X, X) = Var(X),
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2. Cov(X,Y)=Cov(Y, X),
3. Cov(cX,Y)=cCov(X,Y),
4. Cov(X,Y+Z)=Cov(X,Y)+ Cov(X, Z).

Whereas the first three properties are immediate, the final one is easily proven as
follows:

Cov(X, Y+ Z)=E[X(Y + Z)]— E[X]E[Y + Z]
=FE[XY]|— E[X]E[Y]|+ E[XZ] - E[X]E[Z]
=Cov(X,Y)+ Cov(X, Z)

The fourth property listed easily generalizes to give the following result:
n m n m
Cov [ XY v | =) CoviXi.¥)) (2.15)
i=1 j=I i=1 j=1

A useful expression for the variance of the sum of random variables can be obtained
from Eq. (2.15) as follows:

n n n
Var <ZX,> =Cov | > Xi.) X,
i=1 i=1 j=1
n n
- ZZCOV(X,-, X))

i=1 j=I

—ZCOV(X,,X )—i—ZZ Cov(X;, X})

i=1 j#i
—ZVar(X)+2ZZCov(X,,X ) (2.16)
i=1j<i
If X;,i =1,...,n are independent random variables, then Eq. (2.16) reduces to

n n
Var (Z X,-) = ZVar(X,-)
i=1 i=1

Definition 2.1. If X}, ..., X, are independent and identically distributed, then the
random variable X =) "_, X;/n is called the sample mean.

The following proposition shows that the covariance between the sample mean and
a deviation from that sample mean is zero. It will be needed in Section 2.6.1.

Proposition 2.4. Suppose that X1, ..., X, are independent and identically distributed
with expected value |1 and variance o2, Then,

(a) E[X]=
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(b) Var(X)=0?%/n.
(¢ Cov(X,X;—X)=0,i=1,....n

Proof. Parts (a) and (b) are easily established as follows:

_ 1
E[X] =~ ,;E[Xi] =u,

- 1\? " 1\ < o2
V = - ; = — 2) — ——
ar(X) <n> Var Z X; (n ) ZVar(Xl )=—
i=1 i=1
To establish part (c) we reason as follows:

Cov(X, X; — X) =Cov(X, X;) — Cov(X, X)

1 N
= —Cov X,»+ij,x,- — Var(X)
JF

1 1 o?

= —Cov(X;, X;) + —Cov ij,x,» -—
JF#i

O’2 02
:———:0

n n

where the next to the last equality used the fact that X; and 3, ; X; are independent
and thus have covariance 0. n

Eq. (2.16) is often useful when computing variances.

Example 2.34 (Variance of a Binomial Random Variable). Compute the variance of
a binomial random variable X with parameters n and p.

Solution: Since such a random variable represents the number of successes in n
independent trials when each trial has a common probability p of being a success,
we may write

X=X1+-+ Xy
where the X; are independent Bernoulli random variables such that

X — 1, if the ith trial is a success
"7 10, otherwise

Hence, from Eq. (2.16) we obtain
Var(X) = Var(X{) + - - - + Var(X,,)
But

Var(X;) = E[X?] — (E[X;])?
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= E[X;]— (E[X;])? since X?:X,-

and thus
Var(X) =np(1l — p) |

Example 2.35 (Sampling from a Finite Population: The Hypergeometric). Consider a
population of N individuals, some of whom are in favor of a certain proposition. In
particular suppose that Np of them are in favor and N — Np are opposed, where
p is assumed to be unknown. We are interested in estimating p, the fraction of the
population that is for the proposition, by randomly choosing and then determining the
positions of » members of the population.

In such situations as described in the preceding, it is common to use the fraction of
the sampled population that is in favor of the proposition as an estimator of p. Hence,
if we let

X, — 1, if the ith person chosen is in favor
Y710, otherwise

then the usual estimator of p is )/, X;/n. Let us now compute its mean and vari-
ance. Now,

E [Z X,} = ZE[Xi]
i=1 1
=np

where the final equality follows since the ith person chosen is equally likely to be any
of the N individuals in the population and so has probability Np/N of being in favor.

n n
Var (Z X,-) =Y Var(X;)+2) > Cov(X;, X)
1 1 i<j
Now, since X; is a Bernoulli random variable with mean p, it follows that
Var(X;) = p(1 — p)
Also, fori # j,
Cov(X;, X;)=E[X;X;] — E[X;1E[X/]
=P(X;=1X;=1}-p’
=P{X;=1}P{X; =1|X; =1} — p?

_NoWp=D 4
N N-1
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where the last equality follows since if the ith person to be chosen is in favor, then the
Jjth person chosen is equally likely to be any of the other N — 1 of which Np — 1 are
in favor. Thus, we see that

- —1
Var (ZX,») =np(l—p)+2 <;) [% _p2:|
1

nin—1)p(l—p)

=np(l—p)— N 1

and so the mean and variance of our estimator are given by

{52

1

~Xi | _pd-=p) (—1pd-p)
Var[;?]_ n aN-1)

Some remarks are in order: As the mean of the estimator is the unknown value p,
we would like its variance to be as small as possible (why is this?), and we see by
the preceding that, as a function of the population size N, the variance increases as
N increases. The limiting value, as N — oo, of the variance is p(1 — p)/n, which is
not surprising since for N large each of the X; will be (approximately) independent
random variables, and thus ) | X; will have an (approximately) binomial distribution
with parameters n and p.

The random variable Y ] X; can be thought of as representing the number of white
balls obtained when 7 balls are randomly selected from a population consisting of
Np white and N — Np black balls. (Identify a person who favors the proposition
with a white ball and one against with a black ball.) Such a random variable is called
hypergeometric and has a probability mass function given by

<N p) (N — Np

" k n—k

P Xi=k{= ]

R
n

It is often important to be able to calculate the distribution of X + Y from the

distributions of X and Y when X and Y are independent. Suppose first that X and Y

are continuous, X having probability density f and Y having probability density g.
Then, letting Fx .y (a) be the cumulative distribution function of X + Y, we have

Fxiy(@)=P{X+Y <a}
=[] rwemxay
x+y=<a

00 a—y
=// f)g(y)dxdy
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00 a—y
=/ (/ f(x)dx>g(y)dy

_ / Fx(a—y)g(y)dy 2.17)

The cumulative distribution function Fyy is called the convolution of the distribu-
tions Fx and Fy (the cumulative distribution functions of X and Y, respectively).

By differentiating Eq. (2.17), we obtain that the probability density function
Sfx+y(a) of X 47 is given by

d o0
fxqrv(a) = d—/ Fx(a—y)g(y)dy
aJ—co

> d
_ / 4 (Fya—y)g(y)dy

_so da
o0
=/ fla—yg(y)dy (2.18)
—0oQ
Example 2.36 (Sum of Two Independent Uniform Random Variables). If X and Y

are independent random variables both uniformly distributed on (0, 1), then calculate
the probability density of X + Y.

Solution: From Eq. (2.18), since

1, 0<a<l1
fla)=g(a)= {0’ otherwise

we obtain

1
frar(@ = fo fa—y)dy
For 0 < a < 1, this yields
a
fx+r(a) =/ dy=a
0

For1 <a <2, we get

1
fr@= [ dy=2-a

Hence,
a, O0<a<l
fxsy(@=32—a, l<a<?2 |
0, otherwise

Rather than deriving a general expression for the distribution of X + Y in the dis-
crete case, we shall consider an example.
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Example 2.37 (Sums of Independent Poisson Random Variables). Let X and Y be
independent Poisson random variables with respective means A and A,. Calculate the
distribution of X 4 Y.

Solution: Since the event {X + Y = n} may be written as the union of the disjoint
events {X =k,Y =n —k},0 <k <n, we have

n
PIX+Y=n}=) P(X=kY=n—k)
k=0

=Y PX=KkP(Y=n—k}

k=0
—k
_Z —h 1 o2 )
K (n —k)!
n kyn—k
_e—mm)Z Mh
k'(n—k)'
e~ (ithr) 2 n! )\k k
- ! ! 11
n! P kl(n —k)!
e~ (A1t+22)

=——— @G +1)"
n

In words, X + Y has a Poisson distribution with mean A + A;. |

The concept of independence may, of course, be defined for more than two random
variables. In general, the n random variables X1, X5, ..., X,, are said to be indepen-
dent if, for all values ay, as, ..., a,,

P{leal,XZSaZ,uan San}
=P{X1 2a1}P{X2 <ar}--- P{X, <ay}

Example 2.38. Let X1, ..., X, be independent and identically distributed continuous
random variables with probability distribution F and density function F’ = f. If we
let X(;y denote the ith smallest of these random variables, then X(iy,..., X(,) are
called the order statistics. To obtain the distribution of X;), note that X ;) will be less
than or equal to x if and only if at least i of the n random variables X1, ..., X,, are
less than or equal to x. Hence,

n

P{X@<x}=) (’,Z) (F)) (1 = F)y"™

k=i

Differentiation yields that the density function of X ;) is as follows:

fro@ =1 (Z) K(F)) (1= Foo)"™
k=i
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— ) Z (’,Z) (n = k)(F () (1 = F o)™

k—1 n—k
=/ )Z k),(k i (Fe) T A= F&)
n—k—1
—f) Z 5 O A= Fe)
k=1.1 _ n—k
= [ Z k),(k i (Fe) I A= Fx)
- f) Z ———————(F(0)) (1 = F(x))"™/
(n— - D!
Jj=i+1
_ n! i—1 n—i
mf(X)(F(X)) (I—-F)
The preceding density is quite intuitive, since in order for X ;) to equal x, i — 1 of the
n values X1, ..., X; must be less than x;n — i of them must be greater than x; and

one must be equal to x. Now, the probability density that every member of a specified
setof i — 1 of the X; is less than x, every member of another specified set of n — i is
greater than x, and the remaining value is equal to x is (F(x)' 1A = F(x)" 7 f(x).
Therefore, since there are n!/[(i — 1)!(n — i)!] different partitions of the n random
variables into the three groups, we obtain the preceding density function. ]

2.5.4 Joint Probability Distribution of Functions of Random
Variables

Let X and X, be jointly continuous random variables with joint probability density
function f(x1,x7). It is sometimes necessary to obtain the joint distribution of the
random variables Y7 and Y that arise as functions of X1 and X;. Specifically, suppose
that Y1 = g1(X1, X») and Y, = g2(X1, X») for some functions g; and g>.

Assume that the functions g| and g; satisfy the following conditions:

1. The equations y; = g1(x1, x2) and y, = g2(x1, x2) can be uniquely solved for x|
and x; in terms of y; and y, with solutions given by, say, x; = h1(y1, y2), X2 =
ha(y1, y2).

2. The functions g; and g» have continuous partial derivatives at all points (x1, x2)
and are such that the following 2 x 2 determinant

do1 O
dx;  Oxp|_ 08108 081082
J(x1,x2) = =———-———#0
(x1, %2) @ @ 0x1 0x2  dxp 0Xx 7
dx1  dxp

at all points (x1, x2).
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Under these two conditions it can be shown that the random variables Y; and Y, are
jointly continuous with joint density function given by

1, y2) = fxy x, (1, x2) 1 (e, x2) | 7! (2.19)

where x1 = h1(y1, y2), x2 = h2(y1. y2).
A proof of Eq. (2.19) would proceed along the following lines:

P{Y1 <y, Y2 <»m}= // Ix1.x,(x1,x2) dx1 dx2 (2.20)

(x1,x2) :
81(x1,x2) < y1
82(x1,x2) <y

The joint density function can now be obtained by differentiating Eq. (2.20) with re-
spect to y; and y,. That the result of this differentiation will be equal to the right-hand
side of Eq. (2.19) is an exercise in advanced calculus whose proof will not be presented
in the present text.

Example 2.39. If X and Y are independent gamma random variables with parameters
(o, A) and (B, 1), respectively, compute the joint density of U = X + Y and V =
X/(X+7Y).

Solution: The joint density of X and Y is given by

e M (ax)2 1 Ae M (Ay)P!

fxy(x,y)= F@) )
_ Aeth —h(xy) a1y p—l
()T (B)

Now, if g1(x,y) =x+y, g2(x,y) =x/(x + y), then

o1 81y  &_ vy o & X

0x  dy ’ ax  (x+y)? ay (x +y)?
and so

1 1 1
J,y)=|_ Y LN e

(x+»? (x+y)?
Finally, because the equations u = x + y, v = x/(x + y) have as their solutions
x=uv,y=u(l —v), we see that
Juv@,v) = fxyluv,u(l —v)lu
re M)A el — )T (a0 + B)
Fa+p) F(@)'(B)
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Hence X + Y and X/(X + Y) are independent, with X 4 Y having a gamma dis-
tribution with parameters (o + 8, A) and X /(X + Y) having density function

_ Te+p)
- T(@r(B)

(1 — )P O<v<l

Sfv(v)

This is called the beta density with parameters (¢, ).

This result is quite interesting. For suppose there are n + m jobs to be performed,
with each (independently) taking an exponential amount of time with rate A for per-
formance, and suppose that we have two workers to perform these jobs. Worker I will
do jobs 1,2,...,n, and worker II will do the remaining m jobs. If we let X and Y
denote the total working times of workers I and II, respectively, then upon using the
preceding result it follows that X and Y will be independent gamma random variables
having parameters (n, A) and (m, ), respectively. Then the preceding result yields
that independently of the working time needed to complete all n + m jobs (that is,
of X 4 Y), the proportion of this work that will be performed by worker I has a beta

distribution with parameters (n, m). [ |
When the joint density function of the n random variables X1, X», ..., X is given
and we want to compute the joint density function of Y1, Y>, ..., Y,, where
legl(X17'7Xl’l)v Y2=g2(X17"'7Xn)7 L ]

Y, =g.(X1,..., Xy)

the approach is the same. Namely, we assume that the functions g; have continuous

partial derivatives and that the Jacobian determinant J(xy, ..., x,) 7 0 at all points
(x1,...,x,), where
dg1 & Og
0x;  9dxp 0x,
gy 08 082
Jxi,...,xp)=|— — ...
0x;  9dxp 0x,
9gn 08 O
dx;  0xp 9x,
Furthermore, we suppose that the equations y; = g1(x1, ..., Xn), y2 = g2(X1, ..., Xn),
.oy Yn = gn(x1,...,x,) have a unique solution, say, x; = A1(V1, ..., Yn)s .- Xn =
hy(¥1, ..., yn)- Under these assumptions the joint density function of the random vari-

ables Y; is given by
Tty O oo ¥0) = Fx X (X1 e X (et )|

where x; = hi(y1,..., ), i =1,2,...,n.
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2.6 Moment Generating Functions

The moment generating function ¢(t) of the random variable X is defined for all
values ¢ by

¢(t) = E[e'¥]
Z e px), if X is discrete

X

o0
/ e f(x)dx, if X is continuous
—0Q

We call ¢ (¢) the moment generating function because all of the moments of X can be
obtained by successively differentiating ¢ (¢). For example,

/ _i tX
¢(t)—th[e ]

=E [%(e”‘ )}
= E[Xe'X]
Hence,
¢'(0) = E[X]
Similarly,

"t _i /(¢
¢ (1) =—7¢(1)

d
Z_ExtX
dt [Xe™]

d
=E [E(Xetx )]
= E[X?e'¥]
and so
¢"(0) = E[X?]
In general, the nth derivative of ¢ (¢) evaluated at t = 0 equals E[X"], that is,
#"(0) = E[X"], n>1
We now compute ¢ (¢) for some common distributions.

Example 2.40 (The Binomial Distribution with Parameters n and p).

¢ (1) = E[e'¥]
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— Zelk (Z) pk(l _ p)n—k
k=0

=> (Z) (pe) (1= p)"™*
k=0

=(pe' +1-p)"
Hence,
¢' (1) =n(pe' +1—p)"~ pe'
and so
E[X]1=¢'(0)=np

which checks with the result obtained in Example 2.17. Differentiating a second time
yields

¢" () =n(n—1)(pe' +1—p)" *(pe')* +n(pe' +1—p)"~' pe'
and so
E[X*]=¢"(0)=n(n—1)p*+np
Thus, the variance of X is given by
Var(X) = E[X*] — (E[X])?
=n(n—1)p*+np —n’p?
=np(l —p) L
Example 2.41 (The Poisson Distribution with Mean A).
¢(1) = E[e'"]

oo —_
e )\)»n

n!

n=0
0 t\n
o (Aeh)
- ’; n!
— e*keke’
= exp{r(e — 1)}
Differentiation yields

¢'(t) = re' exp{A(e’ — D)},
9" (t) = (re')? exp{r(e’ — 1)} + re’ exp{i(e’ — 1)}
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and so

E[X]=¢'(0) =1,
E[X’]=¢"(0)=3"+1,
Var(X) = E[X*] - (E[X])*
=A
Thus, both the mean and the variance of the Poisson equal A. |

Example 2.42 (The Exponential Distribution with Parameter A).

¢ (1) = E[e'¥]

o0
= f e re M dx
0

o0
=k/ e~ DX gy
0

= — fort <A
A—t

We note by the preceding derivation that, for the exponential distribution, ¢ (¢) is only
defined for values of ¢ less than A. Differentiation of ¢ (¢) yields

21

, ¢(I)=m

/t_ )\’
45()—7(/\_02

Hence,
EX1=¢/ O =1, EX=¢"0)= >
A A2
The variance of X is thus given by
2 21
Var(X) = E[X“] — (E[X]) =2 |

Example 2.43 (The Normal Distribution with Parameters i and ¢2). The moment
generating function of a standard normal random variable Z is obtained as follows.

E[etZ]:L/OO etxef)ﬂ/zd‘x
LY, 21 —00
1 /OO —(x2—2tx)/2d
=— e X
A/ 21 J—c0

:e’2/2—1 /00 e~ C=D?/2 gy
«/27'[ —0o0

2
—¢ /2
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Table 2.1

Discrete Probability mass Moment Mean Variance
probability function, p(x) generating
distribution function, ¢ (¢)
Binomial with (ﬁ)px(l —p)" X, | (pe' + (1 — p)* np np(l — p)
parameters n, p, x=0.1. . . . n
0<p<l N PR

)\')C
Poisson with pa- e_)‘—‘, exp{i(e! — 1)} A A

x!
rameter A > 0 x=012, ...

g 1 1—

Geometric with p(1—p)y*—L, % - _2p
parameter x=12,... — e p P
0<p<l

If Z is a standard normal, then X = o Z + y is normal with parameters x and o2;
therefore,

2,2
t
¢(t) = E[e'] = E[e'““TW] = " E[e'"?] = exp { —02 + ;u}

By differentiating we obtain

2,2
’ 2 ot
) =(u+to )eXp{T"‘Mf},
" 2.2 o’t? 5 022
¢ (1) =(n+to") exp 5 turptotexpi——+ut

and so

E[X]=¢'(0) = u,
E[X*1=¢"(0)=p*+0?

implying that

Var(X) = E[X*] — E((X])?

=02 |

Tables 2.1 and 2.2 give the moment generating function for some common distri-
butions.

An important property of moment generating functions is that the moment gener-
ating function of the sum of independent random variables is just the product of the
individual moment generating functions. To see this, suppose that X and Y are inde-
pendent and have moment generating functions ¢x (t) and ¢y (¢), respectively. Then
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Table 2.2
Continuous | Probability density function, Moment Mean | Variance
probability | f(x) generating
distribution function, ¢ (¢)
1 th ta 2
_ bl =
Uniform = h—a’ a<x<b e e a+ ( a)
over (a, b) 0, otherwise t(b—a) 2 12
E il | £ re M x>0 X 1 1
Xponentia X) = —_— - =
with 0, x <0 A—t A A
parameter
A>0
—\x n—1
w x>0 A n n n
Gamma f) = m-1 7 % Vi
with 0, x<0
parameters
(n,A),A>0
Normal with | f(x) ! { t+"2t2} 2
ormal wi X) = exp { ut + — n o
parameters V2o 2
(n.0?) x exp{—(x — w)?/20%},
—00 <X <00

¢x+vy (1), the moment generating function of X + Y, is given by

bx4y(t) = E[e' Xt
= E[¢'Xe'"]
— E[elX]E[ety]
=¢x )¢y (1)

where the next to the last equality follows from Proposition 2.3 since X and Y are
independent.

Another important result is that the moment generating function uniquely deter-
mines the distribution. That is, there exists a one-to-one correspondence between the
moment generating function and the distribution function of a random variable.

Example 2.44 (Sums of Independent Binomial Random Variables). If X and Y are in-
dependent binomial random variables with parameters (rn, p) and (m, p), respectively,
then what is the distribution of X + Y?

Solution: The moment generating function of X + Y is given by

Px+y (1) = px (Opy (1) = (pe' + 1= p)"(pe' +1— p)"
— (pet +1-— p)m+n
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But (pe’ + (1 — p))™*" is just the moment generating function of a binomial
random variable having parameters m +n and p. Thus, this must be the distribution
of X+7Y. |

Example 2.45 (Sums of Independent Poisson Random Variables). Calculate the dis-
tribution of X 4+ Y when X and Y are independent Poisson random variables with
means A and Aj, respectively.

Solution:

Ox+y (1) = Ppx (D)y (1)

— M =D (e 1)

— cMFa) e =)

Hence, X + Y is Poisson distributed with mean A + A, verifying the result given
in Example 2.37. u

Example 2.46 (Sums of Independent Normal Random Variables). Show that if X and
Y are independent normal random variables with parameters (i, 012) and (ua, 022),
respectively, then X + Y is normal with mean @ + ©> and variance 0’12 + 022.

Solution:
dx+y () = ox )Py (1)

olt? o2t?
=exp 1T+,4,L1t exp 2T+/,L2t

(02 + 62)i?
=exp { % + (u1 + o)t
which is the moment generating function of a normal random variable with mean
1 + uo and variance 012 + 022. Hence, the result follows since the moment gener-
ating function uniquely determines the distribution. |

Example 2.47 (The Poisson Paradigm). We showed in Section 2.2.4 that the number
of successes that occur in n independent trials, each of which results in a success with
probability p is, when n is large and p small, approximately a Poisson random variable
with parameter A = np. This result, however, can be substantially strengthened. First
it is not necessary that the trials have the same success probability, only that all the
success probabilities are small. To see that this is the case, suppose that the trials
are independent, with trial i resulting in a success with probability p;, where all the
pi,i =1,...,n are small. Letting X; equal 1 if trial i is a success, and O otherwise, it
follows that the number of successes, call it X, can be expressed as

n
X=>"X;
i=1
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Using that X; is a Bernoulli (or binary) random variable, its moment generating func-
tion is

E[¢¥i]=pie' +1—pi=1+pi(e' = 1)

Now, using the result that, for |x| small,
eF~1+x

it follows, because p; (e’ — 1) is small when p; is small, that
E[¢"] =1+ pi(e' — 1) = exp{pi(e' = )

Because the moment generating function of a sum of independent random variables is
the product of their moment generating functions, the preceding implies that

E[¢¥]~ ] Jexplpie’ — D} =exp {ZPi(et - 1)}

i=1

But the right side of the preceding is the moment generating function of a Poisson ran-
dom variable with mean ) _; p;, thus arguing that this is approximately the distribution
of X.

Not only is it not necessary for the trials to have the same success probability for
the number of successes to approximately have a Poisson distribution, they need not
even be independent, provided that their dependence is weak. For instance, recall the
matching problem (Example 2.30) where n people randomly select hats from a set
consisting of one hat from each person. By regarding the random selections of hats as
constituting n trials, where we say that trial i is a success if person i chooses his or
her own hat, it follows that, with A; being the event that trial i is a success,

P(Ai):l and P(A,-|A,-):L, VEL
n n—1
Hence, whereas the trials are not independent, their dependence appears, for large n,
to be weak. Because of this weak dependence, and the small trial success probabilities,
it would seem that the number of matches should approximately have a Poisson distri-
bution with mean 1 when 7 is large, and this is shown to be the case in Example 3.27.
The statement that “the number of successes in n trials that are either independent
or at most weakly dependent is, when the trial success probabilities are all small,
approximately a Poisson random variable” is known as the Poisson paradigm. ]

Remark. For a nonnegative random variable X, it is often convenient to define its
Laplace transform g(t),t > 0, by

g(t) = (1) = E[e'¥]

That is, the Laplace transform evaluated at ¢ is just the moment generating function
evaluated at —¢. The advantage of dealing with the Laplace transform, rather than the
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moment generating function, when the random variable is nonnegative is that if X > 0
and r > 0, then

X

0<e ™ <1

That is, the Laplace transform is always between 0 and 1. As in the case of moment
generating functions, it remains true that nonnegative random variables that have the
same Laplace transform must also have the same distribution. |

It is also possible to define the joint moment generating function of two or more

random variables. This is done as follows. For any n random variables X1, ..., X,,
the joint moment generating function, ¢ (t, ..., t,), is defined for all real values of
f,...,In by

G(t1,... 1y) = E[e" X1+ X))
It can be shown that ¢(zq,...,1,) uniquely determines the joint distribution of
Xt,..., Xn.

Example 2.48 (The Multivariate Normal Distribution). Let Zy, ..., Z, be a set of n
independent standard normal random variables. If, for some constants g;;, 1 <i <
m,1<j<n,and u;, 1 <i <m,

Xy=anZi+---+ainZy + u1,
Xo=anZi+---+amZy+ pa,

Xi=anZi+---+ainZn + wi,

Xm=amZi+ -+ amnln + m

then the random variables Xi,...,X,, are said to have a multivariate normal
distribution.

It follows from the fact that the sum of independent normal random variables is
itself a normal random variable that each X; is a normal random variable with mean
and variance given by

E[X;] =,
n

Var(X;) = Zafj
j=1

Let us now determine

¢(t1, ..., ty) = Elexp{ti X1+ -+ tu X}l
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the joint moment generating function of X1, ..., X;,. The first thing to note is that
since Y 7~ ,#; X; is itself a linear combination of the independent normal random vari-
ables Z1, ..., Z,, itis also normally distributed. Its mean and variance are respectively

m m
E |:ZtiXij| = Zfiui
i=1 i=1

and

m
Var <Z t,-X,~> = Cov

i=1

m
L X;, thx‘/
i=1 j=1

m m
= ZZI‘,‘Z‘J‘COV(XZ', Xj)

i=1 j=1
Now, if Y is a normal random variable with mean x and variance o2, then
Ele"]= ¢y (1)|i=1 = /2
Thus, we see that

m m

m
1
Gt ... tm)=exp Y fipti + 5 DY nitjCov(Xi, X ;)
i=l1

i=1 j=1

which shows that the joint distribution of X1, ..., X,, is completely determined from
a knowledge of the values of E[X;] and Cov(X;, X;),i,j=1,...,m. [ ]

2.6.1 The Joint Distribution of the Sample Mean and Sample
Variance from a Normal Population

Let X1, ..., X, be independent and identically distributed random variables, each with
mean 4 and variance o2. The random variable S> defined by

n V)2
Xi —X)
5% = —_—
Z n—1
i=1
is called the sample variance of these data. To compute E[S?] we use the identity
n n
D X=X =) (X~ —nX - p)? @21
i=1 i=1

which is proven as follows:

Y Xi-X) =) (Xi—p+p-X7?
i=1 i=1
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=) Xi ==X +20 = X)) (X — )
i=l1

i=1

=D (Xi =’ +n(u— X +2(u = X)X —np)
i=1

=D (Xi—w’ +n(u—-X7? = 2n(u - X
i=1

and Identity (2.21) follows.
Using Identity (2.21) gives

E[(n—1)$*1=)_ E[(X; — 0’1 = nE[(X — )*]

i=1
=no’—n Var()_()
=(n— l)cr2 from Proposition 2.4(b)

Thus, we obtain from the preceding that
E[S’]1 =07

We will now determine the joint distribution of the sample mean X = Yo Xi/n
and the sample variance S when the X; have a normal distribution. To begin we need
the concept of a chi-squared random variable.

Definition 2.2. If Z, ..., Z, are independent standard normal random variables, then
the random variable »_;_, Z,.2 is said to be a chi-squared random variable with n
degrees of freedom.

We shall now compute the moment generating function of > 1, Ziz. To begin, note
that

E[ {tZZ}] 1 /'00 1x? —X2/2d
ex N=— ete X
P ! A 21 J—co
= L /OO e=¥2120% gy where 02 = (1 —2¢)"!
kY4 21 J—00
=0
=1 —-2"1?
Hence,
n n
E [exp {t Z?” = ]_[E[exp{tz,?}] =(1—21)""?
i=1 i=1
Now, let X1, ..., X, be independent normal random variables, each with mean p and

variance o2, and let X = > Xi/n and $2 denote their sample mean and sample
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variance. Since the sum of independent normal random variables is also a normal
random variable, it follows that X is a normal random variable with expected value u
and variance o2 /n. In addition, from Proposition 2.4,

Cov(X, X; — X) =0, i=1,...,n (2.22)
Also, since X, X — X, X, — X, ..., X, — X are all linear combinations of the inde-
pendent standard normal randor_n variabl_es (X; — ) /_a,i =1,...,n, it follows that

the random variables X, X 1—X,X>— X, ..., X, — X have a joint distribution that
is multivariate normal. However, if we let Y be a normal random variable with mean
u and variance o2 /n that is independent of X1, ..., X,,, then the random variables
Y, X1 —X,X>—X,..., X, — X also have a multivariate normal distribution, and by
Eq. (2.22), they have the same expected values and covariances as the random vari-
ables X, X i — X,i=1,...,n. Thus, since a multivariate normal distribution is com-
pletely determined by its expected values and covariances, we can conclude that the
randomvectors ¥, X1 — X, Xo— X, ..., X, — Xand X, X; - X, Xo - X, ..., X, — X
have the same joint distribution; thus showing that X is independent of the sequence
of deviations X; — X,i=1,...,n.

Since X is independent of the sequence of deviations X; — X,i=1,...,n, it fol-
lows that it is also independent of the sample variance

n

SZEZ (Xi _)_()2

4 n—1
i=1

To determine the distribution of S2, use Identity (2.21) to obtain
n
(n=1)8% =3 (Xi —)* = n(X = )’
i=1

Dividing both sides of this equation by o2 yields

(=1 (X—p)' X - p?
= +(0/ﬁ) _Z;T (2.23)

Now, 7 (X; — w)? /o2 is the sum of the squares of n independent standard normal
random variables, and so is a chi-squared random variable with n degrees of freedom;
it thus has moment generating function (1 — 26)~"2. Also [(X — ) /(o) ﬁ)]z is the
square of a standard normal random variable and so is a chi-squared random variable
with one degree of freedom; it thus has moment generating function (1 — 2¢)~1/2,
In addition, we have previously seen that the two random variables on the left side
of Eq. (2.23) are independent. Therefore, because the moment generating function of
the sum of independent random variables is equal to the product of their individual
moment generating functions, we obtain that

E[ef(”—l)sz/“z](l _ 2t)_1/2 —(1— 2t)_"/2
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or

E[¢! DS /o) = (1 —21)~(=D/2

But because (1 — 2¢)~"~D/2 is the moment generating function of a chi-squared ran-
dom variable with n — 1 degrees of freedom, we can conclude, since the moment
generating function uniquely determines the distribution of the random variable, that
this is the distribution of (n — 1)/ 2.

Summing up, we have shown the following.

Proposition 2.5. If Xy, ..., X, are independent and identically distributed normal
random variables with mean p and variance o2, then the sample mean X and the
sample variance S? are independent. X is a normal random variable with mean . and
variance o* /n; (n — 1)8? /o is a chi-squared random variable with n — 1 degrees of
freedom.

2.7 Limit Theorems

We start this section by proving a result known as Markov’s inequality.

Proposition 2.6 (Markov’s Inequality). If X is a random variable that takes only
nonnegative values, then for any value a > 0

Pix >ap < 21X
a

Proof. We give a proof for the case where X is continuous with density f.
o
E[X]:/ xf(x)dx
0
a x
=/ xf(x)dx+/ xf(x)dx
0
~ a
2/ xf(x)dx
aOO
z/ af (x)dx
a

=a fx)dx
=aP{X > a}

and the result is proven. |

As a corollary, we obtain the following.
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Proposition 2.7 (Chebyshev’s Inequality). If X is a random variable with mean |
and variance (72, then, for any value k > 0,

2
o
P{|X—M|Zk}§k—2

Proof. Since (X — p)? is a nonnegative random variable, we can apply Markov’s
inequality (with a = k?) to obtain

E[(X — w)?]

PAX = =1} = ——5

But since (X — u)? > k2 if and only if | X — | > k, the preceding is equivalent to

El(X —w? _o?

PUX —ulz k)< ——3 -

and the proof is complete. ]

The importance of Markov’s and Chebyshev’s inequalities is that they enable us to
derive bounds on probabilities when only the mean, or both the mean and the variance,
of the probability distribution are known. Of course, if the actual distribution were
known, then the desired probabilities could be exactly computed, and we would not
need to resort to bounds.

Example 2.49. Suppose we know that the number of items produced in a factory
during a week is a random variable with mean 500.

(a) What can be said about the probability that this week’s production will be at
least 10007

(b) If the variance of a week’s production is known to equal 100, then what can be
said about the probability that this week’s production will be between 400 and
6007

Solution: Let X be the number of items that will be produced in a week.
(a) By Markov’s inequality,

E[X] 500 1
P{X > 1000} < ——— = —— — _
1000 ~ 1000 2

(b) By Chebyshev’s inequality,
2 1

P{IX —500] > 100} < —— = —
(100)2 ~ 100

Hence,

1 99
P{|X —500| <100} > 1 — — = —
100 100
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and so the probability that this week’s production will be between 400 and 600 is
at least 0.99. ]

The following theorem, known as the strong law of large numbers, is probably the
most well-known result in probability theory. It states that the average of a sequence
of independent random variables having the same distribution will, with probability 1,
converge to the mean of that distribution.

Theorem 2.1 (Strong Law of Large Numbers). Let X1, X», ... be a sequence of in-
dependent random variables having a common distribution, and let E[X;] = u. Then,
with probability 1,

Xi+Xa 4+ X,
n

—> u asn — oo

As an example of the preceding, suppose that a sequence of independent trials is
performed. Let E be a fixed event and denote by P (E) the probability that E occurs
on any particular trial. Letting

X, — 1, if E occurs on the ith trial
710, if E does not occur on the ith trial

we have by the strong law of large numbers that, with probability 1,

Xi+--+X,
n

— E[X]=P(E) (2.24)

Since X + - - - + X, represents the number of times that the event E occurs in the first
n trials, we may interpret Eq. (2.24) as stating that, with probability 1, the limiting
proportion of time that the event E occurs is just P(E).

Running neck and neck with the strong law of large numbers for the honor of being
probability theory’s number one result is the central limit theorem. Besides its theo-
retical interest and importance, this theorem provides a simple method for computing
approximate probabilities for sums of independent random variables. It also explains
the remarkable fact that the empirical frequencies of so many natural “populations”
exhibit a bell-shaped (that is, normal) curve.

Theorem 2.2 (Central Limit Theorem). Let X1, X3, ... be a sequence of independent,
identically distributed random variables, each with mean i and variance o*. Then the
distribution of

Xi+Xo+--+ X, —nu
Gﬁ

tends to the standard normal as n — oo. That is,

e a— a
P{X1+X2+ + Xy nMSa} N 1 / e 12 gy
Ux/ﬁ V2 J oo

asn— oQ.
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Note that like the other results of this section, this theorem holds for any distribution
of the X;s; herein lies its power.

If X is binomially distributed with parameters n and p, then X has the same
distribution as the sum of n independent Bernoulli random variables, each with param-
eter p. (Recall that the Bernoulli random variable is just a binomial random variable
whose parameter n equals 1.) Hence, the distribution of

X — E[X] X —np

JVar(X)  /np(I—p)

approaches the standard normal distribution as n approaches co. The normal approxi-
mation will, in general, be quite good for values of n satisfying np(1 — p) > 10.

Example 2.50 (Normal Approximation to the Binomial). Let X be the number of
times that a fair coin, flipped 40 times, lands heads. Find the probability that X = 20.
Use the normal approximation and then compare it to the exact solution.

Solution: Since the binomial is a discrete random variable, and the normal a
continuous random variable, it leads to a better approximation to write the desired
probability as

P{X =20} = P{19.5 < X <20.5}
{19.5—20 X —20 20.5—20}
= < <
V10 V10 V10

X —-20
:P{—O.16< <O.16}

~ P (0.16) — (-0.16)

where ®(x), the probability that the standard normal is less than x is given by

®(x) = 2y

1 X
— e
V2 /_oo
By the symmetry of the standard normal distribution

®(—0.16) = P{N(0, 1) > 0.16} = | — &(0.16)

where N (0, 1) is a standard normal random variable. Hence, the desired probability
is approximated by

P{X =20} ~2(0.16) — 1
Using Table 2.3, we obtain

P{X =20} ~0.1272
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Table 2.3 Area ®(x) under the Standard Normal Curve to the Left of x.

X

0.00

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.0
0.1
0.2
0.3
0.4

0.5
0.6
0.7
0.8
0.9

1.0
1.1
1.2
1.3
1.4

1.5
1.6
1.7
1.8
1.9

2.0
2.1
22
23
24

2.5
2.6
2.7
2.8
29

3.0
3.1
32
33
34

0.5000
0.5398
0.5793
0.6179
0.6554

0.6915
0.7257
0.7580
0.7881
0.8159

0.8413
0.8643
0.8849
0.9032
0.9192

0.9332
0.9452
0.9554
0.9641
0.9713

0.9772
0.9821
0.9861
0.9893
0.9918

0.9938
0.9953
0.9965
0.9974
0.9981

0.9987
0.9990
0.9993
0.9995
0.9997

0.5040
0.5438
0.5832
0.6217
0.6591

0.6950
0.7291
0.7611
0.7910
0.8186

0.8438
0.8665
0.8869
0.9049
0.9207

0.9345
0.9463
0.9564
0.9649
0.9719

0.9778
0.9826
0.9864
0.9896
0.9920

0.9940
0.9955
0.9966
0.9975
0.9982

0.9987
0.9991
0.9993
0.9995
0.9997

0.5080
0.5478
0.5871
0.6255
0.6628

0.6985
0.7324
0.7642
0.7939
0.8212

0.8461
0.8686
0.8888
0.9066
0.9222

0.9357
0.9474
0.9573
0.9656
0.9726

0.9783
0.9830
0.9868
0.9898
0.9922

0.9941
0.9956
0.9967
0.9976
0.9982

0.9987
0.9991
0.9994
0.9995
0.9997

0.5120
0.5517
0.5910
0.6293
0.6664

0.7019
0.7357
0.7673
0.7967
0.8238

0.8485
0.8708
0.8907
0.9082
0.9236

0.9370
0.9484
0.9582
0.9664
0.9732

0.9788
0.9834
0.9871
0.9901
0.9925

0.9943
0.9957
0.9968
0.9977
0.9983

0.9988
0.9991
0.9994
0.9996
0.9997

0.5160
0.5557
0.5948
0.6331
0.6700

0.7054
0.7389
0.7704
0.7995
0.8264

0.8508
0.8729
0.8925
0.9099
0.9251

0.9382
0.9495
0.9591
0.9671
0.9738

0.9793
0.9838
0.9875
0.9904
0.9927

0.9945
0.9959
0.9969
0.9977
0.9984

0.9988
0.9992
0.9994
0.9996
0.9997

0.5199
0.5597
0.5987
0.6368
0.6736

0.7088
0.7422
0.7734
0.8023
0.8289

0.8531
0.8749
0.8944
0.9115
0.9265

0.9394
0.9505
0.9599
0.9678
0.9744

0.9798
0.9842
0.9878
0.9906
0.9929

0.9946
0.9960
0.9970
0.9978
0.9984

0.9989
0.9992
0.9994
0.9996
0.9997

0.5239
0.5636
0.6026
0.6406
0.6772

0.7123
0.7454
0.7764
0.8051
0.8315

0.8554
0.8770
0.8962
0.9131
0.9279

0.9406
0.9515
0.9608
0.9686
0.9750

0.9803
0.9846
0.9881
0.9909
0.9931

0.9948
0.9961
0.9971
0.9979
0.9985

0.9989
0.9992
0.9994
0.9996
0.9997

0.5279
0.5675
0.6064
0.6443
0.6808

0.7157
0.7486
0.7794
0.8078
0.8340

0.8557
0.8790
0.8980
0.9147
0.9292

0.9418
0.9525
0.9616
0.9693
0.9756

0.9808
0.9850
0.9884
0.9911
0.9932

0.9949
0.9962
0.9972
0.9979
0.9985

0.9989
0.9992
0.9995
0.9996
0.9997

0.5319
0.5714
0.6103
0.6480
0.6844

0.7190
0.7517
0.7823
0.8106
0.8365

0.8599
0.8810
0.8997
0.9162
0.9306

0.9429
0.9535
0.9625
0.9699
0.9761

0.9812
0.9854
0.9887
0.9913
0.9934

0.9951
0.9963
0.9973
0.9980
0.9986

0.9990
0.9993
0.9995
0.9996
0.9997

0.5359
0.5753
0.6141
0.6517
0.6879

0.7224
0.7549
0.7852
0.8133
0.8389

0.8621
0.8830
0.9015
0.9177
0.9319

0.9441
0.9545
0.9633
0.9706
0.9767

0.9817
0.9857
0.9890
0.9916
0.9936

0.9952
0.9964
0.9974
0.9981
0.9986

0.9990
0.9993
0.9995
0.9997
0.9998
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The exact result is

1140
- (8)(2)

which can be shown to equal 0.1254. |

Example 2.51. Let X;,i =1, 2, ..., 10 be independent random variables, each being
uniformly distributed over (0, 1). Estimate P { Z}O X >T}.

Solution: Since E[X;] = %, Var(X;) = % we have by the central limit theorem
that

10 10
P{ZXi>7>=P lXi1_5> 7_51
! \/10(ﬁ) \/10(3)
~1— ®(2.19)
=0.0143 n

Example 2.52. The lifetime of a special type of battery is a random variable with
mean 40 hours and standard deviation 20 hours. A battery is used until it fails, at
which point it is replaced by a new one. Assuming a stockpile of 25 such batteries, the
lifetimes of which are independent, approximate the probability that over 1100 hours
of use can be obtained.

Solution: If we let X; denote the lifetime of the ith battery to be put in use, then
we desire p = P{X| + --- + X5 > 1100}, which is approximated as follows:

pZP{Xl—i—m—i—Xzs— 1000 - 1100 — 1000}

20725 204/25

~ P{N(,1) > 1}

=1—-®()

~0.1587 [ |
We now present a heuristic proof of the central limit theorem. Suppose first that

the X; have mean 0 and variance 1, and let E[e’*] denote their common moment
generating function. Then, the moment generating function of x1+7n+xn i

is
E |exp ,(M) — E[e!X1/VnotXa/ V1 ot X/ /)
N

= (E[¢/*/Y"])" by independence
Now, for n large, we obtain from the Taylor series expansion of e¢” that
tX 12x?

XV =
¢ Jno 2n
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Taking expectations shows that when 7 is large

tE[X] N 2E[X?]
Jn 2n

2

t
=1+ o because E[X] =0, E[X?] =1
n

E[eX/Vn~1 +

Therefore, we obtain that when n is large

ool () ] (50)

When n goes to oo the approximation can be shown to become exact and we have

lim E exp{t<u)}} 2612/2
n—oo | Jn

X1t +Xn
n

Thus, the moment generating function of converges to the moment generat-

ing function of a (standard) normal random variable with mean 0 and variance 1. Using
this, it can be proven that the distribution function of the random variable %
converges to the standard normal distribution function .

When the X; have mean p and variance o2, the random variables % have mean
0 and variance 1. Thus, the preceding shows that

{Xl—u+Xz—u+~-+Xn—u
P
o/n

which proves the central limit theorem.

Sa} — ®(a)

2.8 Proof of the Strong Law of Large Numbers

In this section we give a proof of the strong law of large numbers. Our proof of the
strong law makes use of the Borel-Cantelli lemma.

Borel-Cantelli Lemma. For a sequence of events A;, i > 1, let N denote the number
of these events that occur. IfZ;’il P(A;) < o0, then P(N = o0) =0.

Proof. Suppose that Y o=, P(A;) < co. Now, if N = 0o, then for every n < oo at least
one of the events A,,, A,+1, ... will occur. That is, N = oo implies that U;’inAi occurs
for every n. Thus, for every n

P(N =00) < P(UZ, A))

<> P(A)
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where the final inequality follows from Boole’s inequality. Because Y oo P(A;) < 00
implies that Y [ P(A;) — 0 as n — 0o, we obtain from the preceding upon letting
n — oo that P(N = oo) = 0, which proves the result. |

Remark. The Borel-Cantelli lemma is actually quite intuitive, for if we define the in-
dicator variable I; to equal 1 if A; occurs and to equal O otherwise, then N = Zfil I;,
implying that

EIN]=) Ell]=)_ P(A)
i=l

i=1

Consequently, the Borel-Cantelli theorem states that if the expected number of events
that occur is finite then the probability that an infinite number of them occur is 0,
which is intuitive because if there were a positive probability that an infinite number
of events could occur then E[N] would be infinite. |

Suppose that X1, X», ... are independent and identically distributed random vari-
ables with mean (, and let X, = l >, Xi be the average of the first n of them.
The strong law of large numbers states that P(lim,,_ X, = w) = 1. That is, with
probability 1, X,, converges to u as n — co. We will give a proof of this result under
the assumption that o2, the variance of X i, 1s finite (which is equivalent to assuming
that E[Xl.z] < 00). Because proving the strong law requires showing, for any € > 0,
that | X, — j| > € for only a finite number of values of n, it is natural to attempt
to prove it by utilizing the Borel-Cantelli lemma. That is, the result would follow
if we could show that Z;’;l P(|X, — i| > €) < oo. However, because E[X,] =
Var(X,) = o%/n, attempting to show this by using Chebyshev’s inequality yields

ZP(|Xn—m>e)<Zvar(X) 0—22%

n=1 n=1

Thus, a straightforward use of Borel-Cantelli does not work. However, as we now
show, a tweaking of the argument, where we first consider a subsequence of X,,, n > 1,
allows us to prove the strong law.

Theorem (The Strong Law of Large Numbers). Let X1, X7, ... be a sequence of inde-
pendent and identical_ly distributed random variables with E[X;] = u, and Var(X;) =
02 < oo. Then, with X, = L Y1 X;,

P(lim X, =p) =1
n—oo
Proof. Suppose first that the X; are nonnegative random variables. Fix o > 1, and

let n; be the smallest integer greater than or equal to o/, j > 1. From Chebyshev’s
inequality we see that

Var(X,,) o2
€2 T el

P(|Xy; —pl>€) < =
; y
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Consequently,
- o2 1 02 &
2 PWhn =z 25 ) o= ) (e <oo.
j=1 j=1 j=1

Therefore, by the Borel-Cantelli lemma, it follows that, with probability 1, |)_(”j —
| > € for only a finite number of j. As this is true for any € > 0, we see that, with
probability 1,

lim Xn. =u (2.25)

]—)OO

Because nj 1 oo as j 1 0o, it follows that for any m > «, there is an integer j (i) such
that ) < m < njm)+1. The nonnegativity of the X; yields that

7 j(m)+1

n;: _ _ n; -
J(m) Jj(m)+1
m e = Xm = m 1 j(m)+1
Because — 1 1 < this yields that
M j(m)+1 m ”J(m>
n; _ _ n; _
J(m) jm)+1
] Xonjomy = Xm = ] nj(m)+1
njm)+1 N j(m)
Because limy;, o0 j(m) = 00 and lim;_, o ’; = «, it follows, for any € > 0, that
J
nj(m)+1

o <@ + € for all but a finite number of m. Consequently, from (2.25) and the
Jjm

preceding, it follows, with probability 1, that ;5= < X, < (a + €)p for all but a
finite number of values of m. As this is true for any € > 0, o > 1, it follows that with
probability 1
lim X, =u
Thus the result is proven when the X; are nonnegative. In the general case, let

X+ — X;, if X;>0
i 1o, if X; <0

and let
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X l+ and X; are called, respectively, the positive and negative parts of X;. Noting that
Xi=X'"-X;
it follows (since X l+ X; =0) that
X=X+ x)?
Hence, the assumption that E[Xiz] < oo implies that E[(X;")Z] and E[(Xi_)z] are also
both finite. Letting u* = E[Xi*] and = = E[X; ], and using that XiJr and X, are

both nonnegative, it follows from the previous result for nonnegative random variables
that, with probability 1,

12’" 12’"
m]g]?)om' IX,'—M ’ mlg]?)om' IX,'—M
1= 1=

Consequently, with probability 1,

_ 1 &
. _ . _ + _ —
mll—r>noo Xm - mll—r>noo m XI:(XZ Xi )
i=
=ut—pn”
There is a partial converse of the Borel-Cantelli lemma that holds when the events

are independent.

Converse to Borel-Cantelli Lemma. [f Zﬁl P(A;) = o0, and the events A;, i > 1
are independent, then

P (an infinite number of the events A;, i > 1 occur) =1

Proof. For any n, let B, = N2 A{ be the event that none the events A,, A,41, ...
occur. Then

P(B,) = P(N®°

1=n

Af)

o
= l_[ P(AY) by independence
i =n

[1— P(A)]

Il
':18 ~

I
3

o~ PA)

A
.:Ig

by the inequality e™* > 1 —x

1
3

o X, P(AD

=0
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Because B;, n > 1 are increasing events, lim,_,» B, = Ugolen. Consequently, it
follows from the continuity property of probabilities that

P(URZ B,) = P(lim B,)
— lim P(B,)
n—o0
=0

As U | B, is the event that only a finite number of the events A; occur, the result
follows. u

Example 2.53. Suppose that in each time period we must choose one of n drugs
to use, with drug i resulting in a cure with unknown probability p;, i = 1,...,n.
Assume that the result of a drug choice (either a cure or not) is immediately learned.
Say that a drug is optimal if its cure probability is equal to max; p;, and say that it
is non-optimal otherwise. Suppose that our objective is to find a policy for deciding
which drug to prescribe at each period that has the property that its use results in the
long run proportion of time that a non-optimal drug is used being equal to 0. The
following policy accomplishes this goal.

Suppose at time k that previous uses of drug i have resulted in s; (k) cures and f; (k)
failures, fori =1, ..., n, where ), (s; (k) + fi(k)) =k — 1. Let the next choice be a
“random choice” with probability 1/k, or a “non-random choice” with probability
1 — 1/k. If it is a random choice, let the drug used in period k be equally likely to be
any of the n drugs; if it is a non-random choice, let the drug used in period k be any of
the drugs with maximal value of %

To show that the use of the preceding procedure results in the long run propor-
tion of time that a non-optimal drug is chosen being equal to O, first note that the
converse to the Borel-Cantelli lemma shows that, with probability 1, the number
of random choices is infinite. As each such choice is equally likely to be any of
the n drugs, it thus follows that each drug is, with probability 1, chosen infinitely
often. Thus, by the strong law of large numbers, it follows that with probabil-
ity 1

. si (k) .
Iim ———=p;, i=1,...,n
k=00 i (k) + fi (k)
Hence, after some finite time no non-optimal drug will ever be selected by a non-
random choice.

To complete the argument we now show that, with probability 1, the long run
fraction of choices that are random is equal to 0. Suppose that these choices are de-
termined by letting Uy, k > 1 be independent uniform (0, 1) random variables, and
then letting the choice at time k be random if Uy < 1/k. Then, with I{A} being the
indicator variable for the event A, equal to 1 if A occurs and to 0 otherwise, we have
that for any m
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Y1 HU = 1/K)

proportion of choices that are random = lim

r—00 r
m—+r—1
HUy<1/k
— lim k=m { k= / }
r—00 r
m-+r—1 <
< lim Zek=m H{Uy < 1/m}
r—00 r
=1/m

where the next to last equality follows because if k > m then Uy < 1/k = Uy <1/m,
and the final equality follows from the strong law of large numbers because I{U; <
1/m}, k > m, are independent and identically distributed Bernoulli random variables
with mean 1/m. As the preceding is true for all m, it follows that the proportion of
choices that are random is equal to 0. It now follows from the earlier result that the
long run proportion of non-random choices that are optimal is 1, that the long run
proportion of choices that are optimal is equal to 1. |

2.9 Stochastic Processes

A stochastic process {X(t),t € T} is a collection of random variables. That is, for
each t € T, X(¢) is a random variable. The index ¢ is often interpreted as time and,
as a result, we refer to X (¢) as the state of the process at time ¢. For example, X ()
might equal the total number of customers that have entered a supermarket by time ¢;
or the number of customers in the supermarket at time ¢; or the total amount of sales
that have been recorded in the market by time ¢; etc.

The set T is called the index set of the process. When 7T is a countable set the
stochastic process is said to be a discrete-time process. If T is an interval of the
real line, the stochastic process is said to be a continuous-time process. For instance,
{X,,n=0,1,...} is a discrete-time stochastic process indexed by the nonnegative
integers; while {X (), > 0} is a continuous-time stochastic process indexed by the
nonnegative real numbers.

The state space of a stochastic process is defined as the set of all possible values
that the random variables X () can assume.

Thus, a stochastic process is a family of random variables that describes the evo-
lution through time of some (physical) process. We shall see much of stochastic
processes in the following chapters of this text.

Example 2.54. Consider a particle that moves along a set of m + 1 nodes, labeled
0, 1,...,m, that are arranged around a circle (see Fig. 2.3). At each step the particle
is equally likely to move one position in either the clockwise or counterclockwise
direction. That is, if X, is the position of the particle after its nth step then

PXur1 =i+ 11X, =i} = P{Xpp1 =i = 1|Xy =i} =3
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Figure 2.3 Particle moving around a circle.

where i +1=0wheni =m, andi — 1 = m when i = 0. Suppose now that the particle
starts at 0 and continues to move around according to the preceding rules until all the
nodes 1,2, ..., m have been visited. What is the probability that node i,i =1, ..., m,
is the last one visited?

Solution: Surprisingly enough, the probability that node i is the last node visited
can be determined without any computations. To do so, consider the first time that
the particle is at one of the two neighbors of node i, that is, the first time that the
particle is at one of the nodes i — 1 or i 4 1 (with m + 1 = 0). Suppose it is at node
i — 1 (the argument in the alternative situation is identical). Since neither node i
nor i + 1 has yet been visited, it follows that i will be the last node visited if and
only if i + 1 is visited before i. This is so because in order to visit i + 1 before i
the particle will have to visit all the nodes on the counterclockwise path from i — 1
to i + 1 before it visits i. But the probability that a particle at node i — 1 will visit
i + 1 before i is just the probability that a particle will progress m — 1 steps in a
specified direction before progressing one step in the other direction. That is, it is
equal to the probability that a gambler who starts with one unit, and wins one when
a fair coin turns up heads and loses one when it turns up tails, will have his fortune
go up by m — 1 before he goes broke. Hence, because the preceding implies that
the probability that node i is the last node visited is the same for all i, and because
these probabilities must sum to 1, we obtain

P{i is the last node visited} = 1/m, i=1,....,m |

Remark. The argument used in Example 2.54 also shows that a gambler who is
equally likely to either win or lose one unit on each gamble will be down n before
being up 1 with probability 1/(n + 1); or equivalently,

P{gambler is up 1 before being down n} = %
n
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Suppose now we want the probability that the gambler is up 2 before being down n.
Upon conditioning on whether he reaches up 1 before down n, we obtain that

P{gambler is up 2 before being down n}

= P{up 2 before down n|up 1 before down n}

n+1
= P{up 1 before down n + I}L
n+1
n+1 n  n
S n42n+1 n+2
Repeating this argument yields that
P{gambler is up k before being down n} = S
n+k

Exercises

1. An urn contains five red, three orange, and two blue balls. Two balls are ran-
domly selected. What is the sample space of this experiment? Let X represent
the number of orange balls selected. What are the possible values of X ? Calcu-
late P{X =0}.

2. Let X represent the difference between the number of heads and the number of
tails obtained when a coin is tossed n times. What are the possible values of X ?

3. InExercise 2, if the coin is assumed fair, then, for n = 2, what are the probabil-
ities associated with the values that X can take on?

*4, Suppose a die is rolled twice. What are the possible values that the following
random variables can take on?
(a) The maximum value to appear in the two rolls.
(b) The minimum value to appear in the two rolls.
(¢) The sum of the two rolls.
(d) The value of the first roll minus the value of the second roll.

5. 1If the die in Exercise 4 is assumed fair, calculate the probabilities associated
with the random variables in (a)—(d).

6. Suppose five fair coins are tossed. Let E be the event that all coins land heads.
Define the random variable /g

I — 1, if E occurs
E=10, if E¢ occurs

For what outcomes in the original sample space does Ig equal 1? What is
P{Ig =1}?

7. Suppose a coin having probability 0.7 of coming up heads is tossed three times.
Let X denote the number of heads that appear in the three tosses. Determine the
probability mass function of X.
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8. Suppose the distribution function of X is given by

9.

10.

*11.

12.

13.

14.

15.

*16.

0, b<0
Fby={1 o0=<b<1
I, 1<b<oo

What is the probability mass function of X?
If the distribution function of F is given by

0, b<0
I, 0<b<l
I 1=<b<2
Fb)=13
9
% 3<b<35
I, b>=35

calculate the probability mass function of X.

Suppose three fair dice are rolled. What is the probability at most one six ap-

pears?

A ball is drawn from an urn containing three white and three black balls. After

the ball is drawn, it is then replaced and another ball is drawn. This goes on

indefinitely. What is the probability that of the first four balls drawn, exactly

two are white?

On a multiple-choice exam with three possible answers for each of the five

questions, what is the probability that a student would get four or more correct

answers just by guessing?

An individual claims to have extrasensory perception (ESP). As a test, a fair

coin is flipped ten times, and he is asked to predict in advance the outcome. Our

individual gets seven out of ten correct. What is the probability he would have

done at least this well if he had no ESP? (Explain why the relevant probability

is P{X > 7} and not P{X =T7}.)

Suppose X has a binomial distribution with parameters 6 and % Show that

X =3 is the most likely outcome.

Let X be binomially distributed with parameters n and p. Show that as k goes

from O to n, P(X = k) increases monotonically, then decreases monotonically,

reaching its largest value

(a) in the case that (n + 1)p is an integer, when k equals either (n + 1)p — 1
or (n+1)p,

(b) inthe case that (n + 1) p is not an integer, when k satisfies (n + 1)p — 1 <
k<@m+1)p.

Hint: Consider P{X = k}/P{X =k — 1} and see for what values of k it is
greater or less than 1.

An airline knows that 5 percent of the people making reservations on a certain
flight will not show up. Consequently, their policy is to sell 52 tickets for a
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17.

18.

19.

20.

21.

flight that can hold only 50 passengers. What is the probability that there will
be a seat available for every passenger who shows up?

Suppose that an experiment can result in one of r possible outcomes, the ith
outcome having probability p;,i =1,...,r, er: 1 pi = 1. If n of these experi-
ments are performed, and if the outcome of any one of the n does not affect the
outcome of the other n — 1 experiments, then show that the probability that the
first outcome appears x| times, the second x, times, and the rth x, times is

!

%p?‘pgzupf’ whenx; +x+---+x,=n

xplxalo o xg!

This is known as the multinomial distribution.

In Exercise 17, let X; denote the number of times that the ith type outcome

occurs,i=1,...,r.

(a) For 0 < j < n, use the definition of conditional probability to find P(X; =
xi,i=1,....r—11X, =j).

(b) What can you conclude about the conditional distribution of X1, ..., X,_1
given that X, = j?

(¢) Give an intuitive explanation for your answer to part (b).

In Exercise 17, let X; denote the number of times the ith outcome appears,

i =1,...,r. What is the probability mass function of X; + X» + ...+ X3?

In this problem we employ the multinomial distribution to solve an extension

of the birthday problem. Assuming that each of n individuals is, independently

of others, equally likely to have their birthday be any of the 365 days of the
year, we want to derive an expression for the probability that the collection of

n individuals will contain at least 3 having the same birthday.

(a) For a given partition of the 365 days of the year into a first set of size i,
a second set of size n — 2i and a third of size 365 — n + i, find the prob-
ability that every day in the first set is the birthday of exactly 2 of the n
individuals, every day in the second set is the birthday of exactly 1 of the
n individuals, and every day in the third set is the birthday of none of the
n individuals.

(b) For a given value i, determine the number of different partitions of the
365 days of the year into a first set of size i, a second set of size n — 2i
and a third set of size 365 —n +i.

(¢) Give an expression for the probability that a collection of n individuals
does not contain at least 3 having the same birthday.

Remark. A computation gives that
44

365! 88! 1
- — (0%~ 504,
;i!(SS—Zi)!(365—88+,')g > (g3

Let X; and X, be independent binomial random variables, with X; having pa-
rameters (n;, pi),i =1, 2.
(a) Find P(X1X2=0).
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22,

*23.

24,

25.

26.

*27.

28.

(b) Find P(X1+ X2=1).

(¢) Find P(X; + X2 =2).

If a fair coin is successively flipped, find the probability that a head first appears
on the fifth trial.

A coin having probability p of coming up heads is successively flipped until the
rth head appears. Argue that X, the number of flips required, will be n,n > r,
with probability

n—1 r n—r
P{X=n}=<r_ )p(l—p) ,oon=r

1
This is known as the negative binomial distribution.

Hint: How many successes must there be in the first n — 1 trials?
The probability mass function of X is given by

k—1
p(k)=(’+ 1 )p’(l—p)k, k=0,1,...
.

Give a possible interpretation of the random variable X.

Hint: See Exercise 23.
In Exercises 25 and 26, suppose that two teams are playing a series of games,
each of which is independently won by team A with probability p and by team
B with probability 1 — p. The winner of the series is the first team to win i
games.
If i =4, find the probability that a total of 7 games are played. Also show that
this probability is maximized when p =1/2.
Find the expected number of games that are played when
@ i=2
(b) i=3.
In both cases, show that this number is maximized when p = 1/2.
A fair coin is independently flipped n times, k times by A and n — k times by B.
Show that the probability that A and B flip the same number of heads is equal
to the probability that there are a total of k heads.
Suppose that we want to generate a random variable X that is equally likely
to be either 0 or 1, and that all we have at our disposal is a biased coin that,
when flipped, lands on heads with some (unknown) probability p. Consider the
following procedure:
1. Flip the coin, and let 01, either heads or tails, be the result.
2. Flip the coin again, and let 0, be the result.
3. If0; and O, are the same, return to step 1.
4. If 0, is heads, set X =0, otherwise set X = 1.
(a) Show that the random variable X generated by this procedure is
equally likely to be either O or 1.
(b) Could we use a simpler procedure that continues to flip the coin until
the last two flips are different, and then sets X = 0 if the final flip is a
head, and sets X = 1 if it is a tail?
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29.

30.

31.

32,

33.

34.

35.

36.

Consider n independent flips of a coin having probability p of landing heads.
Say a changeover occurs whenever an outcome differs from the one preceding
it. For instance, if the results of the flipsare H H T HT H H T, then there
are a total of five changeovers. If p = 1/2, what is the probability there are k
changeovers?

Let X be a Poisson random variable with parameter A. Show that P{X =i} in-
creases monotonically and then decreases monotonically as i increases, reach-
ing its maximum when i is the largest integer not exceeding A.

Hint: Consider P{X =i}/P{X =i — 1}.

Compare the Poisson approximation with the correct binomial probability for
the following cases:

(a) P{X=2}whenn=38,p=0.1.

(b) P{X =9} whenn =10, p=0.95.

(¢) P{X=0}whenn=10,p=0.1.

(d) P{X=4}whenn=9,p=0.2.

If you buy a lottery ticket in 50 lotteries, in each of which your chance of
winning a prize is ﬁ’ what is the (approximate) probability that you will win
a prize (a) at least once, (b) exactly once, (c) at least twice?

Let X be a random variable with probability density

_Jed —x2), —l<x<l1
fo)= {O, otherwise

(a) What is the value of ¢?
(b) What is the cumulative distribution function of X?
Let the probability density of X be given by

_ cdx =2x%), 0<x<2
fo)= {O, otherwise

(a) What is the value of ¢?
(b) P{%<X<%}:?
The density of X is given by

_[10/x%, forx > 10
Jo= {0, for x < 10

What is the distribution function of X? Find P{X > 20}.
A point is uniformly distributed within the disk of radius 1. That is, its density
is

f,=C, 0<x*4y*<l

Find the probability that its distance from the origin is less than x,0 <x < 1.
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37.

38.

39.

40.

41.

42,

43.

Let X1, X», ..., X, be independent random variables, each having a uniform
distribution over (0, 1). Let M = maximum (X, X», ..., X,;). Show that the
distribution function of M, Fj;(-), is given by

Fy(x)=x", 0<x<l

What is the probability density function of M?

Let X1, ..., X1 be independent and identically distributed continuous random

variables with distribution function F, and mean u = E[X;]. Let X(1) < X(2) <

-+ < X(10) be the values arranged in increasing order. That is, fori =1, ..., 10,

X ;) is the ith smallest of X1, ..., Xjo.

(a) Find E[Y}2, X)].

(b) Let N =max{i: X(;y < x}. What is the distribution of N.

(¢) Ifm is the median of the distribution (that is, if F/(m) =.5), find P(X(2) <
m<X (8))-

An urn has 8 red and 12 blue balls. Suppose that balls are chosen at random and

removed from the urn, with the process stopping when all the red balls have

been removed. Let X be the number of balls that have been removed when the

process stops.

(a) Find P(X = 14).

(b) Find the probability that a specified blue ball remains in the urn.

(¢) Find E[X].

Suppose that two teams are playing a series of games, each of which is indepen-

dently won by team A with probability p and by team B with probability 1 — p.

The winner of the series is the first team to win four games. Find the expected

number of games that are played, and evaluate this quantity when p = 1/2.

Consider the case of arbitrary p in Exercise 29. Compute the expected number

of changeovers.

Suppose that each coupon obtained is, independent of what has been previously

obtained, equally likely to be any of m different types. Find the expected num-

ber of coupons one needs to obtain in order to have at least one of each type.

Hint: Let X be the number needed. It is useful to represent X by

m
X=Y X
i=1

where each X; is a geometric random variable.

An urn contains n +m balls, of which n are red and m are black. They are
withdrawn from the urn, one at a time and without replacement. Let X be the
number of red balls removed before the first black ball is chosen. We are inter-
ested in determining E[X]. To obtain this quantity, number the red balls from 1
to n. Now define the random variables X;,i =1, ...,n, by

X — 1, ifred ball i is taken before any black ball is chosen
"7 10, otherwise
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44.

45.

46.

*47.

48.

(a) Express X in terms of the X;.

(b) Find E[X].

In Exercise 43, let Y denote the number of red balls chosen after the first but

before the second black ball has been chosen.

(a) Express Y as the sum of n random variables, each of which is equal to
either O or 1.

(b) Find E[Y].

(¢) Compare E[Y] to E[X] obtained in Exercise 43.

(d) Can you explain the result obtained in part (c)?

A total of r keys are to be put, one at a time, in k boxes, with each key in-

dependently being put in box i with probability p;, Zf: 1 pi = 1. Each time a

key is put in a nonempty box, we say that a collision occurs. Find the expected

number of collisions.

If X is a nonnegative integer valued random variable, show that

(a) E[X]=) P{X=n}=) P{X>n)
n=1

n=0

Hint: Define the sequence of random variables I,,,n > 1, by

I 1, ifn<X
70, ifn>X

Now express X in terms of the 7,,.
(b) If X and Y are both nonnegative integer valued random variables, show
that

E[XY]=ZZP(in,Yzm)

n=1m=1

Consider three trials, each of which is either a success or not. Let X denote the
number of successes. Suppose that E[X] = 1.8.

(a) What is the largest possible value of P{X = 3}?

(b) What is the smallest possible value of P{X = 3}?

In both cases, construct a probability scenario that results in P{X = 3} having
the desired value.

For any event A, we define the random variable /{A}, called the indicator vari-
able for A, by letting it equal 1 when A occurs and 0 when A does not. Now,
if X (¢) is a nonnegative random variable for all ¢ > 0, then it follows from a
result in real analysis called Fubini’s theorem that

E[/ X(t)dt]:/ E[X(t)]dt
0 0

Suppose that X is a nonnegative random variable and that g is a differentiable
function such that g(0) =0.
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*49,
50.

51.

52.

53.
54.

55.

56.

(a) Show that

g(X)=fOOI{t<X}g/(t)dt
0

(b) Show that
Elg(X)] = /0 Ftyg'(n)di

where F(1)=1— F(t) = P(X > 1).
Prove that E[X?%] > (E[X])z. When do we have equality?
Let ¢ be a constant. Show that
(a) Var(cX) = c?Var(X);
(b) Var(c 4+ X) = Var(X).
A coin, having probability p of landing heads, is flipped until a head appears
for the rth time. Let N denote the number of flips required. Calculate E[N].

Hint: There is an easy way of doing this. It involves writing N as the sum of
r geometric random variables.

(a) Calculate E[X] for the maximum random variable of Exercise 37.

(b) Calculate E[X] for X as in Exercise 33.

(¢) Calculate E[X] for X as in Exercise 34.

If X is uniform over (0, 1), calculate E[X"] and Var(X").

Each member of a population is either type 1 with probability p; or type 2
with probability p» = 1 — pj. Independent of other pairs, two individuals of
the same type will be friends with probability ¢, whereas two individuals of
different types will be friends with probability 8. Let P; be the probability that
a type i person will be friends with a randomly chosen other person.

(a) Find Py and P;.

Let Fy , be the event that persons k and r are friends.

(b) Find P(F12).

(c) Show that P(Fi2|F13)> P(F12).

Hint for (c): It might be useful to let X be such that P(X = P;) = p;,i =1,2.
Suppose that the joint probability mass function of X and Y is

p(Xzi,Yzj)=<].>e2*xf/j!, 0<i<j
1

(a) Find the probability mass function of Y.

(b) Find the probability mass function of X.

(¢) Find the probability mass function of ¥ — X.

There are n types of coupons. Each newly obtained coupon is, independently,
type i with probability p;,i =1, ..., n. Find the expected number and the vari-
ance of the number of distinct types obtained in a collection of k coupons.
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57.

58.

59.

60.

61.

62.

Suppose that X and Y are independent binomial random variables with parame-
ters (n, p) and (m, p). Argue probabilistically (no computations necessary) that
X + Y is binomial with parameters (n 4+ m, p).

An urn contains 2n balls, of which r are red. The balls are randomly removed
in n successive pairs. Let X denote the number of pairs in which both balls are
red.

(a) Find E[X].

(b) Find Var(X).

Let X1, X5, X3, and X4 be independent continuous random variables with a
common distribution function F and let

p=P{X1 <Xy> X3 < X4}

(a) Argue that the value of p is the same for all continuous distribution func-

tions F.

(b) Find p by integrating the joint density function over the appropriate re-
gion.

(¢) Find p by using the fact that all 4! possible orderings of X1, ..., X4 are
equally likely.

Let X and Y be independent random variables with means ., and y, and vari-
ances axz and O’%. Show that

Var(XY) = szayz + Miaxz + ,uiayz

Let X1, X», ... be a sequence of independent identically distributed continuous
random variables. We say that a record occurs at time #n if X,, > max(Xy,...,
X,—1). Thatis, X,, is arecord if it is larger than each of X1, ..., X,,—1. Show
(a) P{arecord occurs at time n} = 1/n;

(b) E[number of records by time n] = ZL] 1/i;

(¢) Var(number of records by time n) = Z?:] i—1/i 2,

(d) Let N =min{n: n > 1 and a record occurs at time n}. Show E[N] = oc.

Hint: For (b) and (c) represent the number of records as the sum of indicator
(that is, Bernoulli) random variables.

Let a; < ay < --- < a, denote a set of n numbers, and consider any permu-
tation of these numbers. We say that there is an inversion of a; and a; in the
permutation if i < j and a; precedes a;. For instance the permutation 4, 2, 1, 5,
3 has 5 inversions—(4, 2), (4, 1), (4, 3), (2, 1), (5, 3). Consider now a random
permutation of ay, as, ..., a,—in the sense that each of the n! permutations is
equally likely to be chosen—and let N denote the number of inversions in this
permutation. Also, let

N; =number of k: k < i, a; precedes gy in the permutation

and note that N =Y_7_| N;.
(a) Show that Ny, ..., N, are independent random variables.
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63.

*64.

65.

*66.

67.

68.

(b) What is the distribution of N;?

(¢) Compute E[N] and Var(N).

Let X denote the number of white balls selected when k balls are chosen at
random from an urn containing n white and m black balls.

(a) Compute P{X =i}.

(b) Let,fori=1,2,....k;j=1,2,...,n,

—_—

x, =1L if the ith ball selected is white
"7 10, otherwise

—

y. - 1L if white ball j is selected
7710, otherwise

Compute E[X] in two ways by expressing X first as a function of the X;s and

then of the ¥s.

Show that Var(X) = 1 when X is the number of men who select their own hats

in Example 2.30.

The number of traffic accidents on successive days are independent Poisson

random variables with mean 2.

(a) Find the probability that 3 of the next 5 days have two accidents.

(b) Find the probability that there are a total of six accidents over the next 2
days.

(c) If each accident is independently a “major accident” with probability p,
what is the probability there are no major accidents tomorrow?

Show that the random variables X1, ..., X;, are independent if for each i =

2,...,n, X; is independent of X1, ..., X;_1.

Hint: X1, ..., X, are independent if for any sets Aq,..., A,

n
P(Xjedj. j=1....n)=]]P(X;€A))
j=1

On the other hand X; is independent of X1, ..., X;_1 if for any sets Ay, ..., A;
P(X;cAilXjeA;,j=1,....i—1)=P(X; € A))

Calculate the moment generating function of the uniform distribution on (0, 1).
Obtain E[X] and Var[X] by differentiating.

Let X and W be the working and subsequent repair times of a certain machine.
Let Y = X + W and suppose that the joint probability density of X and Y is

fey(x,y) =22, 0<x<y<oo

(a) Find the density of X.
(b) Find the density of Y.
(c) Find the joint density of X and W.
(d) Find the density of W.
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69.

70.
*71.

72.

73.

*74.

75.
76.

In deciding upon the appropriate premium to charge, insurance companies
sometimes use the exponential principle, defined as follows. With X as the
random amount that it will have to pay in claims, the premium charged by the
insurance company is

P= 1 In(E[e“XY)
a

where a is some specified positive constant. Find P when X is an exponential

random variable with parameter A, and a = o), where 0 <« < 1.

Calculate the moment generating function of a geometric random variable.

Show that the sum of independent identically distributed exponential random

variables has a gamma distribution.

Successive monthly sales are independent normal random variables with mean

100 and variance 100.

(a) Find the probability that at least one of the next 5 months has sales above
115.

(b) Find the probability that the total number of sales over the next 5 months
exceeds 530.

Consider n people and suppose that each of them has a birthday that is equally

likely to be any of the 365 days of the year. Furthermore, assume that their

birthdays are independent, and let A be the event that no two of them share the

same birthday. Define a “trial” for each of the (;) pairs of people and say that

trial (i, j), i # J, is a success if persons i and j have the same birthday. Let S; ;

be the event that trial (7, j) is a success.

(a) Find P(S; ), 1 #].

(b) Are S; ; and Sy, independent when i, j, k, r are all distinct?

(¢) AreS; ; and Si ; independent when i, j, k are all distinct?

(d) Are 812, S1.3, S2,3independent?

(e) Employ the Poisson paradigm to approximate P(A).

(f) Show that this approximation yields that P(A) ~ .5 when n = 23.

(g) Let B be the event that no three people have the same birthday. Approx-
imate the value of n that makes P(B)=.5. (Whereas a simple combina-
torial argument explicitly determines P(A), the exact determination of
P (B) is very complicated.)

Hint: Define a trial for each triplet of people.
If X is Poisson with parameter A, show that its Laplace transform is given by

guw) = E[e™X] =MD

Consider Example 2.48. Find Cov(X;, X ;) in terms of the a,.
Use Chebyshev’s inequality to prove the weak law of large numbers. Namely, if
X1, X», ... are independent and identically distributed with mean p and vari-
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ance o2 then, for any & > 0,

HM+%+W+&
P — K

n

>e}—>0 asn — o0

77. Suppose that X is a random variable with mean 10 and variance 15. What can
we say about P{5 < X < 15}?
78. Let X1, X», ..., X10 be independent Poisson random variables with mean 1.
(a) Use the Markov inequality to get a bound on P{X{| + --- + X0 > 15}.
(b) Use the central limit theorem to approximate P{X| + --- + X9 > 15}.
79. If X is normally distributed with mean 1 and variance 4, use the tables to find
P{2 <X <3}.
*80. Show that
nook
lim ™" n_' = !
n—00 P k! 2
Hint: Let X,, be Poisson with mean n. Use the central limit theorem to show
that P{X, <n}— 1.
81. Let X and Y be independent normal random variables, each having parameters
w and o2, Show that X + Y is independent of X — Y.

Hint: Find their joint moment generating function.

82. Let¢(z,...,1t,) denote the joint moment generating function of X1, ..., X,,.
(a) Explain how the moment generating function of X;, ¢y, (#;), can be ob-
tained from ¢ (t1, ..., ;).

(b) Show that X1, ..., X, are independent if and only if
(1, ... 1) = Ox, (1) - - - Px, (1n)
83. With K (1) =log(E [¢'X]), show that
K'(0)=E[X], K"(0)=Var(X)

84. Teams 1,2,3,4 are all scheduled to play each of the other teams 10 times.
Whenever team i plays team j, team i is the winner with probability P; ;, where

Pip=.6, Pi3=.7 Pia=.75
P2,3 = -67 P2,4 = 70, P3’4 =5

(a) Approximate the probability that team 1 wins at least 20 games.
Suppose now that we want to approximate the probability that team 2 wins
at least as many games as does team 1. To do so, let X be the number of
games that team 2 wins against team 1, let Y be the total number of games
that team 2 wins against teams 3 and 4, and let Z be the total number of
games that team 1 wins against teams 3 and 4.

(b) Are X, Y, Z independent.
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85.

*86.

87.

(c) Express the event that team 2 wins at least as many games as does team 1
in terms of the random variables X, Y, Z.

(d) Approximate the probability that team 2 wins at least as many games as
does team 1.

The standard deviation of a random variable is the positive square root of its

variance. Letting ox and oy denote the standard deviations of the random vari-

ables X and Y, we define the correlation of X and Y by

Cov(X,Y)
oxOoy

Corr(X,Y) =

(a) Starting with the inequality Var (% + %) > (0, show that —1 <
Corr(X, Y).
(b) Prove the inequality

—1<Corr(X,Y) <1
(¢) If ox4y is the standard deviation of X + Y, show that
Ox+y <0x +oy

Each new book donated to a library must be processed. Suppose that the time it

takes a librarian to process a book has mean 10 minutes and standard deviation

3 minutes. If a librarian has 40 books that must be processed one at a time,

(a) approximate the probability that it will take more than 420 minutes to
process all these books;

(b) approximate the probability that at least 25 books will be processed in the
first 240 minutes.

Recall that X is said to be a gamma random variable with parameters (¢, A) if

its density is

@) =re ™ 0x0)* YT, x>0

(a) If Z is a standard normal random variable, show that Z 2isa gamma ran-
dom variable with parameters (1/2, 1/2).

(b) If Zy,...,Z, are independent standard normal random variables, then
> Zl.2 is said to be a chi-squared random variable with n degrees of
freedom. Explain how you can use results from Example 2.39 to show
that the density function of ) ;_, Zl.2 is

e—x/2xn/2—l
=< 0
FO = 3w *7
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Conditional Probability and 3
Conditional Expectation

3.1 Introduction

One of the most useful concepts in probability theory is that of conditional probability
and conditional expectation. The reason is twofold. First, in practice, we are often in-
terested in calculating probabilities and expectations when some partial information is
available; hence, the desired probabilities and expectations are conditional ones. Sec-
ondly, in calculating a desired probability or expectation it is often extremely useful
to first “condition” on some appropriate random variable.

3.2 The Discrete Case

Recall that for any two events E and F, the conditional probability of E given F is
defined, as long as P(F) > 0, by

P(EF)

P(E|F) = P(F)

Hence, if X and Y are discrete random variables, then it is natural to define the
conditional probability mass function of X given that Y =y, by

pxy(xly) = P{X =x|Y =y}
_ P X=x,Y=y}
~ Ply=y}
_ p(x,y)
py (y)

for all values of y such that P{Y = y} > 0. Similarly, the conditional probability dis-
tribution function of X given that Y = y is defined, for all y such that P{Y =y} > 0,
by

Fxjy(x|y) = P{X <x|Y =y}
=Y pxraly)

a<x

Finally, the conditional expectation of X given that Y = y is defined by
E[X|Y=y]=) xP{X=x|Y =y}
X

Introduction to Probability Models. https://doi.org/10.1016/B978-0-12-814346-9.00008-1
Copyright © 2019 Elsevier Inc. All rights reserved.
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= xpxyly)

In other words, the definitions are exactly as before with the exception that every-
thing is now conditional on the event that ¥ = y. If X is independent of Y, then the
conditional mass function, distribution, and expectation are the same as the uncondi-
tional ones. This follows, since if X is independent of Y, then

px|y(x|y) = P{X =x|Y =y}

Example 3.1. Suppose that p(x, y), the joint probability mass function of X and Y,
is given by

p(1,1)=05, p1,2)=0.1, p@2,1)=0.1, p@2,2)=03

Calculate the conditional probability mass function of X given that ¥ = 1.

Solution: We first note that

pr()=)" ptx,D=p, )+ p2,1)=06

X

Hence,

pxiy(IID)=P{X =11Y =1}

_PX=1Y=1

- P{Y=1)

_ p, 1)
py(1)

_>

6

Similarly,
p2,1) 1
2|11) = =- [ |
pxiy 2D () 6

Example 3.2. If X; and X are independent binomial random variables with respec-
tive parameters (n1, p) and (12, p), calculate the conditional probability mass function
of X1 given that X1 4+ X, =m.

Solution: Withg=1— p,

P{Xi1=k X1+ X, =m}
P{X|+ X, =m}

_ P{Xi=k,Xo=m—k}

T PXi+Xo=m)

P{Xi=klX1+Xo=m}=
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_ P{X1 =k} P{X2=m —k)
B P{X1+ Xo=m}

ni k ni—k na m—k ,ny—m-+k
(3) pham (2 ) rta
B ny+np mni+ny—m
)

where we have used that X| + X5 is a binomial random variable with parameters
(n1 + ny, p) (see Example 2.44). Thus, the conditional probability mass function

of X1, given that X1 + Xo =m, is
ni no
k m—k
- 3.1

ny+ny
m

The distribution given by Eq. (3.1), first seen in Example 2.35, is known as the
hypergeometric distribution. It is the distribution of the number of blue balls that
are chosen when a sample of m balls is randomly chosen from an urn that contains
n1 blue and n, red balls. (To intuitively see why the conditional distribution is
hypergeometric, consider n1 + n, independent trials that each result in a success
with probability p; let X represent the number of successes in the first nj trials
and let X, represent the number of successes in the final n trials. Because all trials

P{X1=klX1+X,=m}=

have the same probability of being a success, each of the (”1:;”2

) subsets of m trials

is equally likely to be the success trials; thus, the number of the m success trials
that are among the first n; trials is a hypergeometric random variable.) |

Example 3.3. If X and Y are independent Poisson random variables with respective
means A and Aj, calculate the conditional expected value of X given that X 4+ Y = n.

Solution: Let us first calculate the conditional probability mass function of X
given that X + Y = n. We obtain

P{X=k X+Y =n)
P{X +Y =n}
PX=kY=n—k)

T PX+Y=n)
PX=K\P(Y =n—k)
T PX+tr=n

PIX=k|X+Y =n}=

where the last equality follows from the assumed independence of X and Y. Recall-
ing (see Example 2.37) that X 4 Y has a Poisson distribution with mean A; + A2,
the preceding equation equals

PIX=KX+Y=n)=—; o

-1
etk emhapnh [e@l“ml + )»2)”:|
n!
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_ aka—k
(n— k! (1 +22)"

-() (i) Gisw)
kJ\x+ 2 A+ A2
In other words, the conditional distribution of X given that X 4+ Y = n is the bino-
mial distribution with parameters n and A1 /(A1 + X2). Hence,

Al

E{X|X+Y=n}=n
X1 } A+ A2

Conditional expectations possess all of the properties of ordinary expectations. For
example such identities such as

E {Zx,w:y} =Y EIXi|Y =y]
i=1

i=1

E[h(X)|Y =y]=) h(x)P(X =x|Y =)

remain valid.

Example 3.4. There are n components. On a rainy day, component i will function
with probability p;; on a nonrainy day, component i will function with probability g;,
fori =1,...,n. It will rain tomorrow with probability «. Calculate the conditional
expected number of components that function tomorrow, given that it rains.

Solution: Let

X — 1, if component i functions tomorrow
"7 10, otherwise

Then, with Y defined to equal 1 if it rains tomorrow, and O otherwise, the desired
conditional expectation is obtained as follows.

E [Xn:X”Y: 1} =Xn:E[Xi|Y= 1]
i=1 i=1
n
= pi u
i=1

3.3 The Continuous Case

If X and Y have a joint probability density function f(x,y), then the conditional
probability density function of X, given that Y = y, is defined for all values of y such
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that fy(y) > 0, by

fx,y)
fr»

To motivate this definition, multiply the left side by dx and the right side by
(dx dy)/dy to get

Sxiy(xly) =

f(x,y)dx dy
d =
fxiy(xly) dx o) dy

_P(x<X<x+dx,y<Y <y+dy}
Py <Y <y+dy}
=Px <X <x+dx|y<Y <y-+dy}

In other words, for small values dx and dy, fx|y(x|y)dx is approximately the con-
ditional probability that X is between x and x + dx given that Y is between y and
y+dy.

The conditional expectation of X, given that Y =y, is defined for all values of y
such that fy(y) > 0, by

o0

E[X|Y =y] =/ xfxy(x|y) dx

Example 3.5. Suppose the joint density of X and Y is given by

fx,y) =

6xy2—x—y), O0<x<l1,0<y<l
otherwise

Compute the conditional expectation of X given that Y =y, where 0 <y < 1.

Solution: We first compute the conditional density

J(x, )

fr»)

. 6xyQ2—x—y)
fol 6xy(2—x —y)dx

_6xy2—x—y)

- y(@4-3y)

_ 6x2—x—1y)

T 4-3y

fxiyr(xly) =

Hence,

L6x?(2 —x —y)dx
E[X|Y=y]=/ ; 3y

0 -3y
_2-n2-%
43y
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_5—4y
- 8—6y

Example 3.6 (The t-Distribution). If Z and Y are independent, with Z having a stan-
dard normal distribution and Y having a chi-squared distribution with n degrees of
freedom, then the random variable T defined by

Z Z
T=Fm="" 5

is said to be a t-random variable with n degrees of freedom. To compute its density
function, we first derive the conditional density of 7 given that ¥ = y. Because Z and
Y are independent, the conditional distribution of T given that Y = y is the distribution
of «/n/yZ, which is normal with mean 0 and variance n/y. Hence, the conditional
density function of T given that Y = y is

Srir(@tly) = ;e_lzy/z" = L/26_’2”/2” —00 <1 <00
! J2nn/y 2nn ’

Using the preceding, along with the following formula for the chi-squared density
derived in Exercise 87 of Chapter 2,

e—y/2yn/2—l

fr(y) = m,

y>0

we obtain the density function of 7':

fT(t)=/O fT,Y(l,y)dy=/O frir@1y) fr (y) dy

With

1 24n 1 - 12
= s Cc = — — i
Jn 20+D/21 (n/2) 2n 2 n

this yields

K

1 > 4 /2
frin=— fo ey dy

c—(n+1)/2

o0
=— / e *x"=D/2 gy (by letting x = cy)
K 0

—(n+1)/2 1
_ c r n-+
K 2

F(IH-I) t2 —(n+1)/2
=——2 " (14+— , —00<t<00 [ ]
Jrn (%) n
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Example 3.7. The joint density of X and Y is given by

%ye_xy, O<x<o00,0<y<?2

0, otherwise

f(x,y)=l

What is E[eX/2|Y = 1]?
Solution: The conditional density of X, given that ¥ = 1, is given by

VASIR))
Jr(D)

1 —x
_ 2¢ —e
= =T =
0 € vdx

fxy(x|1) =

—X

Hence, by Proposition 2.1,

o
E[XPy =1] =/ 2 fiy (x|1) dx
0

o
= / e  dx
0
=2 |
Example 3.8. Let X; and X; be independent exponential random variables with rates

w1 and po. Find the conditional density of X given that X| + X, =1+.

Solution: To begin, let us first note that if f(x, y) is the joint density of X, Y,
then the joint density of X and X + Y is

Sxxery (G, t)= f(x,t —x)

which is easily seen by noting that the Jacobian of the transformation

gilx,y)=x, gx,y)=x+y

is equal to 1.
Applying the preceding to our example yields

le,Xl—i-Xz(xs l)
fX1+X2(t)
Mlg—ulxuze—uz(t—ﬂ

fX[—i-Xz(t)
— Ce_(l‘«l_//'Z)X, O S X S t

fxax+x, &) =

where

e
Ix1+x, (@)
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Now, if ;1 = sy, then

fxuxi+xE)=C, 0<x<t

yielding that C = 1/¢ and that X given X; 4+ X, =¢ is uniformly distributed on
(0, ). On the other hand, if @1 # w2, then we use

! C
1=/1fmwﬁxﬂﬂ0dx= (1—emtm=er)
0 M1 — M2

to obtain

L mi—
¢= 1 — e~ (m1—n2)t

thus yielding the result:

(1 — po)e” ik
1 — e—(i—p2)t

Ixixi+x, (x]1) =
An interesting byproduct of our analysis is that

¥ o L1pae” 2! sze_’”,t , fur=pr=p -
X +x,0)=—F7—= —ngt _g—nt ,
1+X> C Mluz(f;“_me ! ), if 0 # o

3.4 Computing Expectations by Conditioning

Let us denote by E[X|Y] that function of the random variable ¥ whose value at Y =y
is E[X|Y = y]. Note that E[X|Y] is itself a random variable. An extremely important
property of conditional expectation is that for all random variables X and Y

E[X]=E[E[X|Y]] (3.2)
If Y is a discrete random variable, then Eq. (3.2) states that

E[X]:ZE[X|Y=y]P{Y:y} (3.2a)
y

while if Y is continuous with density fy(y), then Eq. (3.2) says that
o0
EX)= [ EXIY =51fr0) dy (3.20)
—00

We now give a proof of Eq. (3.2) in the case where X and Y are both discrete random
variables.
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Proof of Eq. (3.2) When X and Y Are Discrete. We must show that
E[X]=) E[X|Y =y]P{Y =y} (33)
y
Now, the right side of the preceding can be written

Y EIX|Y =yIP{Y =y}=) Y xP{X=x|V =y}P{Y =y)

y y x
_ P{X=x,Y=y} _
_;;xp{y—:y}P{Y_y}
=Y ) xP{X=x,Y=y}

y x
=Y xY P{X=x,Y=y}
X y

= ZxP{X =x}
X
= E[X]
and the result is obtained. |

One way to understand Eq. (3.3) is to interpret it as follows. It states that to calculate
E[X] we may take a weighted average of the conditional expected value of X given
that Y = y, each of the terms E[X|Y = y] being weighted by the probability of the
event on which it is conditioned.

The following examples will indicate the usefulness of Eq. (3.2).

Example 3.9. Sam will read either one chapter of his probability book or one chapter

of his history book. If the number of misprints in a chapter of his probability book is

Poisson distributed with mean 2 and if the number of misprints in his history chapter is

Poisson distributed with mean 5, then assuming Sam is equally likely to choose either

book, what is the expected number of misprints that Sam will come across?
Solution: Let X be the number of misprints. Because it would be easy to com-
pute E[X] if we know which book Sam chooses, let

Y — 1, if Sam chooses his history book
2, if chooses his probability book

Conditioning on Y yields

E[X]=E[X|Y =1]P{Y =1} + E[X|Y =2]P{Y =2}

-s(8)+2(9

ol
|
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Example 3.10 (The Expectation of the Sum of a Random Number of Random Vari-
ables). Suppose that the expected number of accidents per week at an industrial plant
is four. Suppose also that the numbers of workers injured in each accident are inde-
pendent random variables with a common mean of 2. Assume also that the number of
workers injured in each accident is independent of the number of accidents that occur.
What is the expected number of injuries during a week?

Solution: Letting N denote the number of accidents and X; the number injured
in the ith accident, i = 1, 2, ..., then the total number of injuries can be expressed
as Z,N: | Xi. Hence, we need to compute the expected value of the sum of a random
number of random variables. Because it is easy to compute the expected value of
the sum of a fixed number of random variables, let us try conditioning on N. This
yields

e ]

But
N n
E|:ZX,-|N =ni| = E|:ZX,-|N=n:|
1 1
n
=F |:Z X ,-i| by the independence of X; and N
1
=nE[X]
which yields
N
E [Z X; |N] = NE[X]
i=1
and thus

N
E [Z Xii| = E[NE[X]] = E[NIE[X]
i=1

Therefore, in our example, the expected number of injuries during a week equals
4x2=8. |

The random variable ZlN:l X, equal to the sum of a random number N of inde-
pendent and identically distributed random variables that are also independent of N,
is called a compound random variable. As just shown in Example 3.10, the expected
value of a compound random variable is E[X]E[N]. Its variance will be derived in
Example 3.20.
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If there is some random variable Y such that it would be easy to compute E[X]
if we knew the value of Y, then conditioning on Y is likely to be a good strategy for
determining E[X]. When there is no obvious random variable to condition on, it often
turns out to be useful to condition on the first thing that occurs. This is illustrated in
the following two examples.

Example 3.11 (The Mean of a Geometric Distribution). A coin, having probability p
of coming up heads, is to be successively flipped until the first head appears. What is
the expected number of flips required?

Solution: Let N be the number of flips required, and let

Y — 1, if the first flip results in a head
10, if the first flip results in a tail

Now,

E[N]=E[N|Y =11P{Y =1} + E[N|Y =0]P{Y =0}
=pE[N|Y =11+ (1 — p)E[N|Y =0] (3.4)

However,
E[N|Y =1]=1, E[N|Y=0]=1+ E[N] 3.5)

To see why Eq. (3.5) is true, consider E[N|Y = 1]. Since Y = 1, we know that the
first flip resulted in heads and so, clearly, the expected number of flips required
is 1. On the other hand if ¥ = 0, then the first flip resulted in tails. However, since
the successive flips are assumed independent, it follows that, after the first tail,
the expected additional number of flips until the first head is just E[N]. Hence
E[N|Y =0] =1+ E[N]. Substituting Eq. (3.5) into Eq. (3.4) yields

E[N]=p+ (1 —p)(1+E[N]
or
E[N1=1/p ]

Because the random variable N is a geometric random variable with probability
mass function p(n) = p(1 — p)*~!, its expectation could easily have been computed
from E[N] = Zcfo np(n) without recourse to conditional expectation. However, if you
attempt to obtain the solution to our next example without using conditional expecta-
tion, you will quickly learn what a useful technique “conditioning” can be.

Example 3.12. A miner is trapped in a mine containing three doors. The first door
leads to a tunnel that takes him to safety after two hours of travel. The second door
leads to a tunnel that returns him to the mine after three hours of travel. The third
door leads to a tunnel that returns him to his mine after five hours. Assuming that the
miner is at all times equally likely to choose any one of the doors, what is the expected
length of time until the miner reaches safety?
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Solution: Let X denote the time until the miner reaches safety, and let ¥ denote
the door he initially chooses. Now,

E[X]=E[X|Y =1]P{Y =1} + E[X|Y =2]P{Y =2}
+ E[X|Y =3]P{Y =3}
= H(E[X|Y = 1]+ E[X|Y =2] + E[X|Y =3])

However,
EX|Y=1]=2,
E[X|Y =2]=3+ E[X],
E[X|Y =3]=5+ E[X], (3.6)

To understand why this is correct consider, for instance, E[X|Y = 2], and reason
as follows. If the miner chooses the second door, then he spends three hours in the
tunnel and then returns to the mine. But once he returns to the mine the problem is
as before, and hence his expected additional time until safety is just E[X]. Hence
E[X|Y =2] =3+ E[X]. The argument behind the other equalities in Eq. (3.6) is
similar. Hence,

E[X]:%(2+3+E[X]+5+E[X]) or E[X]=10 [ |

Example 3.13 (Multinomial Covariances). Consider n independent trials, each of
which results in one of the outcomes 1, ..., r, with respective probabilities p1, ..., py,
Y i_; pi = 1. If we let N; denote the number of trials that result in outcome i, then
(N1, ..., N;) is said to have a multinomial distribution. For i # j, let us compute

Cov(N;, N;) = E[N;N;] — E[N;1E[N;]

Because each trial independently results in outcome i with probability p;, it follows
that N; is binomial with parameters (n, p;), giving that E[N;]E[N;] = nzpi pj. To
compute E[N;N;], condition on N; to obtain

E[NiN;j1=Y_ E[N;N;IN; =kIP(N; = k)
k=0

=Y kE[N,|N; =k]P(N; =k)
k=0

Now, given that k of the n trials result in outcome i, each of the other n — k trials
independently results in outcome j with probability

P(jlnot i):lp—fp_
- 1
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thus showing that the conditional distribution of N, given that N; = k, is binomial

with parameters (n — k, 5 L ’p - ). Using this yields

E[NiNj]=Zk(n— i =k

= 1—p, ( ZkP(N =k)— ZkzP(Nl _k)>

k=0 k=0

— 1L(nE[N,J — E[N?))
— Di

Because N; is binomial with parameters (n, p;)
E[N?]= Var(N;) + (E[N;)> = npi (1 — p;) + (npi)*

Hence,

E[N;N;]= ”",[nzpi—npi(l— ) —n?p]

l’ﬁ”f[ n—npi— (- p]

=n(n—1pip;

which yields the result
Cov(Ni, Nj) =n(n = 1)pipj —n’pipj = —np;p; u

Example 3.14 (The Matching Rounds Problem). Suppose in Example 2.30 that those
choosing their own hats depart, while the others (those without a match) put their
selected hats in the center of the room, mix them up, and then reselect. Also, suppose
that this process continues until each individual has his own hat.

(a) Find E[R,] where R, is the number of rounds that are necessary when n indi-
viduals are initially present.

(b) Find E[S,] where S, is the total number of selections made by the » individuals,
n>2.

(c) Find the expected number of false selections made by one of the n people, n > 2.

Solution: (a) It follows from the results of Example 2.30 that no matter how
many people remain there will, on average, be one match per round. Hence, one
might suggest that E[R,] = n. This turns out to be true, and an induction proof
will now be given. Because it is obvious that E[R1] = 1, assume that E[R;] =k
fork=1,...,n— 1. To compute E[R,], start by conditioning on X,,, the number
of matches that occur in the first round. This gives

E[R,] = E[Ry|X, =ilP{X, =i}
i=0
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Now, given a total of i matches in the initial round, the number of rounds needed
will equal 1 plus the number of rounds that are required when n — i persons are to
be matched with their hats. Therefore,

E[Ry)=) (1 +E[Ry—i)P{X, =i}
i=0

=1+ E[R,]P{X, =0} + Y E[R,i]P{X, =i
i=1

=1+ E[RP{Xy =0} + ) (n —)P{X, =i}
i=1
by the induction hypothesis
=1+ E[Ry]P{Xy = 0} +n(1 — P{X, =0)) — E[X,]
= E[Ry]P{Xy =0} +n(1 — P(X, =0})

where the final equality used the result, established in Example 2.30, that
E[X,] = 1. Since the preceding equation implies that E[R,] = n, the result is
proven.

(b) For n > 2, conditioning on X,,, the number of matches in round 1, gives

E[S;]= ZE[Sn|Xn =i]P{X, =i}
i=0

= Z(n + E[Sy—i)P{X, =i}

i=0

=n+ ) ElSi—i1P{X, =i)
i=0

where E[Sp] = 0. To solve the preceding equation, rewrite it as
E[Sy]1=n+ E[Sy—x,]

Now, if there were exactly one match in each round, then it would take a total of
14+24---4+n=nm+ 1)/2 selections. Thus, let us try a solution of the form
E[S,] = an + bn?. For the preceding equation to be satisfied by a solution of this
type, for n > 2, we need

an+bn*=n+ E[a(n —X,) +bn— X,,)2]
or, equivalently,

an +bn* =n+a(n — E[X,]) + b(n* — 2nE[X,]1 + E[X}])
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Now, using the results of Example 2.30 and Exercise 72 of Chapter 2 that E[X,,] =
Var(X,) = 1, the preceding will be satisfied if

an+bn®>=n+an —a+bn* —2nb+2b
and this will be valid provided that b = 1/2,a = 1. That is,
E[S)1=n+n*/2

satisfies the recursive equation for E[S,].

The formal proof that E[S,] =n + n? /2,n > 2, 1is obtained by induction on . It is
true when n = 2 (since, in this case, the number of selections is twice the number
of rounds and the number of rounds is a geometric random variable with parameter
p = 1/2). Now, the recursion gives

n
E[S,]=n+ E[S)]P{X, =0} + ZE[Sn—i]P{Xn =i}
i=1
Hence, upon assuming that E[So] = E[S1]1=0, E[Sk] =k + k2/2, fork=2,...,

n — 1 and using that P{X,, =n — 1} =0, we see that

E[Sy)]=n+ E[S;]P{X, =0} + Y [n—i+(n—i)*/2]P{X, =i}
i=1
=n+ E[S,]P{X, =0} + (n +n*/2)(1 — P{X, =0})
— (n+ DE[X,]+ E[X;1/2

Substituting the identities E[X,] =1, E [X%] =2 in the preceding shows that
E[Sy]=n+n?/2

and the induction proof is complete.
(c) If we let C; denote the number of hats chosen by person j, j =1,...,n then

n
2.Ci=S
j=1
Taking expectations, and using the fact that each C; has the same mean, yields the
result
E[Ci]1=E[S;)]/n=1+n/2
Hence, the expected number of false selections by person j is

E[C; —1]1=n/2. m
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Example 3.15. Independent trials, each of which is a success with probability p,
are performed until there are k consecutive successes. What is the mean number of
necessary trials?

Solution:  Let N; denote the number of necessary trials to obtain k consecu-
tive successes, and let My = E[Ny]. We will determine M} by deriving and then
solving a recursive equation that it satisfies. To begin, write

N =Ni—1+ A1k

where Nj;_1 is the number of trials needed for £ — 1 consecutive successes, and
A1 k is the number of additional trials needed to go from having k — 1 successes
in a row to having k in a row. Taking expectations gives that,

My =M1 + E[Ak—1 k]

To determine E[Ax—1 k], condition on the next trial after there have been k — 1
successes in a row. If it is a success then that gives k in a row and no additional
trials after that are needed; if it is a failure then at that point we are starting all over
and so the expected additional number from then on would be E[Ni]. Thus,

ElAixl=1-p+ A+ M)A —p)=1+(1— p)My
giving that
My =Mi_1+14+ 1 — p)M;

or

1 My _
M= L M
p p

Since Ni, the time of the first success, is geometric with parameter p, we see that

1 1
M) =—+—,
p P
Iy 1+ 1 N 1
3= E) =
p > p
and, in general,
1 1
Miy=—+—=++— |
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Example 3.16. Consider a gambler who in each game is equally likely to either win
or lose 1, independent of the results from earlier games. Starting with a fortune of i,
find m;, the mean number of games until the gambler’s fortune is either O or n, where
0<i<n.

Solution: Let N denote the number of games until the gambler’s fortune is either
0 or n, and let S; denote the event that the gambler starts with a fortune of i. To
obtain an expression for m; = E[N|S;], condition on the result of the first game.
With W being the event that the first game is a win, and L that it is a loss, this
yields thatfor i =1,...,n — 1

m; = E[N|S;]
= E[N|S;W]P(W|S;) + E[N|S; L] P(LIS;)

1 1
=(1 +mi+1)§ +( +m1>1)§

1 .
:l+§m,~_1+§m,~+1, lzl,...,}’l—l

Using that m = 0, the preceding can be rewritten as

my =2(my — 1)

miy1=2m; —1)—m;—, i=2,....,.n—1
Letting i = 2 in the preceding yields that

m3=2my—2—my
=4dm; —4 -2 —m
=3(m; —2)

A check of m4 shows a similar result, and indeed it is easily shown by induction
that

mi=im—i+1), i=2,...,n

Using that m,, = 0, the preceding yields that 0 =n(m| —n+1). Thus,m; =n — 1,
and

m;=i(n—1i), i=1,...,n—1 |

Example 3.17 (Analyzing the Quick-Sort Algorithm). Suppose we are given a set of
n distinct values—x1, ..., x,—and we desire to put these values in increasing order
or, as it is commonly called, to sort them. An efficient procedure for accomplishing
this is the quick-sort algorithm, which is defined recursively as follows: When n =2
the algorithm compares the two values and puts them in the appropriate order. When
n > 2 it starts by choosing at random one of the n values—say, x;—and then compares
each of the other n — 1 values with x;, noting which are smaller and which are larger
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than x;. Letting S; denote the set of elements smaller than x;, and S; the set of elements
greater than x;, the algorithm now sorts the set S; and the set S;. The final ordering,
therefore, consists of the ordered set of the elements in S;, then x;, and then the ordered
set of the elements in Si. For instance, suppose that the set of elements is 10, 5, 8, 2, 1,
4, 7. We start by choosing one of these values at random (that is, each of the 7 values
has probability of % of being chosen). Suppose, for instance, that the value 4 is chosen.
We then compare 4 with each of the other six values to obtain

{2,1},4,{10,5,8,7}
We now sort the set {2, 1} to obtain
1,2,4,{10,5,8,7}

Next we choose a value at random from {10, 5, 8, 7}—say 7 is chosen—and compare
each of the other three values with 7 to obtain

1’ 27 4’ 5’ 79 {107 8}
Finally, we sort {10, 8} to end up with
1,2,4,5,7,8,10

One measure of the effectiveness of this algorithm is the expected number of compar-
isons that it makes. Let us denote by M,, the expected number of comparisons needed
by the quick-sort algorithm to sort a set of n distinct values. To obtain a recursion for
M,, we condition on the rank of the initial value selected to obtain

n
1
M, = Z E[number of comparisons|value selected is jth smallest];
Jj=1

Now, if the initial value selected is the jth smallest, then the set of values smaller than
it is of size j — 1, and the set of values greater than it is of size n — j. Hence, as n — 1
comparisons with the initial value chosen must be made, we see that

n
1
M, = _ . )=
f Z(n o+ Myt + My )~
j=1
21171
=n—1+=> M (since My=0)
nk:l

or, equivalently,

n—1
nM, =n(n —1) +22Mk
k=1
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To solve the preceding, note that upon replacing n by n + 1 we obtain

n
A+ DMy =@+ Dn+2> " My
k=1

Hence, upon subtraction,

n+DOMy41 —nM, =2n+2M,
or

m+DMyp1=m+2)M, +2n
Therefore,

Mn+l 2n M,

n+2_(n+1)(n+2)+n+1

Iterating this gives

M4 2n 2(n—1) My,

n+2=(n+1)(n—|—2) nn+1) n

n—1
n—k
kXZ(:)(n—i—l—k)(n—i—Z—k) stee M

Hence,

n—1

n—=k
M"“ZZ("H)];(;@H—k)(n+2—k)

- i

Using the identity i /(i + 1)(i +2) =2/( +2) — 1/(i + 1), we can approximate
M, 41 for large n as follows:

"2 "1
My =2(n+2 N
n1 = 20+ )|:i_li+2 ;i—i-l]

n+22 n+11
~2(n+2)[/ —dx—/ —dx:|
3 X 2 X

=2(n+2)[2log(n +2) —log(n + 1) +1log2 — 21og 3]

n+2
I +log2 —2log3

=2(n+2) |:log(n +2) +log
n+

~2(n+2)log(n +2) [ |
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Although we usually employ the conditional expectation identity to more easily
enable us to compute an unconditional expectation, in our next example we show how
it can sometimes be used to obtain the conditional expectation.

Example 3.18. In the match problem of Example 2.30 involving n, n > 1, individuals,
find the conditional expected number of matches given that the first person did not
have a match.

Solution: Let X denote the number of matches, and let X equal 1 if the first
person has a match and 0 otherwise. Then,

E[X]=E[X|X; =0]P{X; =0} + E[X|X; = 1]P{X; =1}

n—1 1
=E[X|X| =0— + E[X|X; =1]-
n n
But, from Example 2.30
E[X]1=1

Moreover, given that the first person has a match, the expected number of matches
is equal to 1 plus the expected number of matches when n — 1 people select among
their own n — 1 hats, showing that

EX|X1=1]1=2
Therefore, we obtain the result

n—2

n—1

E[X|X; =0]=

3.4.1 Computing Variances by Conditioning

Conditional expectations can also be used to compute the variance of a random vari-
able. Specifically, we can use

Var(X) = E[X?] — (E[X])2

and then use conditioning to obtain both E[X] and E[X 2]. We illustrate this technique
by determining the variance of a geometric random variable.

Example 3.19 (Variance of the Geometric Random Variable). Independent trials, each
resulting in a success with probability p, are performed in sequence. Let N be the trial
number of the first success. Find Var(N).

Solution: Let Y =1 if the first trial results in a success, and Y = 0 otherwise.
Var(N) = E[N?] — (E[N])?
To calculate E[N?] and E[N] we condition on Y. For instance,

E[N?]1= E[E[N*|Y1]
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However,

E[N?)lY =1]=1,
E[N?|Y =0] = E[(1 + N)*]
These two equations are true since if the first trial results in a success, then clearly
N =1 and so N2 = 1. On the other hand, if the first trial results in a failure, then the
total number of trials necessary for the first success will equal one (the first trial that
results in failure) plus the necessary number of additional trials. Since this latter
quantity has the same distribution as N, we get that E[N 2|Y =0]=E[(1+ N)2].
Hence, we see that
E[N?*1=E[N?|Y = 11P{Y = 1} + E[N?|Y =0]P{Y =0}
=p+E[(1+ N1~ p)
=1+ (1—p)E[2N + N?]

Since, as was shown in Example 3.11, E[N] = 1/p, this yields

2(1 —
E[NY =1+ % + (1 — p)E[NY]
or
2 _
EINY =P
p
Therefore,

Var(N) = E[N?] — (E[N1)>

]
p? p

Another way to use conditioning to obtain the variance of a random variable is
to apply the conditional variance formula. The conditional variance of X given that
Y =y is defined by

Var(X|Y =y) = E[(X — E[X|Y = y])*|Y =]

That is, the conditional variance is defined in exactly the same manner as the ordinary
variance with the exception that all probabilities are determined conditional on the
event that ¥ = y. Expanding the right side of the preceding and taking expectation
term by term yields

Var(X|Y =y) = E[X*|Y = y] — (E[X|Y = y])?
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Letting Var(X|Y) denote that function of Y whose value when Y = y is Var(X|Y = y),
we have the following result.

Proposition 3.1 (The Conditional Variance Formula).
Var(X) = E[Var(X|Y)] + Var(E[X|Y]) 3.7)
Proof.
E[Var(X|V)] = EIEIX*|Y] - (E[X|Y])’]
= E[E[X?|Y]] - E[(E[X|Y])?]
= E[X*1 - E[(E[X|Y])’]

and
Var(E[X|Y]) = E[(E[X|Y])?] - (E[E[X|Y1])®
= E[(E[X|YD?] - (E[X])’
Therefore,
E[Var(X|Y)] + Var(E[X|Y]) = E[X*] — (E[X])?
which completes the proof. |

Example 3.20 (The Variance of a Compound Random Variable). Let X1, X5, ... be
independent and identically distributed random variables with distribution F having
mean 4 and variance o2, and assume that they are independent of the nonnegative
integer valued random variable N. As noted in Example 3.10, where its expected
value was determined, the random variable S = ZZN: 1 Xi is called a compound random
variable. Find its variance.

Solution: Whereas we could obtain E[S?] by conditioning on N, let us instead
use the conditional variance formula. Now,

N
Var(S|N = n) = Var (Z X;|N :n)

i=1

i=1

=I’lO’2

By the same reasoning,

E[S|IN =n]l=nu
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Therefore,
Var(S|N) = No2, E[SIN]=Nu
and the conditional variance formula gives
Var(S) = E[No?] + Var(Np) = 6> E[N] + > Var(N)

If N is a Poisson random variable, then S = ZlN:l X is called a compound Poisson
random variable. Because the variance of a Poisson random variable is equal to its
mean, it follows that for a compound Poisson random variable having E[N] = A

Var(S) = Ao + A’ = AE[X?]
where X has the distribution F. |

Example 3.21 (The Variance in the Matching Rounds Problem). Consider the match-
ing rounds problem of Example 3.14, and let V,, = Var(R,,) denote the variance of
the number of rounds needed when there are initially n people. Using the conditional
variance formula, we will show that

Vo=n, n=>?2

The proof of the preceding is by induction on n. To begin, note that when n = 2 the
number of rounds needed is geometric with parameter p = 1/2 and so

So assume the induction hypothesis that
Vi=j, 2=<j<n

and now consider the case when there are n individuals. If X is the number of matches
in the first round then, conditional on X, the number of rounds R, is distributed as 1
plus the number of rounds needed when there are initially n — X individuals. Conse-
quently,

E[R,|X]=1+ E[Rn—x]
=l+n-X by Example 3.14

Also, with Vy =0,
Var(R,|X) = Var(R,—x) = Vp—x
Hence, by the conditional variance formula

Vi = E[Var(R,|X)] + Var(E[R,|X])
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= E[V,—x]+ Var(X)

=) VajP(X =)+ Var(X)
j=0

=VyP(X=0)+ YV, jP(X = j) + Var(X)
j=1

Because P(X =n—1) =0, it follows from the preceding and the induction hypothesis
that

Va=VaP(X=0)+ ) (0= )HP(X = j) + Var(X)
j=1
=V,P(X=0)+n(l — P(X =0)) — E[X] + Var(X)

As it is easily shown (see Example 2.30 and Exercise 64 of Chapter 2) that E[X] =
Var(X) = 1, the preceding gives

Vi=VyaP(X=0)+n(l-P(X=0))

thus proving the result. |

3.5 Computing Probabilities by Conditioning

Not only can we obtain expectations by first conditioning on an appropriate random
variable, but we may also use this approach to compute probabilities. To see this, let
E denote an arbitrary event and define the indicator random variable X by

Y= 1, if E occurs
~ 10, if E does not occur

It follows from the definition of X that

E[X]= P(E),
E[X|Y =y]=P(E|Y =y), foranyrandom variable Y

Therefore, from Eqs. (3.2a) and (3.2b) we obtain

P(E) = Z P(E|Y =y)P(Y =y), ifY isdiscrete
y

(0@}
= / P(E|Y =y)fy(y)dy, ifY iscontinuous

—00

Example 3.22. Suppose that X and Y are independent continuous random variables
having densities fx and fy, respectively. Compute P{X < Y}.
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Solution: Conditioning on the value of Y yields

o8]

PX <) =/ PX < ¥|Y =y} fr(») dy

—00

:/ P{X <ylY =y} fr(»dy

—0o0

2/ P{X <ylfy(y)dy

=/ Fx(y) fr(y)dy

—00

where
y
Fx(y) =f fx(x) dx [ ]

Example 3.23. An insurance company supposes that the number of accidents that
each of its policyholders will have in a year is Poisson distributed, with the mean of
the Poisson depending on the policyholder. If the Poisson mean of a randomly chosen
policyholder has a gamma distribution with density function

g =xret, 1>0

what is the probability that a randomly chosen policyholder has exactly n accidents
next year?

Solution: Let X denote the number of accidents that a randomly chosen policy-
holder has next year. Letting Y be the Poisson mean number of accidents for this
policyholder, then conditioning on Y yields

P{(X=n}= /OOP{inW:x}g(A) d
0

o0 )\’I’l
= / e et d
0 n!

1 o0
= —‘ )\'VH—le—ZK d)\.
n:Jo

However, because

28_2)” (2)»)"4—1

"= (n+1)!

, A>0

is the density function of a gamma (n + 2, 2) random variable, its integral is 1.
Therefore,

00 26_2)‘ (2k)n+1 2n+2
1= /
0

— /OO)"I’H-IE—Z). di
nt D) e
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showing that

n+1

P{X =n}= iz

|
Example 3.24. Suppose that the number of people who visit a yoga studio each day is
a Poisson random variable with mean A. Suppose further that each person who visits
is, independently, female with probability p or male with probability 1 — p. Find the
joint probability that exactly n women and m men visit the academy today.

Solution: Let N; denote the number of women and N, the number of men who

visit the academy today. Also, let N = N| + N, be the total number of people who
visit. Conditioning on N gives

o0
P{Ny=n,Ny=m}=)_ P{N;=n,Ny=m|N =i}P{N =i}
i=0
Because P{N| =n, No =m|N =i} =0 when i # n 4+ m, the preceding equation
yields

)\'Vl+m

P{Ni=n,Ny=m}=P{Ni=n,Na=m|N =n+me *———
(n+m)!

Given that n + m people visit it follows, because each of these n + m is indepen-
dently a woman with probability p, that the conditional probability that n of them
are women (and m are men) is just the binomial probability of n successes in n +m
trials. Therefore,

n+m s n+m
P{Ni=n,N,=m} = "1-p) et ———
{N 2 } ( n )P( p) ]
_n +m)!p”(1 _ pyne 1) AT
n'm! (n+m)!
— (Ap)" e_)‘(l_p) (AL = p)™
- n! m!

Because the preceding joint probability mass function factors into two products,
one of which depends only on n and the other only on m, it follows that Ny and
N, are independent. Moreover, because

P{Ny=n}= ) P{N;=n,Ny=m)

m=0
00
_ ei)‘p (Ap)" Z ef)h(],p) (A1 = p)™ _ ei)‘p (Ap)"
n! 0 m! n!
m=

and, similarly,

oy (1= p)™

P{N»=m}=e*1"
m!
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we can conclude that Ny and N, are independent Poisson random variables with
respective means Ap and A(l — p). Therefore, this example establishes the im-
portant result that when each of a Poisson number of events is independently
classified either as being type 1 with probability p or type 2 with probability 1 — p,
then the numbers of type 1 and type 2 events are independent Poisson random
variables. ]

The result of Example 3.24 generalizes to the case where each of a Poisson dis-
tributed number of events, N, with mean A is independently classified as being one
of k types, with the probability that it is type i being p;,i =1,...,k, Zf:l pi = 1.

If N; is the number that are classified as type i, then Ny,..., N; are independent
Poisson random variables with respective means Apy, ..., Apx. This follows, since for
n= Zf:l nj
P(Ny=ny,...,Ny=ny)=P(Ny=ny,..., Ny=ng|N =n)P(N =n)
n!

ny ng —Ayn
=P P e A" /n!
ny!---nyg!

k
=[ e Gpi)"i/ni!

i=1
where the second equality used that, given a total of n events, the numbers of each

type has a multinomial distribution with parameters (n, p1, ..., pk).

Example 3.25 (The Distribution of the Sum of Independent Bernoulli Random Vari-
ables). Let X1, ..., X,, be independent Bernoulli random variables, with X; having
parameter p;,i = 1,...,n. Thatis, P{X; =1} = p;, P{X; =0}=¢q; =1 — p;. Sup-
pose we want to compute the probability mass function of their sum, X| + --- + X,.
To do so, we will recursively obtain the probability mass function of X1 + --- + X,
first for k = 1, then kK = 2, and on up to k = n. To begin, let

Pe())=P{X1+-- + Xk =j}

and note that

k k
P =[]pri. PO =]]a

i=1 i=1
For 0 < j < k, conditioning on Xy yields the recursion

Pir(j)=P{X1+-+ Xp=jlIXe =}pr + P{X1+---+ Xi = j| Xp = O}qx
=P{Xi 4+ X1 =) - X =1}pi
+ P{X1+ -+ Xi—1 = j|Xr = 0}qx
=P{X1+ +Xe—1=J—Upc+ P{X1+ -+ X1 = jlq
=pkPr—1(j — D + gk Pe—1(j)



128 Introduction to Probability Models

Starting with Pi(1) = p1, P1(0) = g1, the preceding equations can be recursively
solved to obtain the functions P>(j), P3(j), up to P,(j). |

Example 3.26 (The Best Prize Problem). Suppose that we are to be presented with n
distinct prizes in sequence. After being presented with a prize we must immediately
decide whether to accept it or reject it and consider the next prize. The only informa-
tion we are given when deciding whether to accept a prize is the relative rank of that
prize compared to ones already seen. That is, for instance, when the fifth prize is pre-
sented we learn how it compares with the first four prizes already seen. Suppose that
once a prize is rejected it is lost, and that our objective is to maximize the probability
of obtaining the best prize. Assuming that all n! orderings of the prizes are equally
likely, how well can we do?
Solution: Rather surprisingly, we can do quite well. To see this, fix a value k, 0 <
k < n, and consider the strategy that rejects the first k prizes and then accepts the
first one that is better than all of those first k. Let Py (best) denote the probability
that the best prize is selected when this strategy is employed. To compute this
probability, condition on X, the position of the best prize. This gives

Pi(best) =Y _ Pr(best|X =i)P(X =1)
i=1
l & ,

= ZPk(besﬂX:z)

n
i=1

Now, if the overall best prize is among the first k, then no prize is ever selected
under the strategy considered. On the other hand, if the best prize is in position
i, where i > k, then the best prize will be selected if the best of the first k prizes
is also the best of the first i — 1 prizes (for then none of the prizes in positions
k+1,k+2,...,i —1 would be selected). Hence, we see that

Py(best| X =i)=0, ifi<k

Py (best| X =i) = P{best of first i — 1 is among the first k}
=k/@i—-1), ifi>k

From the preceding, we obtain

n

Py (best) = k >
n

i=k+1

1
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Now, if we consider the function
X n
g ="log ()
n X

then

, 1 n 1
g0 ="-log() -~
n X n

and so
gx)=0=log(n/x)=1=x=n/e

Thus, since Py (best) & g(k), we see that the best strategy of the type considered is
to let the first n/e prizes go by and then accept the first one to appear that is better
than all of those. In addition, since g(n/e) = 1/e, the probability that this strategy
selects the best prize is approximately 1/e ~ 0.36788.

Remark. Most students are quite surprised by the size of the probability of obtain-
ing the best prize, thinking that this probability would be close to 0 when # is large.
However, even without going through the calculations, a little thought reveals that the
probability of obtaining the best prize can be made to be reasonably large. Consider
the strategy of letting half of the prizes go by, and then selecting the first one to appear
that is better than all of those. The probability that a prize is actually selected is the
probability that the overall best is among the second half and this is 1/2. In addition,
given that a prize is selected, at the time of selection that prize would have been the
best of more than n/2 prizes to have appeared, and would thus have probability of
at least 1/2 of being the overall best. Hence, the strategy of letting the first half of
all prizes go by and then accepting the first one that is better than all of those prizes
results in a probability greater than 1/4 of obtaining the best prize. |

Example 3.27. At a party n men take off their hats. The hats are then mixed up
and each man randomly selects one. We say that a match occurs if a man selects his
own hat. What is the probability of no matches? What is the probability of exactly k
matches?

Solution: Let E denote the event that no matches occur, and to make explicit the
dependence on n, write P, = P(E). We start by conditioning on whether or not
the first man selects his own hat—call these events M and M. Then

P,=P(E)=P(E|M)P(M)+ P(E|M°)P(M°)
Clearly, P(E|M) =0, and so

n—1
P, = P(E|M°)

(3.8)

Now, P(E|MF¢) is the probability of no matches when n — 1 men select from a set
of n — 1 hats that does not contain the hat of one of these men. This can happen
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in either of two mutually exclusive ways. Either there are no matches and the
extra man does not select the extra hat (this being the hat of the man that chose
first), or there are no matches and the extra man does select the extra hat. The
probability of the first of these events is just P,_1, which is seen by regarding the
extra hat as “belonging” to the extra man. Because the second event has probability
[1/(n — 1)]P,_>, we have

1
P(E|MC): Py + nTan—Z

and thus, from Eq. (3.8),

n—1 1
P, = Pn—l+;Pn—2

or, equivalently,
1
Pn _Pn—l :_;(Pn—l - Pn—2) (39)

However, because P, is the probability of no matches when n men select among
their own hats, we have

P=0, P=1

and so, from Eq. (3.9),
P3—P2=—(PZ3;PI)=—% or szzl!—%,
P4—P3=—7(P3;P2)=% or P4=%—%+%

and, in general, we see that

To obtain the probability of exactly k matches, we consider any fixed group of k
men. The probability that they, and only they, select their own hats is

11 1 (n —k)!

il P_,=—""p
nn—1 n—(k—1 "* al ok

where P,_j is the conditional probability that the other n — k men, selecting among
their own hats, have no matches. Because there are (Z) choices of a set of kK men, the

desired probability of exactly & matches is
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1 1 - (=1
Py 20 3l (n—k)!

k! k!

which, for n large, is approximately equal to e~/ k!.

Remark. The recursive equation, Eq. (3.9), could also have been obtained by us-
ing the concept of a cycle, where we say that the sequence of distinct individuals
i1,12,..., I constitutes a cycle if i1 chooses i>’s hat, ip chooses i3’s hat, ..., i1
chooses ix’s hat, and iy chooses i1’s hat. Note that every individual is part of a cycle,
and that a cycle of size kK = 1 occurs when someone chooses his or her own hat. With
E being, as before, the event that no matches occur, it follows upon conditioning on
the size of the cycle containing a specified person, say person 1, that

P,=P(E)=)Y P(E|C=KkP(C=k (3.10)
k=1

where C is the size of the cycle that contains person 1. Now, call person 1 the first
person, and note that C = k if the first person does not choose 1’s hat; the person
whose hat was chosen by the first person—call this person the second person—does
not choose 1’s hat; the person whose hat was chosen by the second person—call this
person the third person—does not choose 1’s hat; . . ., the person whose hat was chosen
by the (k — 1)st person does choose 1’s hat. Consequently,

n—1n-2 n—k+1 1 1

P(C=k)= _ 1L
( ) n n—1 n—k+2n—k+1 n

(3.11)

That is, the size of the cycle that contains a specified person is equally likely to be any
of the values 1, 2, ..., n. Moreover, since C = 1 means that 1 chooses his or her own
hat, it follows that

P(EIC=1)=0
On the other hand, if C = k, then the set of hats chosen by the k individuals in this
cycle is exactly the set of hats of these individuals. Hence, conditional on C = k, the
problem reduces to determining the probability of no matches when n — k people
randomly choose among their own n — k hats. Therefore, for k > 1

P(E|C=k) = Py_y (3.12)

Substituting (3.11)—(3.13) back into Eq. (3.10) gives
1 n
Py=- ; Pok (3.13)

which is easily shown to be equivalent to Eq. (3.9). ]
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Example 3.28 (The Ballot Problem). In an election, candidate A receives n votes, and
candidate B receives m votes where n > m. Assuming that all orderings are equally
likely, show that the probability that A is always ahead in the count of votes is (n —
m)/(n+m).

Solution: Let P, ,, denote the desired probability. By conditioning on which
candidate receives the last vote counted we have

P,.m = P{A always ahead|A receives last vote}
n+m

+ P{A always ahead|B receives last vote}

n+m

Now, given that A receives the last vote, we can see that the probability that A is
always ahead is the same as if A had received a total of n — 1 and B a total of m
votes. Because a similar result is true when we are given that B receives the last
vote, we see from the preceding that

m
Pu,m Poim+——Pyma (3.14)
m-+n

:n—l-m

We can now prove that P, , = (n — m)/(n + m) by induction on n 4+ m. As it is
true when n +m =1, that is, P; o = 1, assume it whenever n +m = k. Then when
n+m =k + 1, we have by Eq. (3.14) and the induction hypothesis that

n n—1—m m n—m+1
Pn,m=
n+mn—14+4m m+4+nn+m-—1
_n—m
_n+m
and the result is proven. |

The ballot problem has some interesting applications. For example, consider suc-
cessive flips of a coin that always land on “heads” with probability p, and let us
determine the probability distribution of the first time, after beginning, that the to-
tal number of heads is equal to the total number of tails. The probability that the first
time this occurs is at time 2n can be obtained by first conditioning on the total number
of heads in the first 2n trials. This yields

P{first time equal = 2n}

= P{first time equal = 2n|n heads in first 2n} <2nn>p”(l -p)

Now, given a total of n heads in the first 2n flips we can see that all possible order-
ings of the n heads and » tails are equally likely, and thus the preceding conditional
probability is equivalent to the probability that in an election, in which each candidate
receives n votes, one of the candidates is always ahead in the counting until the last
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vote (which ties them). But by conditioning on whomever receives the last vote, we
see that this is just the probability in the ballot problem when m =n — 1. Hence,

2n n n
n)p (1-p)

(zn”)p”u —py

- 2n —1

P{first time equal = 2n} = P, ,—1 (

Suppose now that we wanted to determine the probability that the first time there
are i more heads than tails occurs after the (2n + i)th flip. Now, in order for this to be
the case, the following two events must occur:

(@) The first 2n + i tosses result in n + i heads and » tails; and
(b) The order in which the n + i heads and # tails occur is such that the number of
heads is never i more than the number of tails until after the final flip.

Now, it is easy to see that event (b) will occur if and only if the order of appearance
of the n + i heads and n tails is such that starting from the final flip and working
backwards heads is always in the lead. For instance, if there are 4 heads and 2 tails
(n =2,i =2), then the outcome ____TH would not suffice because there would
have been 2 more heads than tails sometime before the sixth flip (since the first 4 flips
resulted in 2 more heads than tails).

Now, the probability of the event specified in (a) is just the binomial probability of
getting n 4 i heads and n tails in 2n + i flips of the coin.

We must now determine the conditional probability of the event specified in (b)
given that there are n 4 i heads and # tails in the first 2n + i flips. To do so, note
first that given that there are a total of n 4+ i heads and » tails in the first 2n + i
flips, all possible orderings of these flips are equally likely. As a result, the conditional
probability of (b) given (a) is just the probability that a random ordering of n + i heads
and n tails will, when counted in reverse order, always have more heads than tails.
Since all reverse orderings are also equally likely, it follows from the ballot problem
that this conditional probability is i /(2n + i).

That is, we have shown that

i
PO =5

and so
P {first time heads leads by i is after flip 2n 4-i} = <2nn+ l)pn+i(1 —p) #
n 1

Example 3.29. Let Uy, Us, ... be a sequence of independent uniform (0, 1) random
variables, and let

N=min{n >2: U, > U,_}
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and
M=minln>1:U;+---4+U, > 1}

That is, N is the index of the first uniform random variable that is larger than its
immediate predecessor, and M is the number of uniform random variables we need
sum to exceed 1. Surprisingly, N and M have the same probability distribution, and
their common mean is e!

Solution: It is easy to find the distribution of N. Since all n! possible orderings
of Uy, ..., U, are equally likely, we have

P{N>n}=P{U>U,>--->U,}=1/n!

To show that P{M > n} = 1/n!, we will use mathematical induction. However, to
give ourselves a stronger result to use as the induction hypothesis, we will prove
the stronger result that for 0 < x <1, P{M(x) > n} =x"/n!,n > 1, where

M(x)=min{n >1: Ui +---+ U, > x}

is the minimum number of uniforms that need be summed to exceed x. To prove
that P{M (x) > n} = x"/n!, note first that it is true for n = 1 since

P{M(x)>1}=P{U <x}=x
So assume that forall 0 < x <1, P{M(x) > n} = x"/n!. To determine P{M (x) >
n + 1}, condition on U; to obtain
1
P{M(x) >n+1}:/ P{M(x)>n+ 11Uy =y}dy
0
X
= [ Ptsaco = 0+ 1101 =) dy
0
X
:/ P{M(x —y)>n}dy
0

X W\
= / u dy Dby the induction hypothesis
0 n:

X un
:/ —du
0 n!
anrl

BRTESM

where the third equality of the preceding follows from the fact that given U; =y,
M (x) is distributed as 1 plus the number of uniforms that need be summed to
exceed x — y. Thus, the induction is complete and we have shown that for 0 < x <
1,n>1,

P{M(x) >n}=x"/n!
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Letting x = 1 shows that N and M have the same distribution. Finally, we have

E[M]=E[N]=) P{N>n}=) l/nl=e [}
n=0 n=0

Example 3.30. Let X, X», ... be independent continuous random variables with a
common distribution function F and density f = F’, and suppose that they are to be
observed one at a time in sequence. Let

N =minf{n > 2: X, = second largest of X1, ..., X,,}
and let
M = min{n > 2: X,, = second smallest of X1, ..., X,}

Which random variable—X y, the first random variable which when observed is the
second largest of those that have been seen, or Xy, the first one that on observation is
the second smallest to have been seen—tends to be larger?

Solution: To calculate the probability density function of Xy, it is natural to
condition on the value of N; so let us start by determining its probability mass
function. Now, if we let

A; ={X; # second largest of X1,..., X;}, i>2
then, for n > 2,
P{N =n}= P(A2A3 .- 'An—lAf,)

Since the X; are independent and identically distributed it follows that, for any
m > 1, knowing the rank ordering of the variables X1, ..., X;, yields no infor-
mation about the set of m values {X1, ..., X,,}. That is, for instance, knowing that
X1 < X3 gives us no information about the values of min(X1, X») or max(X1, X7).
It follows from this that the events A;,i > 2 are independent. Also, since X; is
equally likely to be the largest, or the second largest, ..., or the ith largest of
X1,..., X; it follows that P(A;) = (i — 1)/i,i > 2. Therefore, we see that
123 n—21 1

PIN=mt=-2Z... — =
== T in  n=)

Hence, conditioning on N yields that the probability density function of Xy is as
follows:

o0
1
fxy(x) = Z meNIN(le)
n=2
Now, since the ordering of the variables X1, ..., X, is independent of the set

of values {Xi,..., X,}, it follows that the event {N = n} is independent of



136 Introduction to Probability Models

{X1, ..., X,}. From this, it follows that the conditional distribution of X given
that N = n is equal to the distribution of the second largest from a set of n random
variables having distribution F'. Thus, using the results of Example 2.38 concern-
ing the density function of such a random variable, we obtain

e¢]

1 n!
Jxy )= (F)" 2 f(x)(1 = F(x))
nX:;n(n —1) (n —2)!1!

= f)1 = F(x) Y (F)

i=0

= f(x)

Thus, rather surprisingly, X 5 has the same distribution as X1, namely, F. Also, if
we now let W; = —X;, i > 1, then Wy will be the value of the first W;, which on
observation is the second largest of all those that have been seen. Hence, by the
preceding, it follows that W), has the same distribution as Wy. That is, —X s has
the same distribution as — X, and so X, also has distribution F'! In other words,
whether we stop at the first random variable that is the second largest of all those
presently observed, or we stop at the first one that is the second smallest of all those
presently observed, we will end up with a random variable having distribution F'.

Whereas the preceding result is quite surprising, it is a special case of a general
result known as Ignatov’s theorem, which yields even more surprises. For instance,
fork > 1, let

Ny =min{n > k: X, = kth largest of Xy, ..., X, }

Therefore, N> is what we previously called N, and X, is the first random variable
that upon observation is the kth largest of all those observed up to this point. It can
then be shown by a similar argument as used in the preceding that Xy, has distri-
bution function F for all k (see Exercise 82 at the end of this chapter). In addition,
it can be shown that the random variables Xy, , k > 1 are independent. (A statement
and proof of Ignatov’s theorem in the case of discrete random variables are given in
Section 3.6.6.) [ |

Example 3.31. A population consists of m families. Let X ; denote the size of family

J,and suppose that X1, ..., X;, are independent random variables having the common
probability mass function

o0
pe=PXj=k. Y p=1
k=1

with mean p = ¥;kpi. Suppose a member of the population is randomly chosen, in
that the selection is equally likely to be any of the members of the population, and let
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S; be the event that the selected individual is from a family of size i. Argue that
P(S;) — lﬁas m — 00
m

Solution: A heuristic argument for the preceding formula is that because each
family is of size i with probability p;, it follows that there are approximately mp;
families of size i when m is large. Thus, imp; members of the population come
from a family of size i, implying that the probability that the selected individual is
from a family of size i is approximately Z’% =12

jJmpj 123

For a more formal argument, let N; denote the number of families that are of size i.
That is,

Ni=number{k:k=1,...,m: Xy =i}
Then, conditional on X = (X1, ..., X;»)
i N;

P(SiX) = —=—

Hence,

P(S;) = E[P(Si|X)]

—E|: iN; ]
B ZZLle

_E[ iN;/m ]
B Z?:]Xk/m

Because each family is independently of size i with probability p;, it follows by
the strong law of large numbers that N;/m, the fraction of families that are of
size i, converges to p; as m — 00. Also by the strong law of large numbers,
> i Xx/m — E[X]= p as m — oo. Consequently, with probability 1,

iN;/m ipi

—_ > asm— 00
>y Xi/m M

iNi _ converges to 2 so does its expectation,
> =1 Xk ®

which proves the result. (While it is not always the case that lim,, 00 Vi = ¢
implies that lim;, . o0 E[Y:] = ¢, the implication is true When the Y,,, are uniformly
bounded random variables, and the random variables Z'l"N L % are all between 0
k=1
and 1.) |

Because the random variable

The use of conditioning can also result in a more computationally efficient solution
than a direct calculation. This is illustrated by our next example.

Example 3.32. Consider n independent trials in which each trial results in one of
the outcomes 1, ..., k with respective probabilities py, ..., pk, Zf‘{:l pi = 1. Suppose
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further that n > k, and that we are interested in determining the probability that each
outcome occurs at least once. If we let A; denote the event that outcome i does not
occur in any of the n trials, then the desired probability is 1 — P(Uf:1 A;), and it can
be obtained by using the inclusion—exclusion theorem as follows:

k k
i=1 i=1 i j>i
+ 3 SN PAA A — -+ (DR P(A - A

i Jj>ik>j
where

P(A)=(1-p)"
P(AiAj)) = —pi—p)", i<
PAiAjA) =0 —pi—pj—p)', i<j<k

The difficulty with the preceding solution is that its computation requires the calcula-
tion of 2€ — 1 terms, each of which is a quantity raised to the power n. The preceding
solution is thus computationally inefficient when k is large. Let us now see how to
make use of conditioning to obtain an efficient solution.

To begin, note that if we start by conditioning on N (the number of times that
outcome k occurs) then when Ny > 0 the resulting conditional probability will equal
the probability that all of the outcomes 1, ...,k — 1 occur at least once when n — Ny
trials are performed, and each results in outcome i with probability p;/ ZI;;% Djs
i=1,...,k— 1. We could then use a similar conditioning step on these terms.

To follow through on the preceding idea, let A, ,, for m < n,r <k, denote the
event that each of the outcomes 1, ..., r occurs at least once when m independent trials
are performed, where each trial results in one of the outcomes 1, ..., r with respec-
tive probabilities p{/Ps, ..., pr/ Py, where P, = Z;zlpj. Let P(m,r) = P(An.r)
and note that P (n, k) is the desired probability. To obtain an expression for P (m, r),
condition on the number of times that outcome r occurs. This gives

m j m—j
. m\ (P 14
P(m,r) = E P{A,, |r occurs j times} <J) <F:) <1 — F:)

j=0
m—r+1 j m—j
-y P(m—j,r—1)<”7> <&> (1 —ﬁ>
, J P, P
Jj=1
Starting with

Pm,1)=1, ifm=>1
Pm,1)=0, ifm=0
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we can use the preceding recursion to obtain the quantities P(m,2),m =2,...,n —
(k — 2), and then the quantities P(m,3),m =3,...,n — (k — 3), and so on, up to
P(m,k—1), m=k—1,...,n — 1. At this point we can then use the recursion to
compute P(n, k). It is not difficult to check that the amount of computation needed is
a polynomial function of k, which will be much smaller than 2X when k is large. W

Our next example is concerned with final score probabilities in serve and rally
games such as table tennis, squash, paddle ball, volleyball, and others.

Example 3.33 (Serve and Rally Competitions). Consider a serve and rally competi-
tion involving players A and B. Suppose that each rally that begins with a serve by
player A is won by player A with probability p, and is won by player B with prob-
ability g, = 1 — p,. Furthermore, suppose that each rally that begins with a serve by
player B is won by player A with probability p, and is won by player B with proba-
bility g, = 1 — pp,. Suppose that the winner of the rally earns a point and becomes the
server of the next rally. The competition is decided either when A has won a total of
N points or when B has won a total of M. Given that A serves first, we are interested
in determining the final score probabilities.

The format of this example is used in a variety of serve and rally games, including
international volleyball and American squash, both of which changed from their orig-
inal format which gave service to the winner of the previous rally but only awarded a
point if the winner of a rally was the server. (See Exercise 84 for an analysis of this
latter format.)

Let F denote the final score, with F = (i, j) meaning that A won a total of i points
and B a total of j points. Clearly

P(F=(N,0)=pY, P(F=(0,M)=q.q)"

To determine the other final score probabilities, imagine that A and B continue to play
even after the competition is decided. Define the concept of a “round” by letting the
initial serve of A start the first round and letting a new round begin each time A serves.
Let B; denote the number of points won by B in round i. Note that if the first point of
around is won by A, then that round ends with B winning O points in it. On the other
hand, if B wins the first point in a round then B will continue serving until A wins a
point, showing that the number of points won by B in a round is equal to the number
of times that B serves. Because the number of consecutive serves of B before A wins
a point is geometric with parameter pj, we see that

B — 0, with probability p,
' 7 | Geometric(pp), with probability ¢,

That is,

P(B; =0)=p,
P(Bi =k|B; > 0)=qf ' pp, k>0
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Because a new round begins each time A wins a point, it follows that B; is the
number of points that B wins between the time that A has won i — 1 points until
A has won i points. Consequently, B(n) = > B; is the number of points that B
has won at the moment that A wins its nth point. Noting that the final score will be
(N,m),m < M, if B(N) =m, let us determine P (B(n) =m) for m > 0. To do so, we
condition on the number of By, ..., B, that are positive. Calling this number Y, that
is,

Y = number of i < n such that B; > 0

we obtain

P(B(n)=m)=Y P(B(n)=m|Y =r)P(Y =r)
r=0

= Z P(B(n)=m|Y =r)P(Y =r)
r=1

where the last equality followed since m > 0 and so P(B(n) =m|Y = 0) = 0. Because
each of By, ..., B, is independently positive with probability ¢, it follows that Y, the
number of them that are positive, is binomial with parameters n, g,. Consequently,

P(B(n) =m) = Z} P(B(n) =m|Y =r) (f) iy

Now, if r of the variables By, ..., B, are positive, then B(n) is distributed as the
sum of r independent geometric random variables with parameter pp, which is the
negative binomial distribution of the number of trials until there have been r successes
when each trial is independently a success with probability p,. Hence,

P(B(n)=m|Y =r) = (Z’_‘f) phay”"

where we are using the convention that (;) = 0 if b > a. This gives

P(B)y=m)=Y (;"_‘f) Phay " <’:> 9Py’

r=1
¢ 1 Prda’\
_ m.n m — n a
- (7)) () (55)
r=

Thus, we have shown that

P(F =(N,m)) = P(B(N) =m)
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_ Pb4a "
=i () () () om e

To determine the probability that the final score will be (n, M),0 <n < N, we
condition on the number of wins that B has at the moment that A wins its nth game to
obtain

P(F=(n,M))=)_ P(F=(n,M)|B(n)=m)P(B(n) =m)
m=0

M—1
=Y P(F=(n,M)|B(n)=m)P(B(n)=m)

m=0

Now, given that B has m < M points at the moment that A wins its nth point, in
order for the final score to be (n, M) B must win the next point with A serving and

must then win the final M — m — 1 points on its serve. Hence, P(F = (n, M)|B(n) =
M—-m—1

m) = qaq, , giving that
M—1

P(F=(M)= ) qaq) " ' P(B(n)=m)
m=0

M—1
=qaq) ' Ph+ D qaqy’ " P(B(n) = m)

m=1

M—-1 n pbq r
M—1 n a
s | e D2 () () () |
m=1r=1 4 ! 4bPa
O<n<N |

As noted previously, conditional expectations given that Y = y are exactly the same
as ordinary expectations except that all probabilities are computed conditional on the
event that Y = y. As such, conditional expectations satisfy all the properties of ordi-
nary expectations. For instance, the analog of

ZE[X|W=w]P{W=w}, if W is discrete
EX]=1{ %
/ E[X|W =w]fw(w) dw, if W is continuous
w
is
E[X|Y =y]
ZE[XlW:w,Y:y]P{W=w|Y=y}, if W is discrete

/ E[X|W=w,Y =yl fwyyWwly) dw, if W is continuous
w
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If E[X|Y, W] is defined to be that function of Y and W that, when Y = y,and W = w,
is equal to E[X|Y =y, W = w], then the preceding can be written as

E[X|Y]=E[E[X|Y, W]|Y]

Example 3.34. An automobile insurance company classifies each of its policyholders
as being of one of the types i =1, ..., k. It supposes that the numbers of accidents
that a type i policyholder has in successive years are independent Poisson random
variables with mean Ai,i =1, ..., k. The probability that a newly insured policyholder
istype i is p;, Zl (1 pi=1 leen that a policyholder had n accidents in her first year,
what is the expected number that she has in her second year? What is the conditional
probability that she has m accidents in her second year?

Solution: Let N; denote the number of accidents the policyholder has in year
i,i =1,2.To obtain E[N3|N1 = n], condition on her risk type 7.

k
E[No Ny =nl=) E[Na|T = j, Ny =nlP{T = jIN =n}
j=1

k
= ZE[Nle = j1P{T = jIN1 =n}

=~

=Y X P{T = jIN| =n}
j=1

k —Ajyn+l

_ D€ AT p;
k —Xiyn .
dj—1€ INp;

where the final equality used that

P(T = j.Ni =n}
P{N; =n}
_ P{N=n|T =j}P(T = j}
Yk PNy =n|T = j}P{T = j}
B pje_’\fk’}/n!
k .
> i1 pje Afk;?/n!

The conditional probability that the policyholder has m accidents in year 2 given
that she had » in year 1 can also be obtained by conditioning on her type.

P(T = jINy =n} =

k
P{Ny=m|Ni=n}=)Y P{Ny=m|T = j, Ny =n}P{T = j|N1 =n)
j=1
k A

=) e —’ T = jINy =n}

j=1
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k —2x;ym4n
e A pj

k .
mly e )i
Another way to calculate P{N, = m|Nj = n} is first to write

P{N, =m, N| =n}
P{N| =n}

P{N=m|Ny=n}=

and then determine both the numerator and denominator by conditioning on 7. This
yields

k .
ijlP{szm,N1=n|T=]}pj
k .
> =1 PIN1=n|T = j}p;

k A A
DY e D
X N
dj=t1€ P

k —2A;ym+n .
Y1 A pj

P{N,=m|N1 =n}=

= k —Aiqn u
mlyi_je INipj
3.6 Some Applications
3.6.1 A List Model
Consider n elements—ey, e, ..., e,—that are initially arranged in some ordered list.

At each unit of time a request is made for one of these elements—e; being requested,
independently of the past, with probability P;. After being requested the element is
then moved to the front of the list. That is, for instance, if the present ordering is
e1, €2, e3, e4 and e3 is requested, then the next ordering is e3, e1, e2, ea.

We are interested in determining the expected position of the element requested
after this process has been in operation for a long time. However, before computing
this expectation, let us note two possible applications of this model. In the first we
have a stack of reference books. At each unit of time a book is randomly selected and
is then returned to the top of the stack. In the second application we have a computer
receiving requests for elements stored in its memory. The request probabilities for the
elements may not be known, so to reduce the average time it takes the computer to
locate the element requested (which is proportional to the position of the requested
element if the computer locates the element by starting at the beginning and then
going down the list), the computer is programmed to replace the requested element at
the beginning of the list.

To compute the expected position of the element requested, we start by condition-
ing on which element is selected. This yields
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E[ position of element requested ]
n
= Z E[ position|e; is selected ] P;

i=1

n
= Z E[ position of ¢;|e; is selected | P;

i=1

n
= Z E[ position of ¢; | P; (3.15)

i=1

where the final equality used that the position of ¢; and the event that ¢; is selected are
independent because, regardless of its position, ¢; is selected with probability P;.
Now,

position of ¢; =1 + Z I;

J#i
where
I {1, if e; precedes e¢;
J 0, otherwise
and so,

E[ position of ¢; ] =1+ Z El[I}]
J#i
=1+ ) Pfe; precedes e;} (3.16)
J#i
To compute P{e; precedes e;}, note that e; will precede e; if the most recent request

for either of them was for e;. But given that a request is for either ¢; or e}, the proba-
bility that it is for e; is

{e;l } /
Pleilejore;} =
ng / P1+P]
and, thus,
P{ d } = J
e; precedes ¢; | =
j P ! P,'—i-Pj

Hence, from Egs. (3.15) and (3.16) we see that

n
P.
E{position of element requested} = 1 + Z P; Z /
i=1  j#i
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Figure 3.1 A graph.

This list model will be further analyzed in Section 4.8, where we will assume a dif-
ferent reordering rule—namely, that the element requested is moved one closer to the
front of the list as opposed to being moved to the front of the list as assumed here.
We will show there that the average position of the requested element is less under the
one-closer rule than it is under the front-of-the-line rule.

3.6.2 A Random Graph

A graph consists of a set V of elements called nodes and a set A of pairs of ele-
ments of V called arcs. A graph can be represented graphically by drawing circles for
nodes and drawing lines between nodes i and j whenever (7, j) is an arc. For instance
if V={1,2,3,4}and A = {(1,2),(1,4),(2,3),(1,2), (3,3)}, then we can represent
this graph as shown in Fig. 3.1. Note that the arcs have no direction (a graph in which
the arcs are ordered pairs of nodes is called a directed graph); and that in the figure
there are multiple arcs connecting nodes 1 and 2, and a self-arc (called a self-loop)
from node 3 to itself.

We say that there exists a path from node i to node j, i # j, if there exists a
sequence of nodes i,iy, ..., i, j such that (i,i1), (i,i2), ..., (ix, j) are all arcs. If

there is a path between each of the (Z) distinct pair of nodes we say that the graph is

connected. The graph in Fig. 3.1 is connected but the graph in Fig. 3.2 is not. Consider
now the following graph where V ={1,2,...,n} and A ={(i, X({@)),i =1,...,n}
where the X (i) are independent random variables such that

1
PIX()=jl=-, j=L2,....n
n

In other words from each node i we select at random one of the n nodes (including
possibly the node i itself) and then join node i and the selected node with an arc. Such
a graph is commonly referred to as a random graph.

We are interested in determining the probability that the random graph so obtained
is connected. As a prelude, starting at some node—say, node 1—Iet us follow the
sequence of nodes, 1, X (1), X2(1), ..., where X" (1) = X (X"~!(1)); and define N to
equal the first k such that X k(1) is not a new node. In other words,

N = Ist k such that X*(1) € {1, X (1), ..., X*"1(1)}
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We can represent this as shown in Fig. 3.3 where the arc from X~ ~!(1) goes back to
a node previously visited.

To obtain the probability that the graph is connected we first condition on N to
obtain

Figure 3.2 A disconnected graph.

XN-1(1)

0

Figure 3.3

n
P{graph is connected} = Z P{connected| N =k} P{N =k} 3.17)
k=1

Now, given that N =k, the k nodes 1, X (1), ..., Xk-1 (1) are connected to each other,
and there are no other arcs emanating out of these nodes. In other words, if we re-
gard these k nodes as being one supernode, the situation is the same as if we had one
supernode and n — k ordinary nodes with arcs emanating from the ordinary nodes—
each arc going into the supernode with probability k/n. The solution in this situation
is obtained from Lemma 3.1 by taking r =n — k.

Lemma 3.1. Given a random graph consisting of nodes 0,1, ...,r and r arcs—
namely, (i,Y;),i =1,...,r, where

1
j ith probability ——, j=1,...,
Jj wi proalltyr_'_k J r
k
0 ith probability ——
wi proalltyr_'_k

then

P hi ted} = ——
{graph is connected} p
(In other words, for the preceding graph there are » + 1 nodes—r ordinary nodes
and one supernode. Out of each ordinary node an arc is chosen. The arc goes to the
supernode with probability k/(r + k) and to each of the ordinary ones with probability
1/(r + k). There is no arc emanating out of the supernode.)
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O
Osr—i
O

Figure 3.4 The situation given that i of the r arcs are into the supernode.

Proof. The proof is by induction on r. As it is true when » = 1 for any k, assume it true
for all values less than . Now, in the case under consideration, let us first condition
on the number of arcs (j, Y;) for which Y¥; = 0. This yields

P{connected}
i (r) k i r r—i
= P{connected|i of the Y; =0} { . ( ) < ) (3.18)
= i r+k r+k

Now, given that exactly i of the arcs are into the supernode (see Fig. 3.4), the situation
for the remaining r — i arcs which do not go into the supernode is the same as if
we had » — i ordinary nodes and one supernode with an arc going out of each of the
ordinary nodes—into the supernode with probability i /r and into each ordinary node
with probability 1/r. But by the induction hypothesis the probability that this would
lead to a connected graphisi/r.

Hence,

P{connected|i of the Y; =0} = !
: r

and from Eq. (3.18)

P{connected} = Z l; (:) (r_]:_k> (V—:k) _

i=0

1
=-F |:bin0mial <r, L):|
r r+k
. k
T r+k

which completes the proof of the lemma. ]

Hence, as the situation given N =k is exactly as described by Lemma 3.1 when
r =n — k, we see that, for the original graph,
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k
P{graph is connected|N =k} = —
n

and, from Eq. (3.17),

E(N
P{graph is connected} = EW) (3.19)
n

To compute E(N) we use the identity

E(N) = Z P{N >i}

i=1
which can be proved by defining indicator variables I;,i > 1, by

L[ <N
Y700, ifi>N

Hence,
o0
N=>"I
i=1
and so

E(N):E|:

gk
o~
| |

=Y P(N>i} (3.20)

Now, the event {N > i} occurs if the nodes 1, X(1),..., X'~1(1) are all distinct.
Hence,

P{Nzi}:(n—l) (n=2) (—i+1)
n n n
(=1
T (m=Dni-t

and so, from Egs. (3.19) and (3.20),

P{graph is connected} = (n — 1)! En S —
grap - = (il
-1
(n— 1! — n’ . .
— pr E 7 (byj=n—1i) (3.2D)

j=0 "
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We can also use Eq. (3.21) to obtain a simple approximate expression for the prob-
ability that the graph is connected when n is large. To do so, we first note that if X is
a Poisson random variable with mean n, then

n—1
n]

P X<n}=e ") —
— !
Jj=0

Since a Poisson random variable with mean n can be regarded as being the sum of n
independent Poisson random variables each with mean 1, it follows from the central
limit theorem that for n large such a random variable has approximately a normal
distribution and as such has probability % of being less than its mean. That is, for n
large,

P{X<n}“’%

and so for n large,

Hence, from Eq. (3.21), for n large,

e"(n—1)!

P{graph is connected} ~ o
n

By employing an approximation due to Stirling that states that for n large,
nl~n"t2e 25

we see that, for n large,

: 7T n—1\"
P{graph is connected} ~ ﬁe
n— n

and as

. n—1\"_ NN
lim =lm|]l1——-) =e
n—o00 n n—o0o n

we see that, for n large,

T

P{graph is connected} ~ TR
n—
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@ ®

Figure 3.5 A graph having three connected components.

Now a graph is said to consist of r connected components if its nodes can be par-
titioned into r subsets so that each of the subsets is connected and there are no arcs
between nodes in different subsets. For instance, the graph in Fig. 3.5 consists of three
connected components—namely, {1, 2, 3}, {4, 5}, and {6}. Let C denote the number
of connected components of our random graph and let

P,(i) = P{C =i}

where we use the notation P, (i) to make explicit the dependence on n, the number
of nodes. Since a connected graph is by definition a graph consisting of exactly one
component, from Eq. (3.21) we have

P,(1) = P{C =1}

=

n" —'
=07

(3.22)

To obtain P,(2), the probability of exactly two components, let us first fix attention on
some particular node—say, node 1. In order that a given set of k — 1 other nodes—say,
nodes 2, ..., k—will along with node 1 constitute one connected component, and the
remaining n — k a second connected component, we must have

) X@)ef{l1,2,...,k},foralli=1,... k.

(i) X@)efk+1,...,n},foralli=k+1,...,n.
(iii) The nodes 1,2, ..., k form a connected subgraph.
(iv) Thenodes k + 1,..., n form a connected subgraph.

The probability of the preceding occurring is clearly

KNS (n—k\"*
(—) ( ) Pr(1) Py (1)
n n

n—1
k—1

and because there are ( ) ways of choosing a set of k — 1 nodes from the nodes 2

through 7, we have

n—1 k n—k
-1 k —k
1%@)=§:<Z_1>(;) (”n ) Pe(D) Pyi(1)

k=1
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Figure 3.6 A cycle.

and so P,(2) can be computed from Eq. (3.22). In general, the recursive formula for
P, (i) is given by

n—i+1 k n—k
-1 k —k
Py =Y <Z_1>(;) ("n ) Pe(D) Puci (i — 1)

k=1

To compute E[C], the expected number of connected components, first note that every
connected component of our random graph must contain exactly one cycle (a cy-
cle is a set of arcs of the form (i, i1), (i1, i2), ..., (ik—1, ix), (ix, i) for distinct nodes
i,i1,...,ix). For example, Fig. 3.6 depicts a cycle.

The fact that every connected component of our random graph must contain exactly
one cycle is most easily proved by noting that if the connected component consists of r
nodes, then it must also have r arcs and, hence, must contain exactly one cycle (why?).
Thus, we see that

E[C] = E[number of cycles]
=E [Z 1(5)}
S

=Y E[(S)]
S

where the sum is over all subsets S C {1,2,...,n} and

1(S) = 1, if the nodes in S are all the nodes of a cycle
10, otherwise

Now, if S consists of k nodes, say 1, ..., k, then

E[I(S)]= P{1,X(1),..., X*1(1) are all distinct and contained in
l,....,kand X*(1) =1}

k—1k—2 11 (k=1)!
..... ===

n n nn n
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n

Hence, because there are ( X

) subsets of size k we see that

- k—1)!
E[C]=Z<Z>(,14k)

k=1

3.6.3 Uniform Priors, Polya’s Urn Model, and Bose-Einstein
Statistics

Suppose that n independent trials, each of which is a success with probability p, are
performed. If we let X denote the total number of successes, then X is a binomial
random variable such that

n

P{X =k|p}= (k

)Pk(l—p)”_k, k=0.1,....n

However, let us now suppose that whereas the trials all have the same success probabil-
ity p, its value is not predetermined but is chosen according to a uniform distribution
on (0, 1). (For instance, a coin may be chosen at random from a huge bin of coins
representing a uniform spread over all possible values of p, the coin’s probability of
coming up heads. The chosen coin is then flipped n times.) In this case, by condition-
ing on the actual value of p, we have

1
PX =K =/0 P{X = k|p}f(p) dp

Lin k n—k
=/ i p(1—p)'~"dp
0

Now, it can be shown that

1 _ k!(n —k)!
k 1— p)" kd — 3.23
/Op( py'tdp ==, (3-23)
and thus
PIX = k] = <n>k!(n—k)!
k) (n+1)!
1

=T k=0,1,...,n (3.24)

In other words, each of the n 4 1 possible values of X is equally likely.

As an alternate way of describing the preceding experiment, let us compute the
conditional probability that the (r 4 1)st trial will result in a success given a total of k
successes (and r — k failures) in the first r trials.
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P{(r + 1)st trial is a success|k successes in first r}

P{(r + 1)stis a success, k successes in first r trials}

P{k successes in first r trials}
) P{(r + Dystis a success, k in first 7| p} dp
B o+ D

1
=+ 1)/ (’) P —pyrdp
o \k

_ r\ (k+ D!(r —k)!
—(r+1)<k>—(r+2)! by Eq. (3.23)

_k+1
T r42

(3.25)

That is, if the first r trials result in k successes, then the next trial will be a success
with probability (k + 1)/(r + 2).

It follows from Eq. (3.25) that an alternative description of the stochastic process of
the successive outcomes of the trials can be described as follows: There is an urn that
initially contains one white and one black ball. At each stage a ball is randomly drawn
and is then replaced along with another ball of the same color. Thus, for instance, if
of the first r balls drawn, k were white, then the urn at the time of the (» + 1)th draw
would consist of kK + 1 white and » — k + 1 black, and thus the next ball would be
white with probability (k + 1)/(r + 2). If we identify the drawing of a white ball with
a successful trial, then we see that this yields an alternate description of the original
model. This latter urn model is called Polya’s urn model.

Remarks. (i) In the special case when k = r, Eq. (3.25) is sometimes called
Laplace’s rule of succession, after the French mathematician Pierre de Laplace.
In Laplace’s era, this “rule” provoked much controversy, for people attempted to
employ it in diverse situations where its validity was questionable. For instance,
it was used to justify such propositions as “If you have dined twice at a restaurant
and both meals were good, then the next meal also will be good with probability
%,” and “Since the sun has risen the past 1,826,213 days, so will it rise tomorrow
with probability 1,826,214/1,826,215.” The trouble with such claims resides in
the fact that it is not at all clear the situation they are describing can be modeled
as consisting of independent trials having a common probability of success that
is itself uniformly chosen.

(i) In the original description of the experiment, we referred to the successive tri-
als as being independent, and in fact they are independent when the success
probability is known. However, when p is regarded as a random variable, the
successive outcomes are no longer independent because knowing whether an
outcome is a success or not gives us some information about p, which in turn
yields information about the other outcomes.

The preceding can be generalized to situations in which each trial has more than

two possible outcomes. Suppose that n independent trials, each resulting in one of m

possible outcomes 1, ..., m, with respective probabilities py, ..., p,, are performed. If
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we let X; denote the number of type i outcomes that result in the n trials, i =1, ..., m,
then the vector X1, ..., X,, will have the multinomial distribution given by

n!
P{Xy=x1, X2 =22, X = Xm|P} = ————pi' py - pi
xp!eeox!

where x1,...,x, is any vector of nonnegative integers that sum to n. Now let us
suppose that the vector p = (p1, ..., pm) is not specified, but instead is chosen by a
“uniform” distribution. Such a distribution would be of the form

e, 0<pi<tlii=1,....m, Y 'pi=1
fprs-os pm) = {0, otherwise

The preceding multivariate distribution is a special case of what is known as the
Dirichlet distribution, and it is not difficult to show, using the fact that the distribution
must integrate to 1, that c = (m — 1)!.

The unconditional distribution of the vector X is given by

P{Xi=x,..., m—xm}—// /P{Xl—xl,... X =Xm|P1s-s Pm}

m—l)‘n‘ B
X fprs-spm)dpy s dpm =" // / e Pydpy - dpm

0<p; <1
T pi=1
Now it can be shown that
X1 N xp!eeoxp!
e pmdpy - odp,, = 3.26
P @P1 P (Z'lnxi—i—m—l)! (3.26)
0<p; <1
X pi=1
and thus, using the fact that Z’{’xi =n, we see that
P(X X n!(m —1)!
= X . . = X = —m----—ae
1 1 m m (n+m— 1!
-1
n+m—1
= < m— 1 ) (3.27)

n+m— 1)

Hence, all of the ("#" ") possible outcomes (there are (") possible nonnega-

tive integer valued solutions of xj + --- + x;,, = n) of the vector (Xq,..., X;) are
equally likely. The probability distribution given by Eq. (3.27) is sometimes called the
Bose—FEinstein distribution.

To obtain an alternative description of the foregoing, let us compute the conditional
probability that the (n 4 1)st outcome is of type j if the first n trials have resulted in
x; type i outcomes, i = 1,...,m, Y |'x; =n. This is given by

P{(n+ 1)stis jlx; type i infirstn,i =1,...,m}
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_ P{(n+ 1)stis j,x; typeiinfirstn,i =1,..., m}

P{x; typeiinfirstn,i=1,...,m}

n'<m - 1>' "
// / : X/ : P,ﬁ,mdpl - dpm
n+m—1 !
m—1
where the numerator is obtained by conditioning on the p vector and the denominator
is obtained by using Eq. (3.27). By Eq. (3.26), we have

P{(n+ D)stis jlx; typei infirstn,i =1,...,m}
(xj + Dnl(m — 1!
(n+m)!
(m—1)'n!
n+m-—1)!
_xtl (3.28)

n—+m

Using Eq. (3.28), we can now present an urn model description of the stochastic pro-
cess of successive outcomes. Namely, consider an urn that initially contains one of
each of m types of balls. Balls are then randomly drawn and are replaced along with
another of the same type. Hence, if in the first n drawings there have been a total of
xj type j balls drawn, then the urn immediately before the (n + 1)st draw will contain
xj + 1 type j balls out of a total of m + n, and so the probability of a type j on the
(n + 1)st draw will be given by Eq. (3.28).

Remark. Consider a situation where n particles are to be distributed at random among
m possible regions; and suppose that the regions appear, at least before the experiment,
to have the same physical characteristics. It would thus seem that the most likely dis-
tribution for the number of particles that fall into each of the regions is the multinomial
distribution with p; = 1/m. (This, of course, would correspond to each particle, inde-
pendent of the others, being equally likely to fall in any of the m regions.) Physicists
studying how particles distribute themselves observed the behavior of such particles
as photons and atoms containing an even number of elementary particles. However,
when they studied the resulting data, they were amazed to discover that the observed
frequencies did not follow the multinomial distribution but rather seemed to follow
the Bose—FEinstein distribution. They were amazed because they could not imagine a
physical model for the distribution of particles that would result in all possible out-
comes being equally likely. (For instance, if 10 particles are to distribute themselves
between two regions, it hardly seems reasonable that it is just as likely that both re-
gions will contain 5 particles as it is that all 10 will fall in region 1 or that all 10 will
fall in region 2.)

However, from the results of this section we now have a better understanding of the
cause of the physicists’ dilemma. In fact, two possible hypotheses present themselves.
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First, it may be that the data gathered by the physicists were actually obtained under
a variety of different situations, each having its own characteristic p vector that gave
rise to a uniform spread over all possible p vectors. A second possibility (suggested by
the urn model interpretation) is that the particles select their regions sequentially and a
given particle’s probability of falling in a region is roughly proportional to the fraction
of the landed particles that are in that region. (In other words, the particles presently
in a region provide an “attractive” force on elements that have not yet landed.)

3.6.4 Mean Time for Patterns

Let X = (X1, X», ...) be asequence of independent and identically distributed discrete
random variables such that

pi = P{X; =i}

For a given subsequence, or pattern, iy, ...,i, let T = T(i1,...,i,) denote the
number of random variables that we need to observe until the pattern appears.
For instance, if the subsequence of interest is 3,5,1 and the sequence is X =
(5,3,1,3,5,3,5,1,6,2,...) then T = 8. We want to determine E[T].

To begin, let us consider whether the pattern has an overlap, where we say that the
pattern iy, i, ..., i, has an overlap if for some k, 1 < k < n, the sequence of its final
k elements is the same as that of its first £ elements. That is, it has an overlap if for
some 1 <k <n,

(in—k+17-"’in)z(i17~"7ik)7 k<n
For instance, the pattern 3, 5, 1 has no overlaps, whereas the pattern 3, 3, 3 does.

Case 1. The pattern has no overlaps.
In this case we will argue that T will equal j + n if and only if the pattern does not

occur within the first j values, and the next n values are iy, ..., i,.
That is,
T=j+ne({T>j Xjr1,...., Xjpn) =01, ...,0n)} (3.29)

To verify (3.29), note first that T = j + n clearly implies both that 7 > j and that
(Xj+1, ..., Xjyn) = (i1, ..., in). On the other hand, suppose that

T>j and (Xji1so.os Xjn) = (i1s.rnrin) (3.30)

Let k < n. Because (i1, ..., k) # (in—k+1,---,in), it follows that T # j 4+ k. But
(3.30) implies that T < j + n, so we can conclude that T = j 4+ n. Thus we have
verified (3.29).

Using (3.29), we see that

P{T=j4+n=P{T>j,(Xjs1.... Xjin) = i1+, in)}
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However, whether T > j is determined by the values X1, ..., X;, and is thus inde-
pendentof X;41,..., X1,. Consequently,
P{T=j+n}=P{T>j}P{(Xjt+1,..., Xjrn) = ({1, -, in)}
=P(T > jip

where
P = Di Pi, " Di,

Summing both sides of the preceding over all j yields

1=> P(T=j+n}=p)Y P(T>j}=pE[T]
j=0 Jj=0

or
1
E[T]=—
p

Case 2. The pattern has overlaps.

For patterns having overlaps there is a simple trick that will enable us to obtain
E[T] by making use of the result for nonoverlapping patterns. To make the analy-
sis more transparent, consider a specific pattern, say P = (3,5,1,3,5). Let x be a
value that does not appear in the pattern, and let 7, denote the time until the pattern
P, =(3,5,1,3,5, x) appears. That is, Ty is the time of occurrence of the new pattern
that puts x at the end of the original pattern. Because x did not appear in the original
pattern it follows that the new pattern has no overlaps; thus,

ElT,] =

X

where p = ]_[;'-=1 pi; = p% pg p1. Because the new pattern can occur only after the
original one, write

T,=T+A

where T is the time at which the pattern P = (3,5, 1,3,5) occurs, and A is the
additional time after the occurrence of the pattern P until P, occurs. Also, let
E[Tyli1,...ir] denote the expected additional time after time r until the pattern P,
appears given that the first r data values are iy, ..., .. Conditioning on X, the next
data value after the occurrence of the pattern (3, 5, 1, 3, 5), gives

1+ E[Ty|3,5,1], ifi=1
1+ E[Ty]3], ifi=3
1, ifi=x
14+ E[T,], if i £1,3,x

E[AIX =i]=
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Therefore,

E[T ]= E[T]+ E[A]
= E[T]+ 1+ E[T}|3,5, 1]1p1 + E[T%|3]p3

+ E[Tx](1 = p1 = p3 = px) (3.31)
But
E[T\]=E[T@3,5, D]+ E[T3,5,1]
giving
E[T\|3,5,11=E[T:]— E[T(3,5,1)]
Similarly,

E[T|3]1 = E[Tx] — E[T(3)]
Substituting back into Eq. (3.31) gives
PxE[T )= E[T]1+1—pE[T3,5, D] - p3E[T(3)]

But, by the result in the nonoverlapping case,
1 1
E[T(3,5,1)]=——, E[TQ)]=—
p3psP1 P3

yielding the result

E[T)= poEIT, ]+ —— =4
P3ps p p3ps
For another illustration of the technique, let us reconsider Example 3.15, which is
concerned with finding the expected time until n consecutive successes occur in inde-
pendent Bernoulli trials. That is, we want E[T], when the patternis P= (1,1, ..., 1).
Then, with x # 1 we consider the nonoverlapping pattern P, = (1, ..., 1, x), and let
T, be its occurrence time. With A and X as previously defined, we have

1+ E[A], ifi=1
E[AIX =i]= 11, ifi=x
1+ E[T], ifi#1,x

Therefore,
E[A] =1+ E[Alp1 + E[T:]1(1 — p1 — px)
or

1 1—p1—
ElAl={— +E[Tx]1p_7pl”"



Conditional Probability and Conditional Expectation 159

Consequently,

E[T]= E[T;] — E[A]

_ pr[Tx] -1

 l-p

_d/p)" -1

- 1-p
where the final equality used that E[T] = ﬁ

The mean occurrence time of any overlapping pattern P = (i1, ..., i,) can be ob-

tained by the preceding method. Namely, let 7, be the time until the nonoverlapping
pattern P, = (iy, ..., iy, x) occurs; then use the identity

E[T.] = E[T] + E[A]

torelate E[T] and E[T,] = pL; then condition on the next data value after P occurs
. . X . .- .
to obtain an expression for E[A] in terms of quantities of the form

E[T:liv, ... iy = E[T:] — E[T (i1, . .., iy)]

If (i,...,i;) 1is nonoverlapping, use the nonoverlapping result to obtain
E[T (i1, ...,i,)]; otherwise, repeat the process on the subpattern (i1, ..., i;).
Remark. We can utilize the preceding technique even when the pattern iy, ..., i,

includes all the distinct data values. For instance, in coin tossing the pattern of interest
might be 4, ¢, h. Even in such cases, we should let x be a data value that is not in the
pattern and use the preceding technique (even though p, = 0). Because p, will appear
only in the final answer in the expression p, E[Ty] = p’; )‘p , by interpreting this fraction
as 1/p we obtain the correct answer. (A rigorous approach, yielding the same result,
would be to reduce one of the positive p; by €, take p, = €, solve for E[T], and then
lete goto0.) ]

3.6.5 The k-Record Values of Discrete Random Variables

Let X1, X5, ... be independent and identically distributed random variables whose
set of possible values is the positive integers, and let P{X = j}, j > 1, denote their
common probability mass function. Suppose that these random variables are observed
in sequence, and say that X, is a k-record value if

X; > X, forexactly k of the values i, i =1,...,n

That is, the nth value in the sequence is a k-record value if exactly k of the first n
values (including X,,) are at least as large as it. Let Ry denote the ordered set of
k-record values.

It is a rather surprising result that not only do the sequences of k-record values have
the same probability distributions for all k, these sequences are also independent of
each other. This result is known as Ignatov’s theorem.
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Theorem 3.1 (Ignatov’s Theorem). Ry, k > 1, are independent and identically dis-
tributed random vectors.

Proof. Define a series of subsequences of the data sequence X1, X», ... by letting the
ith subsequence consist of all data values that are at least as large as i,i > 1. For
instance, if the data sequence is

2,5,1,6,9,8,3,4,1,5,7,8,2,1,3,4,2,5,6,1, ...
then the subsequences are as follows:

>1: 2,51,69,8,3,4,1,5,7,8,2,1,3,4,2,5,6, 1, ...
>2: 2,5,6,9,8,3,4,5,7,8,2,3,4,2,5,6, ...
>3: 5,6,9,8,3,4,5,7,8,3,4,5,6, ...

and so on.

Let X ; be the jth element of subsequence i. That is, X is the jth data value that is
at least as large as i. An important observation is that i is a k-record value if and only
if X ;{ =i. That is, i will be a k-record value if and only if the kth value to be at least
as large as i is equal to i. (For instance, for the preceding data, since the fifth value to
be at least as large as 3 is equal to 3 it follows that 3 is a five-record value.) Now, it is
not difficult to see that, independent of which values in the first subsequence are equal
to 1, the values in the second subsequence are independent and identically distributed
according to the mass function

P{value in second subsequence = j} = P{X =j|X =22}, j=>=2

Similarly, independent of which values in the first subsequence are equal to 1 and
which values in the second subsequence are equal to 2, the values in the third subse-
quence are independent and identically distributed according to the mass function

P{value in third subsequence = j} = P{X = j|X >3}, j=>3

and so on. It therefore follows that the events {X ’] =i},i 21, j > 1, are independent
and

P{i is a k-record value} = P{X}; =i}=P{X=ilX>i}

It now follows from the independence of the events {X ,‘< =1i},i > 1, and the fact that
P{i is a k-record value} does not depend on k, that Ry has the same distribution for
all k > 1. In addition, it follows from the independence of the events {X ,’( = 1}, that
the random vectors Ry, k > 1, are also independent. [ ]

Suppose now that the X;, i > 1 are independent finite-valued random variables with
probability mass function

pi=P{X=i}, i=1,....m
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and let

T =min{n : X; > X,, for exactly k of the values i,i =1, ..., n}
denote the first k-record index. We will now determine its mean.
Proposition 3.2. Let ; = p;/ Y_/_; pj, i =1,...,m. Then

m—1

E[T]=k+(k—1)ZAi

i=1

Proof. To begin, suppose that the observed random variables X, X», ... take on one
of the values i,i + 1, ..., m with respective probabilities

Pj

PX=j)=—"L —,
pi+-+ pm

j=i,...,m

Let 7; denote the first k-record index when the observed data have the preceding mass
function, and note that since the each data value is at least i it follows that the k-record
value will equal i, and 7; will equal k, if X; =i. As a result,

E[Ti|Xk=il=k

On the other hand, if X > i then the k-record value will exceed i, and so all data
values equal to i can be disregarded when searching for the k-record value. In addition,
since each data value greater than i will have probability mass function
PIX=jlX>iy)=—2P1 i —itl....m
Pi+1t+ Pm

it follows that the total number of data values greater than i that need be observed until
a k-record value appears has the same distribution as 7;11. Hence,

E[Ti| Xk > i] = E[Ti41 + Ni| Xk > i]

where T4 is the total number of variables greater than i that we need observe to
obtain a k-record, and N; is the number of values equal to i that are observed in that
time. Now, given that X; > i and that T;41 = n (n > k) it follows that the time to
observe T;4 values greater than i has the same distribution as the number of trials to
obtain n successes given that trial k is a success and that each trial is independently a
success with probability 1 — p;/ jziPj= 1 — A;. Thus, since the number of trials
needed to obtain a success is a geometric random variable with mean 1/(1 — A;), we
see that

Tiv1—1 Tig1—A
1—A; o 1—A;

E[Ti|Tiy1, Xk >i]l=1+
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Taking expectations gives

Tig1— A

E[T:| Xk >i]=E[ -y

E[T; — A
X >il|= [ l+1] i
1—A;

Thus, upon conditioning on whether X; =i, we obtain

E[T;1=E[T;| X =ilA; + E[T;| X > i]1(1 = X;)
=k —DAr; + E[T; 1]

Starting with E[T,,] = k, the preceding gives

E[Tn-1]1=(k = DApm—1 +k
E[Ty2]= (k - 1))\m—Z + (k — DAp—1 + k

m—1
=(k—1) > xj+k
j=m-=2
m—1
ElTy-3]= (k= Dins+ (k=1 Y &j+k
j=m-=2
m—1
=(k—1) > xj+k
j=m-=3
In general,
m—1
ElT]=(k=1)) rj+k
j=i
and the result follows since 7' = T}. [ |

3.6.6 Left Skip Free Random Walks

Let X;,i > 1 be independent and identically distributed random variables. Let P; =
P(X; = j) and suppose that

That is, the possible values of the X; are —1,0, 1, .... If we take

n
So=0. Sy=)_ X
i=l
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then the sequence of random variables S,,, n > 0 is called a left skip free random walk.
(It is called left skip free because S, can decrease from S, _1 by at most 1.)

For an application consider a gambler who makes a sequence of identical bets, for
which he can lose at most 1 on each bet. Then if X; represents the gambler’s winnings
on bet i, then S, would represent his total winnings after the first n bets.

Suppose that the gambler is playing in an unfair game, in the sense that E[X;] <O,
and let v = —E[X;]. Also, let Ty = 0, and for k > 0, let 7_; denote the number of bets
until the gambler is losing k. That is,

T_x =min{n : S, = —k}

It should be noted that 7_; < oo; that is, the random walk will eventually hit —k. This
is so because, by the strong law of large numbers, S,/n — E[X;] < 0, which implies
that S, - —oo. We are interested in determining E[7_;] and Var(7_y). (It can be
shown that both are finite when E[X;] < 0.)

The key to the analysis is to note that the number of bets until one’s fortune de-
creases by k can be expressed as the number of bets until it decreases by 1 (namely,
T-1), plus the additional number of bets after the decrease is 1 until the total decrease
is 2 (namely, T_, — T_1), plus the additional number of bets after the decrease is 2
until it is 3 (namely, 7_3 — T_»), and so on. That is,

k

Toe=To+) (T —T-G-n)
j=2

However, because the results of all bets are independent and identically distributed, it
follows that T_y,T_» — T_1,T_3 — T_3, ..., T_y — T_—1) are all independent and
identically distributed. (That is, starting at any instant, the number of additional bets
until the gambler’s fortune is one less than it is at that instant is independent of prior
results and has the same distribution as 7_1.) Consequently, the mean and variance of
T_}, the sum of these k random variables, are

E[T_]=kE[T_]
and
Var(T_;) = kVar(T_1)

We now compute the mean and variance of 7_; by conditioning on X1, the result
of the initial bet. Now, given X, 7_; is equal to 1 plus the number of bets it takes
until the gambler’s fortune decreases by X + 1 from what it is after the initial bet.
Consequently, given X, T_; has the same distribution as 1 4+ 7_(x, +1). Hence,

E[T_1|X1]=1+ E[T-x,+n] =1+ (X1 + DE[T-]
Var(T_1|X1) = Var(T_x,+1)) = (X1 + 1) Var(T-;)
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Consequently,

E[T_\]=E[E[T-1|X1]] =1+ (—v+ DE[T_]

or
1
E[T_1]=-
v
which shows that
k
E[T_i]=—- (3.32)
v

Similarly, with o2 = Var(X1), the conditional variance formula yields

Var(T_1) = E[(X1 + 1)Var(T_1)] + Var(X| E[T_])

= (1 — v)Var(T_1) + (E[T_{])%c>
0.2

=1 —v)Var(T-1) + —
v

thus showing that

o2
Var(T-1) = —
v
and yielding the result
ko?
Var(T—y) = —- (3.33)
v

There are many interesting results about skip free random walks. For instance, the
hitting time theorem.

Proposition 3.3 (The Hitting Time Theorem).
P(T_y=n)= SP(S =—k), n>1

Proof. The proof is by induction on n. Now, when n = 1 we must prove
P(T_y=1)=kP(S1 =—k)

However, the preceding is true when k = 1 because
PI_1=D)=PE1=-D=PFPy

and it is true when k > 1 because

P(T_y=1)=0=P(S; =—k), k>1
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Thus the result is true when n = 1. So assume that for a fixed valuen > 1 and all k > 0
k

P(T_y=n—1)= —lP(S,,_l = —k) (3.34)
n—

Now consider P(T—; = n). Conditioning on X yields

o0
P(Tox=n)= Y P(Ty=n|X=))P
j=—1

Now, if the gambler wins j on his initial bet, then the first time that he is down k will
occur after bet n if the first time that his cumulative losses after the initial gamble is
k 4+ j occurs after an additional n — 1 bets. That is,

P(I_y=n|X1=j)=P(Lt+jy=n—1)

Consequently,
o
P(Ty=n)= Y P(T=n|X;=j)P
j=—1
o

= Z P(T_(y+jy=n—1P;
j=—1
00 .
k+ .
=3 L P(Sumr =—k+ )IP;

n—1
j==1

where the last equality follows by Induction Hypothesis (3.34). Using that

P(Sp = —k|X1=j)=P{Sp-1=—(+))}

the preceding yields
o .
k+j .
P(Tg=m= ) ~—1P(Su=—kXi=))P,
j=—1
o .
k+j .
= P(Sy =~k X1 =)
; n—1
Jj=-1
o

k+j :
= Y P = ISy =~k P(Si= k)
j=—1

o0

k
=PSi=—k1— ) PXi=]IS=-h

j=—1
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1 o0
—— N jP(Xi= ISy = —k
+”_1j——1j (X1 =l )

k 1
:P(Sn:—k){n_l + — EIX1lS :—k]} (3.35)

However,

—k = E[S,S, = —k]
= E[X1+ -+ XISy = —k]

=Y E[X|S,=—k]
i=1

=nE[X|S, = —k]
where the final equation follows because X1, ..., X, are independent and identically

distributed and thus the distribution of X; given that X| + - -+ + X,, = —k is the same
for all i. Hence,

k
E[X1|Sy =—kl=——
n

Substituting the preceding into (3.35) gives

k 1 & k

and completes the proof. |

Suppose that after n bets the gambler is down k. Then the conditional probability
that this is the first time he has ever been down k is
P(T_x=n, S, =—k)
P(Sn = _k)
_ P(T_x =n)
~ P(S,=—k)

P(T_y =nl|S, =—k)=

k
= — (by the hitting time theorem)
n
Let us suppose for the remainder of this section that —v = E[X] < 0. Combining

the hitting time theorem with our previously derived result about E[7T_k] gives the
following:

k
—=E[T]
v

= ZnP(T_k =n)

n=1
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=Y kP(Sy=—k)

n=1

where the final equality used the hitting time theorem. Hence,

> 1
Z P(S,=—k) =~
n=1 v

Let I,, be an indicator variable for the event that S, = —k. That is, let

L ifSi=—k
"o, ifS, £ —k

and note that

o0
total time gambler’s fortune is —k = Z I,

n=1

Taking expectations gives
oo
. . 1
ETtotal time gambler’s fortune is —k] = Z P(S,=—-k)=- (3.36)
n=1 v
Now, let  be the probability that the random walk is always negative after the initial
movement. That is,
oa=P(S, <O0foralln>1)

To determine « note that each time the gambler’s fortune is —k the probability that it
will never again hit —k (because all cumulative winnings starting at that time are neg-
ative) is «. Hence, the number of times that the gambler’s fortune is —k is a geometric
random variable with parameter «, and thus has mean 1/«. Consequently, from (3.36)

a=v

Let us now define L_j to equal the last time that the random walk hits —k. Because
L_; will equal n if S, = —k and the sequence of cumulative winnings from time n
onwards is always negative, we see that

P(L_g=n)= P(S, = —k)a = P(S, = —k)v

Hence,

E[L4]1=) nP(Lx=n)
n=0
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o
= vZnP(S,, =—k)
n=0

> n e
=v Z n—P(T_x =n) by the hitting time theorem
n=0 k

o
v
= anP(T,k =n)
n=0

v 2

()
= £{E [T_x] + Var(T—;)}

k o2

v V2

3.7 An Identity for Compound Random Variables

Let X1, X2, ... be a sequence of independent and identically distributed random vari-
ables, and let S, = ZL] X; be the sum of the first n of them, n > 0, where Sy = 0.
Recall that if N is a nonnegative integer valued random variable that is independent
of the sequence X1, X», ... then

is said to be a compound random variable, with the distribution of N called the com-
pounding distribution. In this subsection we will first derive an identity involving such
random variables. We will then specialize to where the X; are positive integer valued
random variables, prove a corollary of the identity, and then use this corollary to de-
velop a recursive formula for the probability mass function of Sy, for a variety of
common compounding distributions.

To begin, let M be a random variable that is independent of the sequence
X1, X5, ..., and which is such that

__ nP{N=n}

P{M =n}= EIN] =1,2,...

Proposition 3.4 (The Compound Random Variable Identity). For any function h

E[Syh(Sn)] = E[N]E[X1h(Spy)]
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Proof.

N
E[Syh(Sy)] =E [Z X,-h(SN)}
i=1

N
E ZX,'h(SN)|N:ni| P{N =n}

Li=1

o

3
Il
=}

(by conditioning on N)

M

E inh(Sn)W =n] P{N =n}

Li=1

3
Il
=}

M

E ZX,-h(S,,):| P{N =n}

n=0 Li=1
(by independence of N and X1, ..., X,)
o0 n
= ZZ E[X;h(Sy)|P{N =n)

n=0i=1
Now, because X1i,..., X, are independent and identically distributed, and h(S,) =
h(X1+- -+ X,) is asymmetric function of X1, ..., X,,, it follows that the distribution
of X;h(S,) is the same for all i = 1, ..., n. Therefore, continuing the preceding string

of equalities yields
o0
E[Syh(SN)]1 =) nE[X1h(S))IP{N =n}
n=0

= E[N]Y_ E[X1h(S)]P{M =n} (definition of M)
n=0

= E[N] ZE[th(Sn)|M =n]P{M =n)}

n=0

(independence of M and X1, ..., X,)
o
= E[N] Z E[X1h(Sy)|M =n]P{M =n}
n=0
= E[N]E[X1h(Sm)]
which proves the proposition.

Suppose now that the X; are positive integer valued random variables, and let

aj=P{X1=j}, j>0
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The successive values of P{Sy = k} can often be obtained from the following corol-
lary to Proposition 3.4.

Corollary 3.5.

P{Sy =0} = P{N =0}
1 k
P{Sy =k} = EE[N]jX_;ja,-P{SM_l =k—j}, k>0

Proof. For k fixed, let

I ifx=k
hx) = {o, ifx £k

and note that Sy h(Sy) is either equal to k if Sy = k or is equal to 0 otherwise. There-
fore,

E[Syh(SN)]=kP{Sy =k}
and the compound identity yields

kP{Sy =k} = E[N1E[Xh(Sy)]

= E[N1)_ E[X1h(Sm))| X1 = jla,
j=l

= E[N]ZjE[h(SM)IXl = jla;
j=1

=E[N1)_jP{Su=kX1=jle; (337)
j=1

Now,

M
P{Sy =k|X;=j}=P Zx,:km:j}
i=1
M
=P j+in=k|x1=1}
i=2

M
=P j—{—ZXi:k,
i=2
M-1
=P{j+ Zx,:k}
i=1




Conditional Probability and Conditional Expectation 171

=P{Sy_1=k—j}

The next to last equality followed because X7, ..., Xp and X1, ..., X —1 have the
same joint distribution; namely that of M — 1 independent random variables that all
have the distribution of X1, where M — 1 is independent of these random variables.
Thus the proof follows from Eq. (3.37). |

When the distributions of M — 1 and N are related, the preceding corollary can be
a useful recursion for computing the probability mass function of Sy, as is illustrated
in the following subsections.

3.7.1 Poisson Compounding Distribution

If N is the Poisson distribution with mean A, then

PM—1=n}=P{M=n+1)}
_ (m+DP{N=n+1)
N E[N]

1 )\n+1

_ 1 )
—)L(n—i-l)e ZES

A
e

n!

Consequently, M — 1 is also Poisson with mean A. Thus, with
P, = P{SN = I’l}

the recursion given by Corollary 3.5 can be written

P()=€_)L
A k

szzZ;jaij_j, k>0
]:

Remark. When the X; are identically 1, the preceding recursion reduces to the well-
known identity for a Poisson random variable having mean A:

P{N=0}=¢"*
A
P{N=n}=-P{N=n—-1}, n>1
n
Example 3.35. Let S be a compound Poisson random variable with A = 4 and

P{X;=i}=1/4, i=1,2,3,4
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Let us use the recursion given by Corollary 3.5 to determine P{S = 5}. It gives

Py = eh=e"t

Py =M1 Py —e?

A 3 4
P, = E(alpl + 200 Py) = Ee

A 13 4
P = 5(0[11)2 + 20 P1 + 303 Py) = Fe

A 73 —4
Py = Z(a1P3 + 207 Py + 303 P1 + 40y Py) = ﬂe

A 381 _4
P5=§(061P4+2062P3+3<X3P2 + 4das Py +5065P0)=m6 u

3.7.2 Binomial Compounding Distribution
Suppose that N is a binomial random variable with parameters r and p. Then,

(mn+DP{N=n+1}
E[N]
_ % (n :— 1) pn+1(1 _ p)rfnfl
n+1 r!
T r—1—-mlu+?
r—1)!

R S TN e . r—1-n
—1—mm? 4P

P{M—1=n}=

n+1( r—l—-n

1—p)

Thus, M — 1 is a binomial random variable with parameters r — 1, p.
Fixing p, let N (r) be a binomial random variable with parameters r and p, and let

Py (k) = P{Sn) =k}
Then, Corollary 3.5 yields

P (0)=(1—-p)

k
.
P =LY jy Pk = ). k>0
j=1

For instance, letting k equal 1, then 2, and then 3 gives

P(1) =rpon(1=p)~!

rp
P.(2)= 7[“1Pr—1 (D +2a2 P 1(0)]

= %[(r — Dpad(l = p) 2+ 2ar(1 — p) ']
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rp
P,(3)= ?[alpr—l(z) + 202 Pr—1 (1) +30[3Pr—1(0)]

_airp (r=1Dp
T3 2

2001 e _
+ 3p(r—1)pa1(1—p> 24 azrp(1 = py!

[(r —2)pat(l — p) 7 +2a0(1 — p)" 2]

3.7.3 A Compounding Distribution Related to the Negative
Binomial

Suppose, for a fixed value of p, 0 < p < 1, the compounding random variable N has
a probability mass function

P{N:n}z(”jfi;l)pf(l—p)”, n=0,1,...

Such a random variable can be thought of as being the number of failures that occur
before a total of r successes have been amassed when each trial is independently a
success with probability p. (There will be n such failures if the rth success occurs on
trial n + r. Consequently, N + r is a negative binomial random variable with parame-
ters » and p.) Using that the mean of the negative binomial random variable N + r is
E[N +r]=r/p, we see that E[N] = rizp

Regard p as fixed, and call N an NB(r) random variable. The random variable
M — 1 has probability mass function

_(m+DHP{N=n+1}
o E[N]

P{M—1=n)

T rd-p \r-1

n+nr!
T rin! pd

= (” +’> P = py

-p)

r

In other words, M — 1 is an NB(r + 1) random variable.
Letting, for an NB(r) random variable N,

Pr(k) = P{Sn =k}
Corollary 3.5 yields

P (0) = pr
k
r(l —
Py (k) = % D iajPriik =), k>0
j=1
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Thus,
r(1—p)
am=—7lﬂmﬂm>
=rp" (1= pa,
r(l—p)
H@)=—jZ%LhM%HU)+&mR+Km]
r(l—p)
=-—zflhﬁr+np”%1—m+amp”1,
r(l—p)
P(3)= T [1 Pr11(2) + 202 P11 (1) + 303 P11 (0) ]
and so on.
Exercises

1. If X and Y are both discrete, show that ) . px|y(x|y) =1 for all y such that
py(y) >0.
*2. Let X and X, be independent geometric random variables having the same
parameter p. Guess the value of

P{X1=ilX1+ X2 =n}

Hint: Suppose a coin having probability p of coming up heads is continually
flipped. If the second head occurs on flip number n, what is the conditional
probability that the first head was on flip numberi,i =1,...,n —1?
Verify your guess analytically.

3. The joint probability mass function of X and Y, p(x, y), is given by

p,D=% pen=1L pa =1,
) =5, pRD=0, pB.2)=r.
p(1,3)=0, p2,3)=%. p@B.3)=3

Compute E[X|Y =i]fori =1,2,3.
In Exercise 3, are the random variables X and Y independent?

5. An urn contains three white, six red, and five black balls. Six of these balls are
randomly selected from the urn. Let X and Y denote respectively the number
of white and black balls selected. Compute the conditional probability mass
function of X given that ¥ = 3. Also compute E[X|Y = 1].

*6. Repeat Exercise 5 but under the assumption that when a ball is selected its
color is noted, and it is then replaced in the urn before the next selection is
made.

b
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7. Suppose p(x,y, z), the joint probability mass function of the random variables
X,Y,and Z, is given by

p(,1,h =%, p@R 1L 1)=jy,
p(1,1,2)=4%, p.1,2)=Z,
p1,2, ) =%, p@2,2,1)=0,
p(1,2,2)=0, p(2,2,2)=1

1
8
1
8

What is E[X|Y =2]? Whatis E[X|Y =2,Z=1]?

8. An unbiased die is successively rolled. Let X and Y denote, respectively,
the number of rolls necessary to obtain a six and a five. Find (a) E[X], (b)
E[X|Y =11, (¢c) E[X|Y =5].

9. If Z; and Z; are independent standard normal random variables, find the con-
ditional density function of Z; given that Z| + Z, = x.

10. Let Xi,..., X, be independent uniform (0, 1) random variables. Find the
conditional density of X; given that it is not the smallest of the n val-
ues.

11. The joint density of X and Y is

2 2
O"=x7)

S, y)= , O0<y<oo, —y<x<y
Show that E[X|Y = y]=0.
12. The joint density of X and Y is given by

e X/Ye—Y
fx,y)=—, O0<x<o0o, O<y<oo
y

Show E[X|Y =y]=y.
*13. Let X be exponential with mean 1/A; that is,

fx(x)=xre™, 0<x<o0

Find E[X|X > 1].
14. Let X be uniform over (0, 1). Find E[X|X < %].
15. The joint density of X and Y is given by

-y

f(xsy)=e—, 0<x<y, O<y<oo
y

Compute E[X?]Y = y].
16. The random variables X and Y are said to have a bivariate normal distribution
if their joint density function is given by
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1

1
expq —
2oyoyy/1 — p? { 2(1 = p?)

[(x - Mx)z 2p(x — ) (¥ — phy) <y - /@)2} }
X - +
Ox 00y oy

for —0o0 < x < 00, —00 < y < 00, where oy, 0y, ldx, [Ly, and p are constants

suchthat -1 < p < 1,0, > 0,0y >0, —00 < 1y < 00, —00 < Ly < O0.

(a) Show that X is normally distributed with mean w, and variance af, and
Y is normally distributed with mean p, and variance ayz.

(b) Show that the conditional density of X given that ¥ = y is normal with
mean (y + (pox/0y)(y — uy) and variance axz(l —p2).
The quantity p is called the correlation between X and Y. It can be shown

fx,y)=

that
= E[(X — ) (Y — py)]
0,0y
_ Cov(X,7Y)

00y

17. LetY be a gamma random variable with parameters (s, o). That is, its density is
fr=Ce™y~l y>0

where C is a constant that does not depend on y. Suppose also that the condi-
tional distribution of X given that Y = y is Poisson with mean y. That is,

P{X=ilY =y}=ey/il, i>0

Show that the conditional distribution of Y given that X =i is the gamma
distribution with parameters (s + i, « + 1).

18. Let Xy,..., X, be independent random variables having a common distribu-
tion function that is specified up to an unknown parameter 6. Let T = T (X)
be a function of the data X = (X1, ..., X,,). If the conditional distribution of
X1, ..., X, given T(X) does not depend on 0 then T (X) is said to be a suf-
ficient statistic for 6. In the following cases, show that T(X) =) 7_,X; is a
sufficient statistic for 6.

(a) The X; are normal with mean 6 and variance 1.
(b) The density of X; is f(x) = fe 0% x> 0.
(¢) The mass function of X; is p(x) =6%(1 —6)' %, x=0,1,0<6 < 1.
(d) The X; are Poisson random variables with mean 6.
*19. Prove that if X and Y are jointly continuous, then

o

EXI= [ EXIY =315 0)dy

—00

20. There are 3 coins which when flipped come up heads, respectively, with prob-
abilities 1/4, 1/2, 3/4. One of these coins is randomly chosen and continually
flipped.
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21.

22,

*23.

24.

(a) Find the expected number of flips until the first head.

(b) Find the mean number of heads in the first 8 flips.

Consider Example 3.12, which refers to a miner trapped in a mine. Let N
denote the total number of doors selected before the miner reaches safety. Also,
let T; denote the travel time corresponding to the ith choice, i > 1. Again let
X denote the time when the miner reaches safety.

(a) Give an identity that relates X to N and the T;.

(b) Whatis E[N]?

(c) Whatis E[Tn]?

(d) Whatis E[Y | T;|N =n]?

(e) Using the preceding, what is E[X]?

Suppose that independent trials, each of which is equally likely to have any of
m possible outcomes, are performed until the same outcome occurs k consec-
utive times. If N denotes the number of trials, show that

mk—1

E[N]=
m—1

Some people believe that the successive digits in the expansion of 7 =
3.14159... are “uniformly” distributed. That is, they believe that these digits
have all the appearance of being independent choices from a distribution that
is equally likely to be any of the digits from O through 9. Possible evidence
against this hypothesis is the fact that starting with the 24,658,601st digit there
is arun of nine successive 7s. Is this information consistent with the hypothesis
of a uniform distribution?

To answer this, we note from the preceding that if the uniform hypothesis were
correct, then the expected number of digits until a run of nine of the same value
occurs is

10° = 1)/9 = 111,111,111

Thus, the actual value of approximately 25 million is roughly 22 percent of the
theoretical mean. However, it can be shown that under the uniformity assump-
tion the standard deviation of N will be approximately equal to the mean. As a
result, the observed value is approximately 0.78 standard deviations less than
its theoretical mean and is thus quite consistent with the uniformity assump-
tion.

A coin having probability p of coming up heads is successively flipped until
two of the most recent three flips are heads. Let N denote the number of flips.
(Note that if the first two flips are heads, then N = 2.) Find E[N].

A coin, having probability p of landing heads, is continually flipped until at
least one head and one tail have been flipped.

(a) Find the expected number of flips needed.

(b) Find the expected number of flips that land on heads.

(¢) Find the expected number of flips that land on tails.
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25.

26.

27.

28.

29.

(d) Repeat part (a) in the case where flipping is continued until a total of at
least two heads and one tail have been flipped.

Independent trials, resulting in one of the outcomes 1, 2, 3 with respective

probabilities p1, p2, p3, Z?:l pi = 1, are performed.

(a) Let N denote the number of trials needed until the initial outcome has
occurred exactly 3 times. For instance, if the trial results are 3, 2, 1, 2, 3,
2,3 then N =7. Find E[N].

(b) Find the expected number of trials needed until both outcome 1 and out-
come 2 have occurred.

You have two opponents with whom you alternate play. Whenever you play A,

you win with probability p4; whenever you play B, you win with probability

pB, where pp > py. If your objective is to minimize the expected number of

games you need to play to win two in a row, should you start with A or with

B?

Hint: Let E[N;] denote the mean number of games needed if you initially

play i. Derive an expression for E[N4] that involves E[Np]; write down the

equivalent expression for E[Np] and then subtract.

A coin that comes up heads with probability p is continually flipped until the

pattern T, T, H appears. (That is, you stop flipping when the most recent flip

lands heads, and the two immediately preceding it lands tails.) Let X denote

the number of flips made, and find E[X].

Polya’s urn model supposes that an urn initially contains » red and b blue balls.

At each stage a ball is randomly selected from the urn and is then returned

along with m other balls of the same color. Let X be the number of red balls

drawn in the first k selections.

(a) Find E[X].

(b) Find E[X>].

(¢) Find E[X3].

(d) Conjecture the value of E[Xy], and then verify your conjecture by a con-
ditioning argument.

(e) Give an intuitive proof for your conjecture.

Hint: Number the initial 7 red and b blue balls, so the urn contains one type
i red ball, for eachi =1, ..., r; as well as one type j blue ball, for each j =
1,...,b. Now suppose that whenever a red ball is chosen it is returned along
with m others of the same type, and similarly whenever a blue ball is chosen
it is returned along with m others of the same type. Now, use a symmetry
argument to determine the probability that any given selection is red.

Two players take turns shooting at a target, with each shot by player i hitting
the target with probability p;,i = 1, 2. Shooting ends when two consecutive
shots hit the target. Let i; denote the mean number of shots taken when player
i shoots first,i =1, 2.

(a) Find 1 and w;.

(b) Let h; denote the mean number of times that the target is hit when player

i shoots first, i =1, 2. Find & and h>.
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30.

31.

32,

33.

34.

35.

Let X;, i > 0 be independent and identically distributed random variables with
probability mass function

p(N=P{X;=j}, j=1,....m, Y P(j)=1I
j=1

Find E[N], where N = min{n > 0: X,, = Xo}.

Each element in a sequence of binary data is either 1 with probability p or 0

with probability 1 — p. A maximal subsequence of consecutive values having

identical outcomes is called a run. For instance, if the outcome sequence is

1,1,0,1,1, 1,0, the first run is of length 2, the second is of length 1, and the

third is of length 3.

(a) Find the expected length of the first run.

(b) Find the expected length of the second run.

Independent trials, each resulting in success with probability p, are performed.

(a) Find the expected number of trials needed for there to have been both at
least n successes and at least m failures.

Hint: Is it useful to know the result of the first n 4 m trials?
(b) Find the expected number of trials needed for there to have been either at
least n successes or at least m failures.

Hint: Make use of the result from part (a).

If R; denotes the random amount that is earned in period i, then Zf’il ,Bi -1 R;,
where 0 < B8 < 1 is a specified constant, is called the total discounted reward
with discount factor 8. Let T be a geometric random variable with parameter
1 — B that is independent of the R;. Show that the expected total discounted
reward is equal to the expected total (undiscounted) reward earned by time 7.
That is, show that

A set of n dice is thrown. All those that land on six are put aside, and the others

are again thrown. This is repeated until all the dice have landed on six. Let N

denote the number of throws needed. (For instance, suppose that n = 3 and that

on the initial throw exactly two of the dice land on six. Then the other die will

be thrown, and if it lands on six, then N =2.) Let m,, = E[N].

(a) Derive a recursive formula for m,, and use it to calculate m;,i =2, 3,4
and to show that ms ~ 13.024.

(b) Let X; denote the number of dice rolled on the ith throw. Find
E[Y 0, Xil.

Consider n multinomial trials, where each trial independently results in out-

come i with probability p;, Zle pi = 1. With X; equal to the number of trials

that result in outcome i, find E[X | X, > 0].
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36.

37.

38.

39.

40.

Let po = P{X = 0} and suppose that 0 < pg < 1. Let u = E[X] and o=

Var(X).

(a) Find E[X|X #0].

(b) Find Var(X|X #0).

A manuscript is sent to a typing firm consisting of typists A, B, and C. If it is

typed by A, then the number of errors made is a Poisson random variable with

mean 2.6; if typed by B, then the number of errors is a Poisson random variable
with mean 3; and if typed by C, then it is a Poisson random variable with mean

3.4. Let X denote the number of errors in the typed manuscript. Assume that

each typist is equally likely to do the work.

(a) Find E[X].

(b) Find Var(X).

Suppose Y is uniformly distributed on (0, 1), and that the conditional distribu-

tion of X given that Y = y is uniform on (0, y). Find E[X] and Var(X).

A deck of n cards, numbered 1 through 7, is randomly shuffled so that all 7!

possible permutations are equally likely. The cards are then turned over one

at a time until card number 1 appears. These upturned cards constitute the
first cycle. We now determine (by looking at the upturned cards) the lowest
numbered card that has not yet appeared, and we continue to turn the cards
face up until that card appears. This new set of cards represents the second
cycle. We again determine the lowest numbered of the remaining cards and
turn the cards until it appears, and so on until all cards have been turned over.

Let m,, denote the mean number of cycles.

(a) Derive a recursive formula for m,, in terms of my, k=1,...,n — 1.

(b) Starting with mq = 0, use the recursion to find m, m>, m3, and mg4.

(c) Conjecture a general formula for m,,.

(d) Prove your formula by induction on n. That is, show it is valid forn =1,
then assume it is true for any of the values 1, ...,n — 1 and show that this
implies it is true for n.

(e) Let X; equal 1 if one of the cycles ends with card i, and let it equal O
otherwise, i =1, ..., n. Express the number of cycles in terms of these
Xi.

(f) Use the representation in part (e) to determine m,,.

(g) Are the random variables X1, ..., X, independent? Explain.

(h) Find the variance of the number of cycles.

A prisoner is trapped in a cell containing three doors. The first door leads to

a tunnel that returns him to his cell after two days of travel. The second leads

to a tunnel that returns him to his cell after three days of travel. The third door

leads immediately to freedom.

(a) Assuming that the prisoner will always select doors 1, 2, and 3 with prob-
abilities 0.5, 0.3, 0.2, what is the expected number of days until he reaches
freedom?

(b) Assuming that the prisoner is always equally likely to choose among
those doors that he has not used, what is the expected number of days
until he reaches freedom? (In this version, for instance, if the prisoner
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41.

*42,

*43.

44,

45.

initially tries door 1, then when he returns to the cell, he will now select
only from doors 2 and 3.)
(¢) For parts (a) and (b) find the variance of the number of days until the
prisoner reaches freedom.
Workers 1, ..., n are currently idle. Suppose that each worker, independently,
has probability p of being eligible for a job, and that a job is equally likely to
be assigned to any of the workers that are eligible for it (if none are eligible,
the job is rejected). Find the probability that the next job is assigned to worker
1.
If X;,i =1,...,n are independent normal random variables, with X; having
mean y; and variance 1, then the random variable ) ;_, Xl.2 is said to be a
noncentral chi-squared random variable.
(a) if X is a normal random variable having mean p and variance 1 show, for
|t] < 1/2, that the moment generating function of X2 is

2
(1—20)"1 et

(b) Derive the moment generating function of the noncentral chi-squared ran-
dom variable Y !_, X 12 and show that its distribution depends on the
sequence of means (i, ..., i, only through the sum of their squares.
As a result, we say that ) 7_, Xl.2 is a noncentral chi-squared random
variable with parameters n and 6 = 37| 112

(¢) Ifall u; =0, then Z?:l X 12 is called a chi-squared random variable with
n degrees of freedom. Determine, by differentiating its moment generat-
ing function, its expected value and variance.

(d) Let K be a Poisson random variable with mean 6 /2, and suppose that
conditional on K = k, the random variable W has a chi-squared distri-
bution with n + 2k degrees of freedom. Show, by computing its moment
generating function, that W is a noncentral chi-squared random variable
with parameters n and 6.

(e) Find the expected value and variance of a noncentral chi-squared random
variable with parameters n and 6.

For P(Y € A) > 0, show that

E[XI{Y € A}]

E[X|Y € A]= P(Y € A)

where /{B} is the indicator variable of the event B, equal to 1 if B occurs and
to 0 otherwise.

The number of customers entering a store on a given day is Poisson distributed
with mean A = 10. The amount of money spent by a customer is uniformly
distributed over (0, 100). Find the mean and variance of the amount of money
that the store takes in on a given day.

An individual traveling on the real line is trying to reach the origin. However,
the larger the desired step, the greater is the variance in the result of that step.
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46.

*47.

48.

49.

50.

51.
52.

Specifically, whenever the person is at location x, he next moves to a location
having mean 0 and variance Bx2. Let X,, denote the position of the individual
after having taken n steps. Supposing that Xy = x¢, find

(@) E[X,l;

(b) Var(X,).

(a) Show that

Cov(X,Y)=Cov(X, E[Y|X])
(b) Suppose, that, for constants a and b,
ElY|X]=a+bX
Show that
b=Cov(X,Y)/Var(X)
If E[Y|X] =1, show that
Var(X Y) > Var(X)

Suppose that we want to predict the value of a random variable X by using
one of the predictors Y1, ..., Y,, each of which satisfies E[Y;|X] = X. Show
that the predictor ¥; that minimizes E[(Y; — X )2] is the one whose variance is
smallest.

Hint: Compute Var(Y;) by using the conditional variance formula.

A and B play a series of games with A winning each game with probability
p. The overall winner is the first player to have won two more games than the
other.

(a) Find the probability that A is the overall winner.

(b) Find the expected number of games played.

Suppose that N, the number of flips made of a coin that comes up heads with
probability p, is a geometric random variable with parameter «, independent
of the results of the flips. Let A be the event that all flips land heads.

(a) Find P(A) by conditioning on N.

(b) Find P(A) by conditioning on the result of the first flip.

If X is geometric with parameter p, find the probability that X is even.

Each applicant has a score. If there are a total of n applicants then each ap-
plicant whose score is above s, is accepted, where s; = .2, sp = 4, 5, = .5,
n > 3. Suppose the scores of the applicants are independent uniform (0, 1)
random variables and are independent of N, the number of applicants, which
is Poisson distributed with mean 2. Let X denote the number of applicants that
are accepted. Derive expressions for

(@ PX=0).

(b) E[X].
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*53.

54.

55.

56.

57.

*58.

Suppose X is a Poisson random variable with mean A. The parameter A is itself

a random variable whose distribution is exponential with mean 1. Show that

P{X =n}=($)"*.

Independent trials, each resulting in a success with probability p, are per-

formed until k£ consecutive successful trials have occurred. Let X be the total

number of successes in these trial, and let P, = P(X =n).

(a) Find P;.

(b) Derive a recursive equation for the P,, n > k, by imagining that the trials
continue forever and conditioning on the time of the first failure.

(¢) Verify your answer in part (a) by solving the recursion for Py.

(d) When p=.6,k =3, find Ps.

In the preceding problem let My = E[X]. Derive a recursive equation for My

and then solve.

Hint: Start by writing Xy = Xz_1 + Ax—1 , Where X; is the total number of
successes attained up to the first time there have been i consecutive successes,
and Aj_1  is the additional number of successes after there have been k — 1
successes in a row until there have been k successes in a row.
Data indicate that the number of traffic accidents in Berkeley on a rainy day is
a Poisson random variable with mean 9, whereas on a dry day it is a Poisson
random variable with mean 3. Let X denote the number of traffic accidents
tomorrow. If it will rain tomorrow with probability 0.6, find
(@ E[X];
(b) P{X =0}
(¢) Var(X).
The number of storms in the upcoming rainy season is Poisson distributed but
with a parameter value that is uniformly distributed over (0, 5). That is, A is
uniformly distributed over (0, 5), and given that A = A, the number of storms
is Poisson with mean X. Find the probability there are at least three storms this
season.
Suppose that the conditional distribution of N, given that ¥ = y, is Poisson
with mean y. Further suppose that Y is a gamma random variable with param-
eters (r, A), where r is a positive integer. That is, suppose that

yn

P(N=nlY=y)=e 7—
n!

and

A —Ay A r—1
Fron =200

r—1n!
(a) Find E[N].
(b) Find Var(N).
(¢) Find P(N =n)
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59.

*60.

61.

62.

63.

(d) Using (c), argue that N is distributed as the total number of failures before

the rth success when each trial is independently a success with probabil-

: A
ity p = -

Suppose each new coupon collected is, independent of the past, a type i coupon

with probability p;. A total of n coupons is to be collected. Let A; be the event

that there is at least one type i in this set. For i # j, compute P(A;A ;) by

(a) conditioning on N;, the number of type i coupons in the set of n coupons;

(b) conditioning on Fj, the first time a type i coupon is collected;

(c) using the identity P(A; UA;) = P(A;)) + P(Aj) — P(A;A)).

Two players alternate flipping a coin that comes up heads with probability p.

The first one to obtain a head is declared the winner. We are interested in the

probability that the first player to flip is the winner. Before determining this

probability, which we will call f(p), answer the following questions.

(a) Do you think that f(p) is a monotone function of p? If so, is it increasing
or decreasing?

(b) What do you think is the value of lim,_,1 f(p)?

(¢) What do you think is the value of lim,_.o f(p)?

@ Find f(p).

Suppose in Exercise 29 that the shooting ends when the target has been hit

twice. Let m; denote the mean number of shots needed for the first hit when

player i shoots first, i = 1, 2. Also, let P;,i =1, 2, denote the probability that

the first hit is by player 1, when player i shoots first.

(a) Find m; and m>.

(b) Find P; and P».

For the remainder of the problem, assume that player 1 shoots first.

(¢) Find the probability that the final hit was by 1.

(d) Find the probability that both hits were by 1.

(e) Find the probability that both hits were by 2.

(f) Find the mean number of shots taken.

A, B, and C are evenly matched tennis players. Initially A and B play a set,

and the winner then plays C. This continues, with the winner always playing

the waiting player, until one of the players has won two sets in a row. That

player is then declared the overall winner. Find the probability that A is the

overall winner.

Suppose there are n types of coupons, and that the type of each new coupon

obtained is independent of past selections and is equally likely to be any of the

n types. Suppose one continues collecting until a complete set of at least one

of each type is obtained.

(a) Find the probability that there is exactly one type i coupon in the final
collection.

Hint: Condition on 7', the number of types that are collected before the first

type i appears.

(b) Find the expected number of types that appear exactly once in the final
collection.
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64.

65.

66.

*67.

68.

69.

A and B roll a pair of dice in turn, with A rolling first. A’s objective is to obtain
a sum of 6, and B’s is to obtain a sum of 7. The game ends when either player
reaches his or her objective, and that player is declared the winner.

(a) Find the probability that A is the winner.

(b) Find the expected number of rolls of the dice.

(¢) Find the variance of the number of rolls of the dice.

The number of red balls in an urn that contains n balls is a random variable
that is equally likely to be any of the values 0, 1, ..., n. That is,

Plired,n —inon-red}=——, i=0,...,n
n+1

The n balls are then randomly removed one at a time. Let Y} denote the number

of red balls in the first k selections, k =1, ..., n.

(a) Find P{Y,=j},j=0,...,n.

(b) Find P{Y,—-1=j},j=0,...,n.

(¢) What do you think is the value of P{Y; = j}, j=0,...,n?

(d) Verify your answer to part (c) by a backwards induction argument. That
is, check that your answer is correct when k = n, and then show that
whenever it is true for k itis also true fork — 1, k=1, ..., n.

The number of goals that J scores in soccer games that her team wins is Poisson

with mean 2, while the number she scores in games that her team loses is

Poisson with mean 1. Assume that J’s team wins each game they play with

probability p.

(a) Find the expected number of goals that J scores in her next 3 games.

(b) Find the probability that she scores a total of n goals in her next 3 games.

A coin having probability p of coming up heads is continually flipped. Let

P;(n) denote the probability that a run of j successive heads occurs within the

first n flips.

(a) Argue that

Pi(n) = Pj(n = 1)+ p/ (1 = p)[1 = Pj(n — j — 1]

(b) By conditioning on the first non-head to appear, derive another equation
relating P;(n) to the quantities Pj(n — k), k=1, ..., j.

If the level of infection of a tree is x, 0 < x < 1, then each cure attempt will

independently be successful with probability 1 — x. Consider a tree whose

infection level, call it L, is assumed to be the value of a uniform (0, 1) random

variable.

(a) What is the probability that a single attempt will result in a cure.

(b) Find the probability that the first two cure attempts are unsuccessful.

(¢) Find the conditional expected value of L given that it took 3 attempts to
cure the tree.

In the match problem, say that (i, j),i < j, is a pair if i chooses j’s hat and j

chooses i’s hat.

(a) Find the expected number of pairs.



186 Introduction to Probability Models
(b) Let Q, denote the probability that there are no pairs, and derive a recur-
sive formula for Q, in terms of Q;, j < n.
Hint: Use the cycle concept.
(¢) Use the recursion of part (b) to find Qs.

70. Let N denote the number of cycles that result in the match problem.

(a) Let M, =E[N], and derive an equation for M), in terms of My, ..., M,_;.
(b) Let C; denote the size of the cycle that contains person j. Argue that
n
N=Y"1/C;
j=1
and use the preceding to determine E[N].

(c) Find the probability that persons 1, 2, ..., k are all in the same cycle.

(d) Find the probability that 1,2, ..., k is a cycle.

71. Use Eq. (3.13) to obtain Eq. (3.9).

Hint: First multiply both sides of Eq. (3.13) by n, then write a new equation
by replacing n with n — 1, and then subtract the former from the latter.

72. In Example 3.29 show that the conditional distribution of N given that U; =y
is the same as the conditional distribution of M given that U; = 1 — y. Also,
show that

E[NU =y]|=EM|U=1—-y]=1+¢&"
*73. Suppose that we continually roll a die until the sum of all throws exceeds 100.
What is the most likely value of this total when you stop?

74. There are five components. The components act independently, with compo-

nent i working with probability p;,i =1, 2, 3,4, 5. These components form a
system as shown in Fig. 3.7.
The system is said to work if a signal originating at the left end of the diagram
can reach the right end, where it can pass through a component only if that
component is working. (For instance, if components 1 and 4 both work, then
the system also works.) What is the probability that the system works?

75. This problem will present another proof of the ballot problem of Example 3.28.

Figure 3.7
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76.

71.

78.
79.

80.

81.

(a) Argue that

Py.m =1— P{A and B are tied at some point}
(b) Explain why

P{A receives first vote and they are eventually tied}

= P{B receives first vote and they are eventually tied}

Hint: Any outcome in which they are eventually tied with A receiving the
first vote corresponds to an outcome in which they are eventually tied with B
receiving the first vote. Explain this correspondence.

(c) Argue that P{eventually tied} = 2m/(n + m), and conclude that P, ,, =

(n—m)/(n+m).

Consider a gambler who on each bet either wins 1 with probability 18/38 or
loses 1 with probability 20/38. (These are the probabilities if the bet is that a
roulette wheel will land on a specified color.) The gambler will quit either when
he or she is winning a total of 5 or after 100 plays. What is the probability he
or she plays exactly 15 times?

Show that

(@) E[XY|Y =y]=yE[X[Y =y]

(b) E[g(X, V)Y =y]=E[g(X,y)|Y =]

(¢) E[XY]=E[YE[X|Y]]

In the ballot problem (Example 3.28), compute P { A is never behind}.

An urn contains n white and m black balls that are removed one at a time. If n >
m, show that the probability that there are always more white than black balls
in the urn (until, of course, the urn is empty) equals (n —m)/(n 4+ m). Explain
why this probability is equal to the probability that the set of withdrawn balls
always contains more white than black balls. (This latter probability is (n —
m)/(n + m) by the ballot problem.)

A coin that comes up heads with probability p is flipped n consecutive times.
What is the probability that starting with the first flip there are always more
heads than tails that have appeared?

Let X;,i > 1, be independent uniform (0, 1) random variables, and define N
by

N =min{n: X, < X,—1}

where Xo = x. Let f(x) = E[N].

(a) Derive an integral equation for f(x) by conditioning on X;.
(b) Differentiate both sides of the equation derived in part (a).
(c) Solve the resulting equation obtained in part (b).

(d) For a second approach to determining f(x) argue that

(1—x)t

P{N >k} = T
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(e) Use part (d) to obtain f(x).

82. Let X1, X3, ... be independent continuous random variables with a common

83.

84.

distribution function F and density f = F’, and for k > 1 let
Ni =min{n > k: X;, = kth largest of X1, ..., X;}

(a) Show that P{N; =n}=
(b) Argue that

—1
n(n 1)’n>k

Fry, @) = FEEFETS (i the 2) (@)

i=0

(¢) Prove the following identity:

o (i +k—2 :
alkZE:C . )a—aﬁ O<a<1l,k>2

i=0

Hint: Use induction. First prove it when k = 2, and then assume it for k. To
prove it for k + 1, use the fact that

Z(Z‘f’k ) _a),:Z(l+lj—2>(1_a)l

i=1 i=1
o0
it+k—2 ;
+2<L4>aﬁ)
i=

where the preceding used the combinatorial identity

m m—1 m—i
(1)-("7)+ (=)
Now, use the induction hypothesis to evaluate the first term on the right side of
the preceding equation.
(d) Conclude that Xy, has distribution F'.
An urn contains n balls, with ball i having weight w;,i =1, ..., n. The balls
are withdrawn from the urn one at a time according to the following scheme:
When S is the set of balls that remains, ball i,i € S, is the next ball with-
drawn with probability w;/ )" jes w;. Find the expected number of balls that
are withdrawn before balli,i =1,...,n.
Suppose in Example 3.33 that a point is only won if the winner of the rally was
the server of that rally.
(a) If A is currently serving, what is the probability that A wins the next
point?
(b) Explain how to obtain the final score probabilities.
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85.

86.

87.

88.

89.

In the list problem, when the P; are known, show that the best ordering (best
in the sense of minimizing the expected position of the element requested)
is to place the elements in decreasing order of their probabilities. That is, if
Py > P> ---> P,,showthat 1,2, ..., n is the best ordering.

Consider the random graph of Section 3.6.2 when n = 5. Compute the prob-
ability distribution of the number of components and verify your solution by
using it to compute E[C] and then comparing your solution with

5
k—1)!
E[C]:Z<Z>(5—k)

k=1

(a) From the results of Section 3.6.3 we can conclude that there are ("j;’f;l)
nonnegative integer valued solutions of the equation x| + - - - + x;,, = n.
Prove this directly.

(b) How many positive integer valued solutions of x| + --- + x,, = n are

there?

Hint: Lety; =x; — 1.

(¢) For the Bose—FEinstein distribution, compute the probability that exactly
k of the X; are equal to 0.

In Section 3.6.3, we saw that if U is a random variable that is uniform on (0, 1)

and if, conditional on U = p, X is binomial with parameters n and p, then

. 1
P{X=l}=—n

, 1i=0,1,...,n
+1

For another way of showing this result, let U, X1, X5, ..., X,, be independent
uniform (0, 1) random variables. Define X by

X=#:X,<U

That is, if the n + 1 variables are ordered from smallest to largest, then U would
be in position X + 1.

(a) Whatis P{X =i}?

(b) Explain how this proves the result of Section 3.6.3.

Let Iy, ..., I, be independent random variables, each of which is equally likely
to be either 0 or 1. A well-known nonparametric statistical test (called the
signed rank test) is concerned with determining P, (k) defined by

n
Py(ky=P{> jl; <k
j=1

Justify the following formula:

Py(k) = APy (k) + S Py_i(k — n)
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90.

91.

92.

*93.

9.

The number of accidents in each period is a Poisson random variable with
mean 5. With X,,,n > 1, equal to the number of accidents in period n, find
E[N] when

@ N=minn: X, ,=2X,1=1,X,=0);

(b) N=min(n: X,—3=2,X,2=1,X,_1=0,X, =2).

Find the expected number of flips of a coin, which comes up heads with prob-
ability p, that are necessary to obtain the pattern h, ¢, h, h,t, h,t, h.

The number of coins that Josh spots when walking to work is a Poisson random
variable with mean 6. Each coin is equally likely to be a penny, a nickel, a dime,
or a quarter. Josh ignores the pennies but picks up the other coins.

(a) Find the expected amount of money that Josh picks up on his way to

work.
(b) Find the variance of the amount of money that Josh picks up on his way
to work.
(¢) Find the probability that Josh picks up exactly 25 cents on his way to
work.
Consider a sequence of independent trials, each of which is equally likely to
result in any of the outcomes 0, 1, ..., m. Say that a round begins with the first
trial, and that a new round begins each time outcome O occurs. Let N denote
the number of trials that it takes until all of the outcomes 1,...,m — 1 have

occurred in the same round. Also, let T; denote the number of trials that it

takes until j distinct outcomes have occurred, and let /; denote the jth distinct

outcome to occur. (Therefore, outcome /; first occurs at trial 7;.)

(a) Argue that the random vectors (I, ..., I;) and (T4, ..., T;) are inde-
pendent.

(b) Define X by letting X = j if outcome O is the jth distinct outcome
to occur. (Thus, Ix = 0.) Derive an equation for E[N] in terms of
E[T;],j=1,...,m—1by conditioning on X.

(¢) Determine E[T}], j=1,...,m— 1.

Hint: See Exercise 42 of Chapter 2.
(d) Find E[N].
Let N be a hypergeometric random variable having the distribution of the num-

ber of white balls in a random sample of size r from a set of w white and b
blue balls. That is,

P{N:n}:w

where we use the convention that (’7) =0 if either j < 0 or j > m. Now, con-

sider a compound random variable Sy = ZlN: | Xi, where the X; are positive
integer valued random variables with a; = P{X; = j}.
(a) With M as defined as in Section 3.7, find the distribution of M — 1.
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95.

96.

*97.

98.
99.

100.

101.

(b) Suppressing its dependence on b, let Py, (k) = P{Sy = k}, and derive a
recursion equation for Py, , (k).

(c) Use the recursion of (b) to find Py, -(2).

For the left skip free random walk of Section 3.6.6 let 8 = P(S,, <0 for all n)

be the probability that the walk is never positive. Find 8 when E[X;] < 0.

Consider a large population of families, and suppose that the number of chil-

dren in the different families are independent Poisson random variables with

mean A. Show that the number of siblings of a randomly chosen child is also

Poisson distributed with mean X.

Use the conditional variance formula to find the variance of a geometric ran-

dom variable.

For a compound random variable § = ZlNzl X;, find Cov(N, S).

Let N be the number of trials until £ consecutive successes have occurred,

when each trial is independently a success with probability p.

(a) Whatis P(N =k)?

(b) Argue that

P(N=k+r)=P(N>r—1gp*, r>0
(¢) Show that
1 - pt=gp*E[N]

In the fair gambler’s ruin problem of Example 3.16, let P; denote the probabil-
ity that, starting with a fortune of i, the gambler’s fortune reaches n before 0.
Find P;,0<i <n.

For the left skip free random walk of Section 3.6.6,

(a) Show, for 0 < k <n, that P(T, =n|S, = —k) =k/n.

(b) Show that part (a) implies that P(S; <0, j=1,...,n|S, =—k)=k/n.
(¢) Explain why part (b) implies the ballot theorem.
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4.1 Introduction

Consider a process that has a value in each time period. Let X,, denote its value in
time period n, and suppose we want to make a probability model for the sequence of
successive values Xg, X1, X».... The simplest model would probably be to assume
that the X,, are independent random variables, but often such an assumption is clearly
unjustified. For instance, starting at some time suppose that X,, represents the price of
one share of some security, such as Google, at the end of n additional trading days.
Then it certainly seems unreasonable to suppose that the price at the end of day n + 1
is independent of the prices on days n,n — 1, n — 2 and so on down to day 0. However,
it might be reasonable to suppose that the price at the end of trading day n 4 1 depends
on the previous end-of-day prices only through the price at the end of day . That is, it
might be reasonable to assume that the conditional distribution of X, given all the
past end-of-day prices X, X,,—1, ..., Xo depends on these past prices only through
the price at the end of day n. Such an assumption defines a Markov chain, a type of
stochastic process that will be studied in this chapter, and which we now formally
define.

Let {X,,n=0,1,2,...} be a stochastic process that takes on a finite or countable
number of possible values. Unless otherwise mentioned, this set of possible values of
the process will be denoted by the set of nonnegative integers {0, 1,2, ...}. If X,, =1,
then the process is said to be in state i at time n. We suppose that whenever the process
is in state i, there is a fixed probability P;; that it will next be in state j. That is, we
suppose that

PiXpr1=jlXn=0,Xn1=lin-1,...., X1 =i1, X0 =10} = P;j 4.1)

for all states i, i1, ...,in—1,1, j and all n > 0. Such a stochastic process is known as a
Markov chain. Eq. (4.1) may be interpreted as stating that, for a Markov chain, the con-
ditional distribution of any future state X, 41, given the past states Xo, X1, ..., X,—1
and the present state X, is independent of the past states and depends only on the
present state.

The value P;; represents the probability that the process will, when in state i, next
make a transition into state j. Since probabilities are nonnegative and since the process
must make a transition into some state, we have

o
j=0

Introduction to Probability Models. https://doi.org/10.1016/B978-0-12-814346-9.00009-3
Copyright © 2019 Elsevier Inc. All rights reserved.
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Let P denote the matrix of one-step transition probabilities P;;, so that

Py Poir Po2

Py Py P
P=| : : :

Po Py P

Example 4.1 (Forecasting the Weather). Suppose that the chance of rain tomorrow
depends on previous weather conditions only through whether or not it is raining today
and not on past weather conditions. Suppose also that if it rains today, then it will rain
tomorrow with probability «; and if it does not rain today, then it will rain tomorrow
with probability B.

If we say that the process is in state O when it rains and state 1 when it does not
rain, then the preceding is a two-state Markov chain whose transition probabilities are
given by

a l—«

P=lg 1-8

Example 4.2 (A Communications System). Consider a communications system that
transmits the digits O and 1. Each digit transmitted must pass through several stages,
at each of which there is a probability p that the digit entered will be unchanged when
it leaves. Letting X,, denote the digit entering the nth stage, then {X,,,n =0, 1,...} is
a two-state Markov chain having a transition probability matrix

r=|,2, ' "
I-p p

Example 4.3. On any given day Gary is either cheerful (C), so-so (S), or glum (G). If
he is cheerful today, then he will be C, S, or G tomorrow with respective probabilities
0.5, 0.4, 0.1. If he is feeling so-so today, then he will be C, S, or G tomorrow with
probabilities 0.3, 0.4, 0.3. If he is glum today, then he will be C, S, or G tomorrow
with probabilities 0.2, 0.3, 0.5.

Letting X,, denote Gary’s mood on the nth day, then {X,,n > 0} is a three-state
Markov chain (state 0 = C, state 1 = §, state 2 = G) with transition probability matrix

0.5 04 0.1
P=|03 04 03 ]
02 03 05

Example 4.4 (Transforming a Process into a Markov Chain). Suppose that whether
or not it rains today depends on previous weather conditions through the last two
days. Specifically, suppose that if it has rained for the past two days, then it will rain
tomorrow with probability 0.7; if it rained today but not yesterday, then it will rain
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tomorrow with probability 0.5; if it rained yesterday but not today, then it will rain
tomorrow with probability 0.4; if it has not rained in the past two days, then it will
rain tomorrow with probability 0.2.

If we let the state at time n depend only on whether or not it is raining at time n, then
the preceding model is not a Markov chain (why not?). However, we can transform
this model into a Markov chain by saying that the state at any time is determined by
the weather conditions during both that day and the previous day. In other words, we
can say that the process is in

state 0  if it rained both today and yesterday,
state 1  if it rained today but not yesterday,

state 2 if it rained yesterday but not today,

state 3 if it did not rain either yesterday or today.

The preceding would then represent a four-state Markov chain having a transition
probability matrix

07 0 03 0
p_[05 0 05 0
“lo 04 0 06

0 02 0 038

You should carefully check the matrix P, and make sure you understand how it was
obtained. |

Example 4.5 (A Random Walk Model). A Markov chain whose state space is given
by the integers i =0, £1,+£2,... is said to be a random walk if, for some number
O<p<l,

Piivi=p=1-"P;, i=0,%£1,...

The preceding Markov chain is called a random walk for we may think of it as being
a model for an individual walking on a straight line who at each point of time either
takes one step to the right with probability p or one step to the left with probability
1—p. ]

Example 4.6 (A Gambling Model). Consider a gambler who, at each play of the
game, either wins $1 with probability p or loses $1 with probability 1 — p. If we sup-
pose that our gambler quits playing either when he goes broke or he attains a fortune
of $N, then the gambler’s fortune is a Markov chain having transition probabilities

Piivi=p=1-"P;, i=1,2,...,N—1,

Pyy=Pyn=1

States 0 and N are called absorbing states since once entered they are never left.
Note that the preceding is a finite state random walk with absorbing barriers (states O
and N). |
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Example 4.7. In most of Europe and Asia annual automobile insurance premiums are
determined by use of a Bonus Malus (Latin for Good-Bad) system. Each policyholder
is given a positive integer valued state and the annual premium is a function of this
state (along, of course, with the type of car being insured and the level of insurance).
A policyholder’s state changes from year to year in response to the number of claims
made by that policyholder. Because lower numbered states correspond to lower annual
premiums, a policyholder’s state will usually decrease if he or she had no claims in the
preceding year, and will generally increase if he or she had at least one claim. (Thus,
no claims is good and typically results in a decreased premium, while claims are bad
and typically result in a higher premium.)

For a given Bonus Malus system, let s; (k) denote the next state of a policyholder
who was in state i in the previous year and who made a total of k claims in that year.
If we suppose that the number of yearly claims made by a particular policyholder is
a Poisson random variable with parameter A, then the successive states of this policy-
holder will constitute a Markov chain with transition probabilities

Ak
P = Z e AF, j=0
ks (k)= '

Whereas there are usually many states (20 or so is not atypical), the following table
specifies a hypothetical Bonus Malus system having four states.

State Annual Premium Next state if
0 claims 1 claim 2 claims > 3 claims
1 200 1 2 3 4
2 250 1 3 4 4
3 400 2 4 4 4
4 600 3 4 4 4

Thus, for instance, the table indicates that s, (0) = 1; s2(1) = 3; s2(k) =4, k > 2. Con-
sider a policyholder whose annual number of claims is a Poisson random variable with
parameter A. If a; is the probability that such a policyholder makes k claims in a year,
then

For the Bonus Malus system specified in the preceding table, the transition probability
matrix of the successive states of this policyholder is

apy ay a l—ao—a1 —aj
ag 0 a l1—ay—a

0 a 0 l—ao

0 0 a 1—ap
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4.2 Chapman-Kolmogorov Equations

We have already defined the one-step transition probabilities P;;. We now define the
n-step transition probabilities Pi’jl. to be the probability that a process in state i will be
in state j after n additional transitions. That is,

Pl =P{Xppi=jlXe=i}, n>0,ij20

Of course Pilj = P;;. The Chapman—Kolmogorov equations provide a method for com-
puting these n-step transition probabilities. These equations are

o0
Pi’]’.+’" = Z i’}(P,?} foralln, m >0, alli, j 4.2)
k=0

and are most easily understood by noting that P/} PI?}' represents the probability that
starting in i the process will go to state j in n 4+ m transitions through a path which
takes it into state k at the nth transition. Hence, summing over all intermediate states
k yields the probability that the process will be in state j after n 4+ m transitions.
Formally, we have

Pl = P(Xpim = j1Xo =)

oo
=D PXusm=Jj. Xy =kXo=1)
k=0

o0
> P{Xuim = j|Xn =k, Xo=i}P{X, =k|Xo =1
k=0

ot

m n
Py Piy

~
Il
(=)

If we let P®) denote the matrix of n-step transition probabilities Pl.'J’. , then Eq. (4.2)
asserts that

petm — pt)  pin)
where the dot represents matrix multiplication.! Hence, in particular,
p@ =pi+th —p.p=p?
and by induction
P(}’l) — P(n—l-‘rl) — Pn—l . P — PVL
LIf Ais an N x M matrix whose element in the ith row and Jjth column is g;; and B is an M x K matrix

whose element in the ith row and jth column is b;;, then A-B is defined to be the N x K matrix whose
element in the ith row and jth column is ZIICVI: 1 Gikby;j-
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That is, the n-step transition matrix may be obtained by multiplying the matrix P by
itself n times.

Example 4.8. Consider Example 4.1 in which the weather is considered as a two-state
Markov chain. If « = 0.7 and 8 = 0.4, then calculate the probability that it will rain
four days from today given that it is raining today.

Solution: The one-step transition probability matrix is given by

0.7 03
p=[5i o3
Hence,
0.7 0.3 (0.7 0.3
2) _p2 _ .
P =P = 0.4 O.6H {0.4 O.6H
__||0.61 0.39
—10.52 0.438|°
@ _ p2y2_ [0-61 039 J0.61 0.39
P =07 = 0.52 0.48| |0.52 0.48
_|[0.5749 0.4251
~1[0.5668 0.4332
and the desired probability P(‘)‘O equals 0.5749. |

Example 4.9. Consider Example 4.4. Given that it rained on Monday and Tuesday,
what is the probability that it will rain on Thursday?

Solution: The two-step transition matrix is given by

07 0 03 0 07 0 03 0
05 0 05 0 05 0 05 0
0 04 0 06/ |0 04 0 06
0 02 0 08| 0 02 0 08

0.49 0.12 0.21 0.18
0.35 0.20 0.15 0.30
0.20 0.12 0.20 0.48
0.10 0.16 0.10 0.64

P =p? =

Since rain on Thursday is equivalent to the process being in either state O or state
1 on Thursday, the desired probability is given by PO20 + P021 =049 +0.12 =
0.61. [

Example 4.10. An urn always contains 2 balls. Ball colors are red and blue. At each
stage a ball is randomly chosen and then replaced by a new ball, which with probability
0.8 is the same color, and with probability 0.2 is the opposite color, as the ball it
replaces. If initially both balls are red, find the probability that the fifth ball selected is
red.
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Solution: To find the desired probability we first define an appropriate Markov
chain. This can be accomplished by noting that the probability that a selection is
red is determined by the composition of the urn at the time of the selection. So, let
us define X,, to be the number of red balls in the urn after the nth selection and
subsequent replacement. Then X,,, n > 0, is a Markov chain with states 0, 1,2 and
with transition probability matrix P given by

08 02 0
0.1 0.8 0.1
0 02 038

To understand the preceding, consider for instance P; ¢. Now, to go from 1 red ball
in the urn to 0 red balls, the ball chosen must be red (which occurs with probability
0.5) and it must then be replaced by a ball of opposite color (which occurs with
probability 0.2), showing that

P o=(0.5)(0.2) =

To determine the probability that the fifth selection is red, condition on the number
of red balls in the urn after the fourth selection. This yields

P (fifth selection is red)
2
= Y _ P(fifth selection is red| X4 = i) P(X4 =i|Xo =2)
i=0
_ 4 4 4
=(0)Py o+ (0.5 P} +(1)Py,
=0.5P) | + Py,

To calculate the preceding we compute P*. Doing so yields
P}, =04352, P}, =0.4872

giving the answer P (fifth selection is red) = 0.7048. ]

Example 4.11. Suppose that balls are successively distributed among 8 urns, with
each ball being equally likely to be put in any of these urns. What is the probability
that there will be exactly 3 nonempty urns after 9 balls have been distributed?

Solution: If we let X,, be the number of nonempty urns after n balls have been
distributed, then X,,, n > 0 is a Markov chain with states 0, 1, ..., 8 and transition
probabilities

Pi=i/8=1—P, i=01,...,8

The desired probability is P 0.3 = P1 3, where the equality follows because
Pp,1 = 1. Now, starting with 1 occupled urn, if we had wanted to determine the en-
tire probability distribution of the number of occupied urns after 8 additional balls
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had been distributed we would need to consider the transition probability matrix
with states 1,2, ..., 8. However, because we only require the probability, start-
ing with a single occupied urn, that there are 3 occupied urns after an additional 8
balls have been distributed we can make use of the fact that the state of the Markov
chain cannot decrease to collapse all states 4, 5, ..., 8 into a single state 4 with the
interpretation that the state is 4 whenever four or more of the urns are occupied.
Consequently, we need only determine the eight-step transition probability PE 5 of
the Markov chain with states 1, 2, 3, 4 having transition probability matrix P given
by

1/8 7/8 0 0
0 2/8 6/8 0
0 0 3/8 5/8
0 0 0 1

Raising the preceding matrix to the power 4 yields the matrix P* given by

0.0002 0.0256 0.2563 0.7178

0 0.0039 0.0952 0.9009
0 0 0.0198 0.9802
0 0 0 1

Hence,

PE3 =0.0002 x 0.2563 +0.0256 x 0.0952 4 0.2563 x 0.0198
+ 0.7178 x 0 =0.00756 ]

Consider a Markov chain with transition probabilities P;;. Let o7 be a set of states,
and suppose we are interested in the probability that the Markov chain ever enters any
of the states in &/ by time m. That is, for a given state i ¢ </, we are interested in
determining

B=P(Xye€ o forsomek=1,...,m|Xog=1i)

To determine the preceding probability we will define a Markov chain {W,,n > 0}
whose states are the states that are not in ./ plus an additional state, which we will
call A in our general discussion (though in specific examples we will usually give it a
different name). Once the {W,;} Markov chain enters state A it remains there forever.

The new Markov chain is defined as follows. Letting X,, denote the state at time n
of the Markov chain with transition probabilities P; ;, define

N =min{n: X, € &}

and let N = oo if X,, ¢ &7 for all n. In words, N is the first time the Markov chain
enters the set of states 7. Now, define

| Xn, ifn<N
W"_{A, itn>N
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So the state of the {W, } process is equal to the state of the original Markov chain up
to the point when the original Markov chain enters a state in 7. At that time the new
process goes to state A and remains there forever. From this description it follows that
W,,n > 0 is a Markov chain with states i,i ¢ <7, A and with transition probabilities
Qi,j, given by

Q,',jZP,"j, if i¢d,jegod

Qia= Y Py, if i¢go
jesd

Oan=1

Because the original Markov chain will have entered a state in ./ by time m if and
only if the state at time m of the new Markov chain is A, we see that

P(Xy e o forsomek=1,...,m|Xog=1)
= P(Wn = AlXo=i) = P(W, = A|Wo =) = 0",

That is, the desired probability is equal to an m-step transition probability of the new
chain.

Example 4.12. In a sequence of independent flips of a fair coin, let N denote the
number of flips until there is a run of three consecutive heads. Find

(@ P(N <8) and
(b) P(N =38).

Solution: To determine P (N < 8), define a Markov chain with states 0, 1,2, 3
where for i < 3 state i means that we currently are on a run of i consecutive heads,
and where state 3 means that a run of three consecutive heads has already occurred.
Thus, the transition probability matrix is

12 12 0 0
12 0 12 0
12 0 0 172
0 0 0 1

P=

where, for instance, the values for row 2 are obtained by noting that if we currently
are on a run of size 1 then the next state will be O if the next flip is a tail, or 2
if it is a head. Hence, P19 = P12 = 1/2. Because there would be a run of three
consecutive heads within the first eight flips if and only if Xg = 3, the desired
probability is P& 3+ Squaring P to obtain P2, then squaring the result to obtain P*,
and then squaring that matrix gives the result

81/256 44/256 24/256 107/256

68/256 37/256 20/256 131/256

44/256 24/256 13/256 175/256
0 0 0 1

Pd =
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Hence, the probability that there will be a run of three consecutive heads within
the first eight flips is 107/256 ~ .4180.

(b) Noting that N = 8 if the pattern hasn’t yet occurred in the first 7 transitions,
the state after 7 transitions is 2, and the next flip lands heads, shows that

1
P(N:S):EP&Z. u

We can also use Markov chains to determine probabilities concerning the time until
a pattern appears when the data itself comes from a Markov chain. We illustrate this
by an example.

Example 4.13. Let {X,,, n > 0} be a Markov chain with states 0, 1, 2, 3 and transition
probabilities P; ;,i, j =0, 1,2, 3, and let N denote the number of transitions, starting
in state 0, until the pattern 1,2, 1,2 appears. That is,

N=minjn>4: X, 3=1,X, ,=2,X,,_1=1,X, =2}.

Suppose we are interested in evaluating P(N < k) for some specified value k. To do
so, we define a new Markov chain {Y,,n > 0}, that tracks the progress towards the
pattern. The Y;, are defined as follows:

— If the pattern has appeared by the nth transition—that is, if X, ..., X,, includes
1,2,1,2—then Y¥,, = 4.
— If the pattern has not yet appeared by the nth transition

Y,=1ift X, =1and (X,_2, X,—1) # (1, 2).

Y,=2itX,.1=1,X,=2.

Y,=3itX,»=1X,-1=2,X,=1.

Y, =5ifX,=2,X,_1#1.

Y,=6if X, =0.

Y,=7itX,=3
Thus, for i = 1,2, 3,4, Y, =i signifies that we are i steps into the pattern (or in the
case i = 4 that the pattern has appeared). ¥, =5 (or 6 or 7) if there is no current
progress with regards to the pattern and the current state is 2 (or O or 3). The desired
probability P(N < k) is equal to the probability that the number of transitions of the
Markov chain {Y,} to go from state 6 to state 4 is less than or equal to k. Because
state 4 is an absorbing state of this chain, this probability is Q'é’ 4 Where Q; ; are the
transition probabilities of the Markov chain {Y},}. |

Suppose now that we want to compute the probability that the {X,,, n > 0} chain,
starting in state i, enters state j at time m without ever entering any of the states in .7,
where neither i nor j is in .o/ That is, for i, j ¢ o7, we are interested in

a=PXpn=j,Xp ¢, k=1,....m—1|Xo=1)

Noting that the event that X,,, = j, X; ¢ o/, k =1, ..., m — 1 is equivalent to the event
that W,,, = j, it follows that for i, j ¢ 7,



Markov Chains 203

PXp=j.Xe ¢ A k=1,....m—1Xo=i)=PW,, = j|Xo=1i)
= P(Wy = jIWo=i)=0QV",.

Example 4.14. Consider a Markov chain with states 1, 2, 3,4, 5, and suppose that we
want to compute

P(X4=2,X3<2,X2<2,X1<2|Xo=1)

That is, we want the probability that, starting in state 1, the chain is in state 2 at time
4 and has never entered any of the states in the set .o/ = {3, 4, 5}.

To compute this probability all we need to know are the transition probabilities
P11, P12, P21, Px;. So, suppose that

Pi1=03 P;,=03
P1=0.1 Py=02

Then we consider the Markov chain having states 1,2, 3 (we are giving state A the
name 3), and having the transition probability matrix Q as follows:

03 03 04
0.1 02 07
0 o0 1

The desired probability is Q?z. Raising Q to the power 4 yields the matrix

0.0219 0.0285 0.9496
0.0095 0.0124 0.9781
0 0 1

Hence, the desired probability is o = 0.0285. ]
When i ¢ <7 but j € o/ we can determine the probability
a=PXm=j,Xe ¢ A k=1,....,m—1|Xo=1)
as follows.
a=> PXp=jXpa=rXpg¢d k=1,...m=2Xo=i)

r¢.of

= ZP(Xm=j|Xm_1=r,Xk¢£7,k=1,...,m—2,X0:i)
re¢.of
XPXmo1=rXe¢ A k=1,....m—2|Xo=1i)

=Y P PXpoi=r.Xe ¢ k=1.....m—2Xo=i)
r¢of

=D PO

r¢s/
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Also, when i € &/ we could determine
a=PXpn=j,Xe g, k=1,....m—1|Xo=1i)
by conditioning on the first transition to obtain
a= Y P(Xp=j Xe ¢,

re¢gof
k=1,....m—1|Xo=i,X1=r)P(X1 =r|Xg=1i)

= Z PXp_1=j.Xx ¢ k=1,....m—2|Xog=r)Pi,
réof

For instance, if i € o7, j ¢ o then the preceding equation yields
P(Xp=j Xe ¢/ k=1,...m—1Xo=0)=Y_ O P,
réof

We can also compute the conditional probability of X, given that the chain starts
in state i and has not entered any state in .2/ by time n, as follows. For i, j ¢ <7,

P{X,=jlXo=i,Xx¢ . k=1,...,n)

CPXp=j. X ¢ k=1, nXo=i} O,
h P{Xy ¢ o k=1,...,nXo=1i} Y ew OF,

Remark. So far, all of the probabilities we have considered are conditional probabili-
ties. For instance, P} is the probability that the state at time 7 is j given that the initial
state at time O is i. If the unconditional distribution of the state at time » is desired,
it is necessary to specify the probability distribution of the initial state. Let us denote
this by

o0
a;i=P{Xo=i}, i>0 (Zai = 1)
i=0

All unconditional probabilities may be computed by conditioning on the initial state.
That is,

o
P{X,=j}= ) P{X,=jlXo=i}P{Xo=i}
i=0
o
= ZPirjl-a,'
i=0

For instance, if «g = 0.4, 1 = 0.6, in Example 4.8, then the (unconditional) prob-
ability that it will rain four days after we begin keeping weather records is

P{X4=0}=0.4Pg +0.6P},
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=(0.4)(0.5749) + (0.6)(0.5668)
=0.5700

4.3 Classification of States

State j is said to be accessible from state i if Pl.’;. > 0 for some n > 0. Note that this
implies that state j is accessible from state i if and only if, starting in i, it is possible
that the process will ever enter state j. This is true since if j is not accessible from i,
then

o0
P{everbein j|startini} = P { U{anj} oni}
n=0

o
<Y P{X,=jlXo=i}
n=0

Two states i and j that are accessible to each other are said to communicate, and we
write i <> j.
Note that any state communicates with itself since, by definition,

Pl=P{Xo=ilXo=i}=1

The relation of communication satisfies the following three properties:

(i) State i communicates with state i, all i > 0.
(ii) If state i communicates with state j, then state j communicates with state i.
(iii) If state i communicates with state j, and state j communicates with state k,
then state i communicates with state k.

Properties (i) and (ii) follow immediately from the definition of communication. To
prove (iii) suppose that i communicates with j, and j communicates with k. Thus,
there exist integers n and m such that Pl.’j’. > 0, P]”,i > 0. Now by the Chapman—
Kolmogorov equations, we have

00

n+m __ n pm n pm

P =Y P} Pl > PPl >0
r=0

Hence, state & is accessible from state i. Similarly, we can show that state i is accessi-
ble from state k. Hence, states i and kX communicate.

Two states that communicate are said to be in the same class. It is an easy conse-
quence of (i), (ii), and (iii) that any two classes of states are either identical or disjoint.
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In other words, the concept of communication divides the state space up into a num-
ber of separate classes. The Markov chain is said to be irreducible if there is only one
class, that is, if all states communicate with each other.

Example 4.15. Consider the Markov chain consisting of the three states 0, 1, 2 and
having transition probability matrix

1 1
2 2 0
_fr 11
P=13 37 1
1 2
0 35 3

It is easy to verify that this Markov chain is irreducible. For example, it is possible to
go from state O to state 2 since

0—->1—>2

That is, one way of getting from state O to state 2 is to go from state O to state 1 (with
probability %) and then go from state 1 to state 2 (with probability %). |

Example 4.16. Consider a Markov chain consisting of the four states 0, 1, 2, 3 and
having transition probability matrix

1 1
11 oo
1 1
11 90 0
1z 2
P=17 1 11
4 4 4 4
00 0 1

The classes of this Markov chain are {0, 1}, {2}, and {3}. Note that while state 0
(or 1) is accessible from state 2, the reverse is not true. Since state 3 is an absorbing
state, that is, P33 = 1, no other state is accessible from it. [ |

For any state i we let f; denote the probability that, starting in state i, the process
will ever reenter state i. State i is said to be recurrent if f; = 1 and transient if f; < 1.

Suppose that the process starts in state i and i is recurrent. Hence, with proba-
bility 1, the process will eventually reenter state i. However, by the definition of a
Markov chain, it follows that the process will be starting over again when it reenters
state i and, therefore, state i will eventually be visited again. Continual repetition of
this argument leads to the conclusion that if state i is recurrent then, starting in state i,
the process will reenter state i again and again and again—in fact, infinitely often.

On the other hand, suppose that state i is transient. Hence, each time the process
enters state i there will be a positive probability, namely, 1 — f;, that it will never again
enter that state. Therefore, starting in state i, the probability that the process will be in
state i for exactly n time periods equals fl."_l(l — fi),n > 1. In other words, if state
i is transient then, starting in state i, the number of time periods that the process will
be in state i has a geometric distribution with finite mean 1/(1 — f;).
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From the preceding two paragraphs, it follows that state i is recurrent if and only
if, starting in state i, the expected number of time periods that the process is in state i
is infinite. But, letting

L[l X =i
"=00, ifX,#£i

we have that . I,, represents the number of periods that the process is in state i.
Also,

o0 o
E|Y LlXo=i|=Y Ell|Xo=il
n=0 n=0
o
=Y P(X,=ilXo=i}

n=0
o

= Z Pz‘rf
n=0

We have thus proven the following.

Proposition 4.1. State i is

o0
. n_
recurrent if E P/ =00,
n=1
o0

transient if Z P} <00

n=1

The argument leading to the preceding proposition is doubly important because it
also shows that a transient state will only be visited a finite number of times (hence
the name transient). This leads to the conclusion that in a finite-state Markov chain not
all states can be transient. To see this, suppose the states are 0, 1, ..., M and suppose
that they are all transient. Then after a finite amount of time (say, after time Tj) state
0 will never be visited, and after a time (say, 77) state 1 will never be visited, and
after a time (say, 75) state 2 will never be visited, and so on. Thus, after a finite time
T =max{Typ, T1, ..., Ty} no states will be visited. But as the process must be in some
state after time T we arrive at a contradiction, which shows that at least one of the
states must be recurrent.

Another use of Proposition 4.1 is that it enables us to show that recurrence is a class

property.

Corollary 4.2. [f state i is recurrent, and state i communicates with state j, then state
J is recurrent.
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Proof. To prove this we first note that, since state i communicates with state j, there
exist integers k and m such that Pl.k]. >0, P/’.'l.' > (. Now, for any integer n

m+n—+k m pn pk
Py 2 Pi B B

This follows since the left side of the preceding is the probability of going from j to
j in m + n + k steps, while the right side is the probability of going from j to j in
m + n + k steps via a path that goes from j to i in m steps, then from i to i in an
additional n steps, then from i to j in an additional k steps.

From the preceding we obtain, by summing over n, that

o]

o0
m—+n—+k m pk n__
D PR PRPEY Pl =o0
n=1

n=1

since P} Pl.k. >0and ) 7, P! is infinite since state i is recurrent. Thus, by Proposi-
tion 4.1 it follows that state j is also recurrent. |

Remarks. (i) Corollary 4.2 also implies that transience is a class property. For
if state i is transient and communicates with state j, then state j must also be
transient. For if j were recurrent then, by Corollary 4.2, i would also be recurrent
and hence could not be transient.

(ii) Corollary 4.2 along with our previous result that not all states in a finite Markov
chain can be transient leads to the conclusion that all states of a finite irreducible
Markov chain are recurrent.

Example 4.17. Let the Markov chain consisting of the states 0, 1,2, 3 have the tran-
sition probability matrix

11
00 5 5
1 0 0 O

P=
01 0 O
01 0 0

Determine which states are transient and which are recurrent.

Solution: It is a simple matter to check that all states communicate and, hence,
since this is a finite chain, all states must be recurrent. [ |

Example 4.18. Consider the Markov chain having states 0, 1, 2, 3, 4 and

1 1
1o o0 o0
1 1
1000
P=J0 0 1 1 o
1 1
oo L1 1o
1 1 1
i3 00 3
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Determine the recurrent state.

Solution: This chain consists of the three classes {0, 1}, {2, 3}, and {4}. The first
two classes are recurrent and the third transient. |

Example 4.19 (A Random Walk). Consider a Markov chain whose state space con-
sists of the integers i =0, &1, +2, ..., and has transition probabilities given by

Piivi=p=1—"Pi;j—y, i=0,%1,+£2,...

where 0 < p < 1. In other words, on each transition the process either moves one step
to the right (with probability p) or one step to the left (with probability 1 — p). One
colorful interpretation of this process is that it represents the wanderings of a drunken
man as he walks along a straight line. Another is that it represents the winnings of a
gambler who on each play of the game either wins or loses one dollar.

Since all states clearly communicate, it follows from Corollary 4.2 that they are
either all transient or all recurrent. So let us consider state O and attempt to determine
if Y02 P, is finite or infinite.

Since it is impossible to be even (using the gambling model interpretation) after an
odd number of plays we must, of course, have that

Py'=0, n=12,...

On the other hand, we would be even after 2n trials if and only if we won n of
these and lost n of these. Because each play of the game results in a win with proba-
bility p and a loss with probability 1 — p, the desired probability is thus the binomial
probability

2n (2n)!
2n n n_ _ n —
POO_<n)p(1 p) _n!n!(p(l p)', n=1,2,3,...

By using an approximation, due to Stirling, which asserts that
n!~n" 122 4.3)
where we say that a,, ~ b, when lim,,_,  a, /b, = 1, we obtain

(21’!) (2n)2n+1/2 e—2n o 22n

n n2+le=2n 27y T /nw
Hence,
b 4p(L=p))"
00 T

Now it is easy to verify, for positive ay,, b,, that if a, ~ b,, then Zn a, < oo if and
only if ", b, < co. Hence, Y - P}, will converge if and only if
i 4p(1—p)"
NZ20
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does. However, 4p(1 — p) < 1 with equality holding if and only if p = % Hence,
> 1 Pyy = oo if and only if p = % Thus, the chain is recurrent when p = % and
transient if p # %

When p = %, the preceding process is called a symmetric random walk. We could
also look at symmetric random walks in more than one dimension. For instance, in the
two-dimensional symmetric random walk the process would, at each transition, either
take one step to the left, right, up, or down, each having probability i. That is, the

state is the pair of integers (i, j) and the transition probabilities are given by

1
P, j),i+1.5) = Pa,j.i-1,) = Pa .. j+0) = Pa,j.a.j-») = 3

By using the same method as in the one-dimensional case, we now show that this
Markov chain is also recurrent.

Since the preceding chain is irreducible, it follows that all states will be recurrent
if state 0 = (0, 0) is recurrent. So consider Poz(’; Now after 2n steps, the chain will be
back in its original location if for some i, 0 < i < n, the 2n steps consist of i steps to
the left, i to the right, n — i up, and n — i down. Since each step will be either of these
four types with probability %, it follows that the desired probability is a multinomial
probability. That is,

n

- 2n)! N
Poo = X(;i!i!(n —)l(n—1i)! <4>

&em! on n! <1)2"
- Z{; nln! (n—i)i! (n—i)li! \ 4

=

() (20
NONGIE

where the last equality uses the combinatorial identity

(1)-26)6)

which follows upon noting that both sides represent the number of subgroups of size
n one can select from a set of n white and n black objects. Now,

2n _ 2n)!
n) !
(2n)2n+]/2672n 27

n2"+le_2”(2n)

by Stirling’s approximation
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qn
A/TTn

Hence, from Eq. (4.4) we see that

1
2n ., _~
Poo T
which shows that ) P026’ = 00, and thus all states are recurrent.

Interestingly enough, whereas the symmetric random walks in one and two dimen-
sions are both recurrent, all higher-dimensional symmetric random walks turn out to
be transient. (For instance, the three-dimensional symmetric random walk is at each
transition equally likely to move in any of six ways—either to the left, right, up, down,
in, or out.) |

Remark. For the one-dimensional random walk of Example 4.19 here is a direct
argument for establishing recurrence in the symmetric case, and for determining the
probability that it ever returns to state O in the nonsymmetric case. Let

B = P{ever return to 0}
To determine g, start by conditioning on the initial transition to obtain
B = P{everreturn to 0| X| = 1}p + P{ever return to 0| X = —1}(1 — p) (4.5)

Now, let « denote the probability that the Markov chain will ever return to state O
given that it is currently in state 1. Because the Markov chain will always increase by
1 with probability p or decrease by 1 with probability 1 — p no matter what its current
state, note that « is also the probability that the Markov chain currently in state i will
ever enter state i — 1, for any i. To obtain an equation for «, condition on the next
transition to obtain

o = Pleverreturn| X1 =1, X» =0}(1 — p) + P{ever return| X| =1, X» =2}p
=1— p+ Pleverreturn|X| =1, X, =2}p
=1-p+pa’

where the final equation follows by noting that in order for the chain to ever go from
state 2 to state O it must first go to state 1—and the probability of that ever happening
is a—and if it does eventually go to state 1 then it must still go to state 0—and the
conditional probability of that ever happening is also «. Therefore,

ot:l—p—{—poc2

The two roots of this equation are « = 1 and « = (1 — p)/p. Consequently, in the
case of the symmetric random walk where p = 1/2 we can conclude that « = 1. By
symmetry, the probability that the symmetric random walk will ever enter state 0 given
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that it is currently in state —1 is also 1, proving that the symmetric random walk is
recurrent.
Suppose now that p > 1/2. In this case, it can be shown (see Exercise 17 at the

end of this chapter) that P{ever return to 0| X; = —1} = 1. Consequently, Eq. (4.5)
reduces to
p=ap+1-p

Because the random walk is transient in this case we know that 8 < 1, showing that
a # 1. Therefore, « = (1 — p)/p, yielding that

B=2(01-p), p>1/2
Similarly, when p < 1/2 we can show that 8 =2p. Thus, in general
P{ever return to 0} = 2min(p, 1 — p) |

In our next example we use the recurrence of the symmetric random walk to con-
struct an example where E[Y> oo | X,1# Y oo | E[X,]

Example 4.20. Whereas it is true that E[Y o X,] =Y v E[X,] when the random
variables X, n > 1 are all nonnegative, it is not true in general. For an example where
it does not hold, suppose that Y7, Y», ... are independent and identically distributed
with P(Y, =1)=P(Y, =—1)=1/2,n > 1. Note that E[Y,,] =0. Let

N=mink:Y1+...+Yr=1)

and note that it follows from the fact that the symmetric random walk is recurrent that
N will be finite with probability 1. Now, let

L1 ifnsN
"710, ifn>N

Because I,, =1 if N > n — 1, and it is equal to O otherwise, it follows that the value
of I, is determined by Y1, ..., ¥,—1. Indeed, because N is defined to be the first time
the sum of the Y’s is equal to 1, it follows that

{(Li=1})={N>n—-1}=#1,Y14+Vr#l,....Y1+...4+Y,_1 #1}
which shows that I,, and Y,, are independent. Now, define X,,, n > 1, by

Y,, iftn<N

X”:Y”I":{o if n>N

By the independence of Y, and I,,,

E[X,1=E[Y,1E[1,]=0
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showing that

o0
ZE[XH] =0
n=1
However,
00 00 N
D Xp=) Yuly=) Y,=1
n=1 n=1 n=1

and so

E[Z X,]=1
n=1

Thus,

E[ZXn]zl and ZE[Xn] =0 [}
n=1

n=1

Example 4.21 (On the Ultimate Instability of the Aloha Protocol). Consider a com-
munications facility in which the numbers of messages arriving during each of the time
periods n =1, 2, ... are independent and identically distributed random variables. Let
a; = P{i arrivals}, and suppose that ayp + a; < 1. Each arriving message will trans-
mit at the end of the period in which it arrives. If exactly one message is transmitted,
then the transmission is successful and the message leaves the system. However, if at
any time two or more messages simultaneously transmit, then a collision is deemed
to occur and these messages remain in the system. Once a message is involved in a
collision it will, independently of all else, transmit at the end of each additional period
with probability p—the so-called Aloha protocol (because it was first instituted at the
University of Hawaii). We will show that such a system is asymptotically unstable
in the sense that the number of successful transmissions will, with probability 1, be
finite.

To begin let X,, denote the number of messages in the facility at the beginning of
the nth period, and note that {X,,, n > 0} is a Markov chain. Now for £ > 0 define the
indicator variables I by

1, if the first time that the chain departs state k it
Iy = directly goes to state k — 1
0, otherwise

and let it be O if the system is never in state k, k > 0. (For instance, if the successive
states are 0, 1, 3,4, ..., then /3 = 0 since when the chain first departs state 3 it goes to
state 4; whereas, if they are 0, 3, 3, 2, ..., then /3 = 1 since this time it goes to state 2.)
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o o0
E [Z ij| =Y E[]
k=0 k=0
o0
=Y Pik=1)
k=0
o0
< ) P{ly = 1|k is ever visited} (4.6)
k=0

Now, P{I; = 1]k is ever visited} is the probability that when state k is departed the
next state is k — 1. That is, it is the conditional probability that a transition from k is
to k — 1 given that it is not back into &, and so

Py k-1
1 — Prx

P{I; = 1]k is ever visited} =

Because

Py i1 = agkp(1 — p)*=1,
Pix =aoll —kp(1 — p)* " +a1(1 - p)t

which is seen by noting that if there are k messages present on the beginning of a
day, then (a) there will be k — 1 at the beginning of the next day if there are no new
messages that day and exactly one of the k messages transmits; and (b) there will be k
at the beginning of the next day if either

(i) there are no new messages and it is not the case that exactly one of the existing
k messages transmits, or

(ii) there is exactly one new message (which automatically transmits) and none of
the other k messages transmits.

Substitution of the preceding into Eq. (4.6) yields

E ilk < i agkp(1 — p)*~"!
k=0 h k=0 1 —ao[l —kp(1 — p)*=11—a;(1 — p)k
<0

where the convergence follows by noting that when k is large the denominator of
the expression in the preceding sum converges to 1 — @ and so the convergence or
divergence of the sum is determined by whether or not the sum of the terms in the
numerator converge and Z,fio k(1 — p)k_1 < 00.

Hence, E[Y_;2 Ix] < 0o, which implies that > ;- ; Iy < oo with probability 1 (for
if there was a positive probability that Y =, I could be oo, then its mean would be
00). Hence, with probability 1, there will be only a finite number of states that are
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initially departed via a successful transmission; or equivalently, there will be some
finite integer N such that whenever there are N or more messages in the system, there
will never again be a successful transmission. From this (and the fact that such higher
states will eventually be reached—why?) it follows that, with probability 1, there will
only be a finite number of successful transmissions. ]

Remark. For a (slightly less than rigorous) probabilistic proof of Stirling’s approxi-
mation, let X1, X», ... be independent Poisson random variables each having mean 1.
Let S, = Z?:l X;, and note that both the mean and variance of S, are equal to n.
Now,

P{S,=n}=P{n—-1<3S, <n}
= P{=1/+/n < (Sy —n)/+/n <0}

0 .
/ (271)_1/26_X2/2 dx when n is I?Ige, by the
—1/yn central limit theorem

~ Q)2 (1/y/n)
= Q2nn)~1/?

%

But S, is Poisson with mean 7, and so

—n,n

n

e
P{S,=n}= —

Hence, for n large

—n,n

~ 2mn)~ /2
n!

or, equivalently
nl~ "2 2g

which is Stirling’s approximation.

4.4 Long-Run Proportions and Limiting Probabilities

For pairs of states i # j, let f; ; denote the probability that the Markov chain, starting
in state i, will ever make a transition into state j. That is,

fi.,j = P(X, = j for some n > 0| Xo =1i)
We then have the following result.

Proposition 4.3. Ifi is recurrent and i communicates with j, then f; j = 1.
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Proof. Because i and j communicate there is a value n such that P” >0.Let Xo=1i
and say that the first opportunity is a success if X, = j, and note that the first oppor-
tunity is a success with probability P, ;> 0. If the first opportunity is not a success
then consider the next time (after time n) that the chain enters state i. (Because state i
is recurrent we can be certain that it will eventually reenter state i after time n.) Say
that the second opportunity is a success if n time periods later the Markov chain is
in state j. If the second opportunity is not a success then wait until the next time the
chain enters state i and say that the third opportunity is a success if n time periods later
the Markov chain is in state j. Continuing in this manner, we can define an unlimited
number of opportunities, each of which is a success with the same positive probability

. Because the number of opportunities until the first success occurs is geometric
w1th parameter P/ T it follows that with probability 1 a success will eventually occur
and so, with probablhty 1, state j will eventually be entered. |

If state j is recurrent, let m ; denote the expected number of transitions that it takes
the Markov chain when starting in state j to return to that state. That is, with

Nj =min{n >0: X, =j}

equal to the number of transitions until the Markov chain makes a transition into
state j,

mj=E[N;j|Xo=j]

Definition. Say that the recurrent state j is positive recurrent if m j < oo and say that
it is null recurrent if m j = oo.

Now suppose that the Markov chain is irreducible and recurrent. In this case we
now show that the long-run proportion of time that the chain spends in state j is equal
to 1/m;. That is, letting 7r; denote the long-run proportion of time that the Markov
chain is in state j, we have the following proposition.

Proposition 4.4. [f the Markov chain is irreducible and recurrent, then for any initial
state

7'[]'=1/mj

Proof. Suppose that the Markov chain starts in state i, and let 77 denote the number
of transitions until the chain enters state j; then let 7> denote the additional number of
transitions from time 77 until the Markov chain next enters state j; then let 73 denote
the additional number of transitions from time 7; + 7> until the Markov chain next
enters state j, and so on. Note that 77 is finite because Proposition 4.3 tells us that
with probability 1 a transition into j will eventually occur. Also, for n > 2, because T},
is the number of transitions between the (n — 1)th and the nth transition into state j, it
follows from the Markovian property that 75, 73, ... are independent and identically
distributed with mean m ;. Because the nth transition into state j occurs at time 77 +
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...+ T, we obtain that 7 ;, the long-run proportion of time that the chain is in state j,
is

. n
ri= lim ————
J n— 00 Z?:l T;
= lm S
n—oo o Zi:l Tl
li !
= 1M V-
n—oo Il + +.+Ty
n n
1
m;

where the last equality follows because lim,,_, o, 71/n = 0 and, from the strong law of

: Dt +Ty _1; L+..4T, n—1
large numbers, lim,, oo 272 = limy, o0 2272 5= =m. [ ]
Because m; < oo is equivalent to 1/m; > 0, it follows from the preceding that
state j is positive recurrent if and only if 7; > 0. We now exploit this to show that

positive recurrence is a class property.
Proposition 4.5. Ifi is positive recurrent and i <> j then j is positive recurrent.

Proof. Suppose that i is positive recurrent and that i <> j. Now, let n be such that
Pl."’ ;> 0. Because 7; is the long-run proportion of time that the chain is in state i, and
Pl.”’ ; is the long-run proportion of time when the Markov chain is in state i that it will
be in state j after n transitions

i P! ; = long-run proportion of time the chain is in i
and will be in j after n transitions
= long-run proportion of time the chain is in j
and was in i n transitions ago

< long-run proportion of time the chain is in j
Hence, 7; > m; Pif’ ;> 0, showing that j is positive recurrent. |

Remarks. (i) It follows from the preceding result that null recurrence is also a
class property. For suppose that i is null recurrent and i <> j. Because i is
recurrent and i <> j we can conclude that j is recurrent. But if j were positive
recurrent then by the preceding proposition i would also be positive recurrent.
Because i is not positive recurrent, neither is j.

(ii) An irreducible finite state Markov chain must be positive recurrent. For we
know that such a chain must be recurrent; hence, all its states are either positive
recurrent or null recurrent. If they were null recurrent then all the long run pro-
portions would equal 0, which is impossible when there are only a finite number
of states. Consequently, we can conclude that the chain is positive recurrent.
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(iii) The classical example of a null recurrent Markov chain is the one dimensional
symmetric random walk of Example 4.18. One way to show it is null recur-
rent is to argue that the mean time to return to a state is infinite. (For another
argument, see Exercise 39.) To show this, let m; ; denote the mean number of
transitions, starting in state i, until a transition into state j occurs. Now, in Ex-
ample 3.16, it was shown that the mean number of transitions to go from state
1 to either O or n is n — 1, implying that

mio=n— 1.
As the preceding is true for all n, we obtain upon letting n — oo that
mi,o=00.

Conditioning on the result of the first bet gives

1 1
=1 - _1.0=-
mo,0 +m1,02 +m 1,02

Hence, mg o = oo, establishing that the symmetric random walk is null recur-
rent. |

To determine the long-run proportions {r;, j > 1}, note, because 7; is the long-run
proportion of transitions that come from state i, that

7; P;, j = long-run proportion of transitions that go from state i to state j

Summing the preceding over all i now yields that
= Z 7 Py
i

Indeed, the following important theorem can be proven.

Theorem 4.1. Consider an irreducible Markov chain. If the chain is positive recurrent
then the long-run proportions are the unique solution of the equations

mj=Y mPij, j=1
i

Zﬂj:l
J

4.7)

Moreover, if there is no solution of the preceding linear equations, then the Markov
chain is either transient or null recurrent and all w; = 0.

Example 4.22. Consider Example 4.1, in which we assume that if it rains today, then
it will rain tomorrow with probability «; and if it does not rain today, then it will rain
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tomorrow with probability 8. If we say that the state is O when it rains and 1 when it
does not rain, then by Theorem 4.1 the long-run proportions 7y and 7| are given by

o = amg + By,
w1 = —a)mo+ (1 = B)my,

o+ m =1
which yields that
B -«
=\, M=
I1+B8—« I+B8—«a

For example if « = 0.7 and § = 0.4, then the long-run proportion of rain is 7o = % =
0.571. m

Example 4.23. Consider Example 4.3 in which the mood of an individual is consid-
ered as a three-state Markov chain having a transition probability matrix

05 04 0.1
P=|03 04 03
02 03 05

In the long run, what proportion of time is the process in each of the three states?

Solution: The long run proportions n;,i = 0, 1, 2, are obtained by solving the
set of equations in Eq. (4.7). In this case these equations are

7o =0.5m9 + 0.371 + 0.27>,

w1 =0.4m9 + 0.4 + 0.3m>,

7y =0.119 + 0.371 + 0.57>,
mo+m +m=1

Solving yields
21 23 18
TOo=¢% T1=g, T2=g n

Example 4.24 (A Model of Class Mobility). A problem of interest to sociologists is
to determine the proportion of society that has an upper- or lower-class occupation.
One possible mathematical model would be to assume that transitions between social
classes of the successive generations in a family can be regarded as transitions of a
Markov chain. That is, we assume that the occupation of a child depends only on his
or her parent’s occupation. Let us suppose that such a model is appropriate and that
the transition probability matrix is given by

0.45 0.48 0.07
P=|0.05 0.70 0.25 (4.8)
0.01 0.50 0.49
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That is, for instance, we suppose that the child of a middle-class worker will attain
an upper-, middle-, or lower-class occupation with respective probabilities 0.05, 0.70,
0.25.

The long-run proportions ; thus satisfy

g = 0.45m9 + 0.0571 + 0.0177,

w1 = 0.48mg + 0.70r; + 0.5077,

7y = 0.07mg + 0.2571 + 0.49717,
mo+m +my=1

Hence,
79 =0.07, m =0.62, m,=0.31

In other words, a society in which social mobility between classes can be described by
a Markov chain with transition probability matrix given by Eq. (4.8) has, in the long
run, 7 percent of its people in upper-class jobs, 62 percent of its people in middle-class
jobs, and 31 percent in lower-class jobs.

Example 4.25 (The Hardy—Weinberg Law and a Markov Chain in Genetics). Con-
sider a large population of individuals, each of whom possesses a particular pair of
genes, of which each individual gene is classified as being of type A or type a. Assume
that the proportions of individuals whose gene pairs are AA, aa, or Aa are, respec-
tively, po, go, and ro (po + qo + ro = 1). When two individuals mate, each contributes
one of his or her genes, chosen at random, to the resultant offspring. Assuming that
the mating occurs at random, in that each individual is equally likely to mate with any
other individual, we are interested in determining the proportions of individuals in the
next generation whose genes are AA, aa, or Aa. Calling these proportions p, g, and r,
they are easily obtained by focusing attention on an individual of the next generation
and then determining the probabilities for the gene pair of that individual.

To begin, note that randomly choosing a parent and then randomly choosing one of
its genes is equivalent to just randomly choosing a gene from the total gene population.
By conditioning on the gene pair of the parent, we see that a randomly chosen gene
will be type A with probability

P{A} = P{A|AA}po + P{Alaa}qo + P{AlAa}rg
= po +ro/2

Similarly, it will be type a with probability
Pla}=qo+ro/2

Thus, under random mating a randomly chosen member of the next generation will be
type AA with probability p, where

p = P{A}P{A} = (po +r0/2)*
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Similarly, the randomly chosen member will be type aa with probability
q = Pla}P{a} = (q0 +ro/2)’

and will be type Aa with probability
r=2P{A}P{a}=2(po +ro/2)(q0 +ro/2)

Since each member of the next generation will independently be of each of the three
gene types with probabilities p, g, r, it follows that the percentages of the members of
the next generation that are of type AA, aa, or Aa are respectively p, g, and r.

If we now consider the total gene pool of this next generation, then p + r/2, the
fraction of its genes that are A, will be unchanged from the previous generation. This
follows either by arguing that the total gene pool has not changed from generation to
generation or by the following simple algebra:

p+r/2=(po+7r0/2)” + (po+r0/2)(qo + r0/2)
= (po+ro/2)[po~+ro/2+qo+ro/2]
= po+ro/2 since po+ro+qo=1
= P{A} 4.9)

Thus, the fractions of the gene pool that are A and a are the same as in the initial gen-
eration. From this it follows that, under random mating, in all successive generations
after the initial one the percentages of the population having gene pairs AA, aa, and
Aa will remain fixed at the values p, g, and r. This is known as the Hardy—Weinberg
law.

Suppose now that the gene pair population has stabilized in the percentages p, g, r,
and let us follow the genetic history of a single individual and her descendants. (For
simplicity, assume that each individual has exactly one offspring.) So, for a given
individual, let X,, denote the genetic state of her descendant in the nth generation. The
transition probability matrix of this Markov chain, namely,

AA aa Aa

r r

AA | p+35 0 q+3
r r

aa 0 q+§ p-i-i
p r q 1 p g T
Ada oty 2ty 71313

is easily verified by conditioning on the state of the randomly chosen mate. It is quite
intuitive (why?) that the limiting probabilities for this Markov chain (which also equal
the fractions of the individual’s descendants that are in each of the three genetic states)
should just be p, g, and r. To verify this we must show that they satisfy Theorem 4.1.
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Because one of the equations in Theorem 4.1 is redundant, it suffices to show that

(p5)+r(2+5)=(r+5)
= — r{— — = — ,
P=P\PT5 2 ") T\PT

=a(a+3)+r(5+5)=(a+3)
q9=49\49 3 r > 4)= q 5)

ptqg+r=I1

But this follows from Eq. (4.9), and thus the result is established. |

Example 4.26. Suppose that a production process changes states in accordance
with an irreducible, positive recurrent Markov chain having transition probabilities

,i,j =1,...,n, and suppose that certain of the states are considered acceptable

and the remaining unacceptable. Let A denote the acceptable states and A€ the unac-
ceptable ones. If the production process is said to be “up” when in an acceptable state
and “down” when in an unacceptable state, determine

1.

2.
3.

the rate at which the production process goes from up to down (that is, the rate of
breakdowns);

the average length of time the process remains down when it goes down; and

the average length of time the process remains up when it goes up.

Solution: Let g,k =1, ..., n, denote the long-run proportions. Now for i € A
and j € A€ the rate at which the process enters state j from state i is

rate enter j from i = 7; P;;

and so the rate at which the production process enters state j from an acceptable
state is

rate enter j from A = Z ;i Pij
ieA

Hence, the rate at which it enters an unacceptable state from an acceptable one
(which is the rate at which breakdowns occur) is

rate breakdowns occur = Z Z ;i Pij (4.10)
jeACicA

Now let U and D denote the average time the process remains up when it goes up
and down when it goes down. Because there is a single breakdown every U + D
time units on the average, it follows heuristically that

1
rate at which breakdowns occur = — _
U+ D

and so from Eq. (4.10),

ﬁz S 3 wipy @.11)

JEAC €A
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To obtain a second equation relating U and D, consider the percentage of time the
process is up, which, of course, is equal to Zi < 7i. However, since the process
is up on the average U out of every U + D time units, it follows (again somewhat
heuristically) that the

roportion of up time = ——
prop P U+ D

and so

U
—— =) (4.12)
U+D %

Hence, from Eqgs. (4.11) and (4.12) we obtain

ZieA i
ZjeAf YieamiPij’
1 - ZieA i
D jeac icaTiPij
_ DicacTi
D jeac 2ieaTiPij

For example, suppose the transition probability matrix is

U

D

Bl— Bl— O A=
Bl— Bl— A=
O A= NI= =
Bl—= b= O

i
I—

where the acceptable (up) states are 1, 2 and the unacceptable (down) ones are 3, 4.
The long-run proportions satisfy

1 1 1
wy=miz + 737+ T4z,

1 1 1 1
7T2=7T11 +7T21 +7T3Z +7T41,
1 1 1

T3 =75 + 725 + 737,

m4mtay+mas=1

These solve to yield

FNE
9
(9%)
I
&l
(e e]
9
N~
I
&l
[ee]

3
T =5, M=

and thus
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rate of breakdowns = 71 (P13 + Pi14) + m2 (P23 + Pag)

=2
-

U:% and D=2

Hence, on the average, breakdowns occur about % (or 28 percent) of the time.
They last, on the average, 2 time units, and then there follows a stretch of (on the
average) % time units when the system is up. ]

The long run proportions 7, j = 0, are often called stationary probabilities. The
reason being that if the initial state is chosen according to the probabilities 7, j = 0,
then the probability of being in state j at any time # is also equal to ;. That is, if

P{Xo=j}=mn;, j=0
then
P{X,=j}=m; foralln, j>0

The preceding is easily proven by induction, for it is true when n = 0 and if we suppose
it true for n — 1, then writing

P(Xy=j}= ) P{Xy=jlXy1 =i}P{X,_1 =i}
i
= Z P;jm; by the induction hypothesis
i

=7; by Theorem 4.1

Example 4.27. Suppose the numbers of families that check into a hotel on successive
days are independent Poisson random variables with mean A. Also suppose that the
number of days that a family stays in the hotel is a geometric random variable with
parameter p, 0 < p < 1. (Thus, a family who spent the previous night in the hotel will,
independently of how long they have already spent in the hotel, check out the next day
with probability p.) Also suppose that all families act independently of each other.
Under these conditions it is easy to see that if X, denotes the number of families that
are checked in the hotel at the beginning of day n then {X,,, n > 0} is a Markov chain.
Find

(a) the transition probabilities of this Markov chain;

(b) E[Xn|Xo=il;

(c) the stationary probabilities of this Markov chain.

Solution: (a) To find P; ;, suppose there are i families checked into the hotel
at the beginning of a day. Because each of these i families will stay for another
day with probability ¢ = 1 — p it follows that R;, the number of these families
that remain another day, is a binomial (7, ¢) random variable. So, letting N be the
number of new families that check in that day, we see that

P j=P(Ri+N=j)
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Conditioning on R; and using that N is Poisson with mean A, we obtain

i .
. l —
Pij=) P(Ri+N=jlRi=k (k)q"p' ¢
k=0

i .
. l i
> P(N=j—k|Ri =k <k> g p*
k=0

min(i, j) ; '
Y PWN=j—-h <k> g p'*
k=0

min(i, j)

Ak ;
—A k i—k
R T (k>q b

k=0

(b) Using the preceding representation R; 4+ N for the next state from state i, we
see that

E[Xy|Xy—1 = i1 = E[R; + N]=iq + 1
Consequently,
E[Xn|Xn-11=Xn-19 + 2
Taking expectations of both sides yields
E[Xn]l=2+qE[Xp—1]
Iterating the preceding gives

E[Xyl=A+qE[X, 1]
=A+qA+qgE[X,2])
=1+ qr+q*E[Xy—2]
=A+gr+q*(h+qE[X,3))
=A+gr+q*2 4+ ¢ E[X,_3]

showing that
EXa) =4 (14q+a+...+¢"") +4"ELXo]
and yielding the result

Al =g
ElXp1Xo=i]= 124D | oy

(c) To find the stationary probabilities we will not directly use the complicated
transition probabilities derived in part (a). Rather we will make use of the fact that
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the stationary probability distribution is the only distribution on the initial state
that results in the next state having the same distribution. Now, suppose that the
initial state X¢ has a Poisson distribution with mean «. That is, assume that the
number of families initially in the hotel is Poisson with mean «. Let R denote the
number of these families that remain in the hotel at the beginning of the next day.
Then, using the result of Example 3.24 that if each of a Poisson distributed (with
mean «) number of events occurs with probability g, then the total number of these
events that occur is Poisson distributed with mean « g, it follows that R is a Poisson
random variable with mean «¢. In addition, the number of new families that check
in during the day, call it N, is Poisson with mean A, and is independent of R.
Hence, since the sum of independent Poisson random variables is also Poisson
distributed, it follows that R + N, the number of guests at the beginning of the
next day, is Poisson with mean A 4 «q. Consequently, if we choose « so that

a=A+oaq

then the distribution of X| would be the same as that of X. But this means that
when the initial distribution of X is Poisson with mean o = &, then so is the
distribution of X, implying that this is the stationary distribution. That is, the
stationary probabilities are

mi=eMPOyp) /i, i>0

The preceding model has an important generalization. Namely, consider an orga-
nization whose workers are of r distinct types. For instance, the organization could
be a law firm and its lawyers could either be juniors, associates, or partners. Sup-
pose that a worker who is currently type i will in the next period become type j

with probability g; ; for j =1,...,r or will leave the organization with probabil-
ity 1 — Z;z 14i,j- In addition, suppose that new workers are hired each period,
and that the numbers of types 1, ..., r workers hired are independent Poisson ran-

dom variables with means A, ..., A,. If we let X,, = (X,,(1), ..., X,,(r)), where
X, (i) is the number of type i workers in the organization at the beginning of pe-
riod n, then X,;, n > 0 is a Markov chain. To compute its stationary probability
distribution, suppose that the initial state is chosen so that the number of work-
ers of different types are independent Poisson random variables, with «; being the

mean number of type i workers. That is, suppose that Xo(1), ..., Xo(r) are in-
dependent Poisson random variables with respective means «j, ..., «,. Also, let
Nj,j=1,...,r, be the number of new type j workers hired during the initial

period. Now, fix i, and for j =1,...,r, let M;(j) be the number of the X (i)
type i workers who become type j in the next period. Then because each of the
Poisson number X (i) of type i workers will independently become type j with
probability ¢; j, j =1, ..., r, it follows from the remarks following Example 3.24
that M; (1), ..., M;(r) are independent Poisson random variables with M; (j) hav-
ing mean a;q; ;. Because Xo(1), ..., Xo(r) are, by assumption, independent, we
can also conclude that the random variables M;(j),i, j =1, ..., r are all indepen-
dent. Because the sum of independent Poisson random variables is also Poisson
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distributed, the preceding yields that the random variables

,
Xi()=Nj+Y M), j=1,...r

i=1

are independent Poisson random variables with means

E[Xi(D]=xj+ Y _eigi;

i=1

Hence, if aq, ..., «, satisfied

-
OljZ)uj—i-ZO[,'qi,j, j=1,...,r

i=1

then X; would have the same distribution as Xo. Consequently, if we letay, ..., «
be such that

,
a?:kj—i—Zafqi,j, j=1,...,r
i=1

then the stationary distribution of the Markov chain is the distribution that takes
the number of workers in each type to be independent Poisson random variables
with means a?, ...,a?. That is, the long run proportions are

r

i=

It can be shown that there will be such values @, j =1, ..., r, provided that, with
probability 1, each worker eventually leaves the organization. Also, because there
is a unique stationary distribution, there can only be one such set of values. |

The following example exploits the relationship m; = 1/m;, which states that the mean
time between visits to a state is the inverse of the long run proportion of time the chain
is in that state, to obtain a method for computing the mean time until a specified pattern
appears when the data constitutes the successive states of a Markov chain.

Example 4.28 (Mean Pattern Times in Markov Chain Generated Data). Consider an
irreducible Markov chain {X,, n > 0} with transition probabilities P; ; and station-
ary probabilities 7, j > 0. Starting in state r, we are interested in determining the
expected number of transitions until the pattern iy, ia, ..., iy appears. That is, with

Ny, iz, ...,ik)=min{fn > k: Xy—g41 =1i1,..., Xn =ik}
we are interested in

E[N(iy,i2,...,1x)| X0 =71]
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Note that even if i1 = r, the initial state X is not considered part of the pattern se-
quence.

Let w(i, i) be the mean number of transitions for the chain to enter state i1, given
that the initial state is i, i > 0. The quantities (i, i1) can be determined as the solution
of the following set of equations, obtained by conditioning on the first transition out
of state i:

pli, i =14y PijuG,i), i>0
J#0
For the Markov chain {X,,, n > 0} associate a corresponding Markov chain, which we
will refer to as the k-chain, whose state at any time is the sequence of the most recent
k states of the original chain. (For instance, if k =3 and X»> =4,X3=1,X4=1,
then the state of the k-chain at time 4 is (4, 1, 1).) Let w(j1, ..., jk) be the stationary
probabilities for the k-chain. Because 7 (ji, ..., jk) is the proportion of time that the
state of the original Markov chain k units ago was j; and the following k — 1 states,
in sequence, were jp, ..., jx, we can conclude that

TGt J) =7 Pjyjy - Py

Moreover, because the mean number of transitions between successive visits of the
k-chain to the state iy, i2, ..., i is equal to the inverse of the stationary probability of
that state, we have that

E[number of transitions between visits to i1, iz, ..., ix]
! (4.13)
(@i, ..., i) '
Let A(iy,...,in) be the additional number of transitions needed until the pattern

appears, given that the first m transitions have taken the chain into states X| =
i1y eons Xop =lip-

We will now consider whether the pattern has overlaps, where we say that the pat-
tern iy, i, ..., ix has an overlap of size j,j <k, if the sequence of its final j elements
is the same as that of its first j elements. That is, it has an overlap of size j if

Case 1. The pattern i1, iy, ..., iy has no overlaps.
Because there is no overlap, Eq. (4.13) yields

1
w(iy,...,0k)

Because the time until the pattern occurs is equal to the time until the chain enters
state i1 plus the additional time, we may write

E[N(@1, iz, ..., i) Xo=ix] =

E[N(1, iz, ..., ip)| Xo = ix] = ui, i1) + E[A(1)]
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The preceding two equations imply

1
E[AG)] = m — ik, i)

Using that
E[N(1, 02, ..., i) Xo=r]=pn(r,i1) + E[A(i1)]

gives the result
.. . . 1 .
E[N(y, iz, ..., i) Xo=r]=pn(r,i1) + ————— — u(i, i1)
(i, ..., k)

where
(1o i) =70 Piy iy o Pig_y iy

Case 2. Now suppose that the pattern has overlaps and let its largest overlap be of
size s. In this case the number of transitions between successive visits of the k-chain
to the state iy, iy, ..., i is equal to the additional number of transitions of the original
chain until the pattern appears given that it has already made s transitions with the
results X1 =iy, ..., Xy =i,. Therefore, from Eq. (4.13)

1

But because

N(ilaiz"”’ik)=N(i]5"‘ais)+A(i]5"‘5iS)

we have
L . . . 1
E[N(i, iz, ..., i) Xo=r]=E[N(1,i2, ..., i)l Xo=r]+ ————
ﬂ(ll,...,lk)
We can now repeat the same procedure on the pattern iy, ..., iy, continuing to do so

until we reach one that has no overlap, and then apply the result from Case 1.
For instance, suppose the desired patternis 1, 2,3, 1,2, 3,1, 2. Then

E[N(1,2,3,1,2,3,1,2)[Xo=r]=E[N(1,2,3,1,2)|Xo =]
N 1
7(1,2,3,1,2,3,1,2)

Because the largest overlap of the pattern (1, 2, 3, 1, 2) is of size 2, the same argument
as in the preceding gives

E[N(1,2,3,1,2)|Xo=r]=E[N(1,2)|Xo = _
[N( )Xo =r]= E[N(1,2)|Xo r]+n(1’2,3’1’2)
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Because the pattern (1, 2) has no overlap, we obtain from Case 1 that

1
E[N(1,2)|Xo=r]=pn@ 1+ .2 n(2, 1)

Putting it together yields

E[N(1,2,3,1,2,3,1,2)|Xo =r] = u(r, 1) + — 2, 1)
w1 P

1 1
+ +
JT1P12’2P2,3P3’1 n1Pﬁ2Pi3P§1

If the generated data is a sequence of independent and identically distributed ran-
dom variables, with each value equal to j with probability P;, then the Markov chain
has P; j = P;. In this case, w; = P;. Also, because the time to go from state i to
state j is a geometric random variable with parameter P;, we have u(i, j) = 1/P;.
Thus, the expected number of data values that need be generated before the pattern
1,2,3,1,2,3, 1,2 appears would be

1 1 1 n 1 n 1
PL PP, P PIPjPy;  PP;P}
1 1 1

=+ +
PP, PIPiP; P}P5P}

The following result is quite useful.

Proposition 4.6. Let {X,,,n > 1} be an irreducible Markov chain with stationary
probabilities 7w j, j > 0, and let r be a bounded function on the state space. Then, with
probability 1,

N 00
lim Zn:l r(Xn) _ Zr(j)ﬂ'j

N N
— 00 j=0

Proof. 1If we let a;(N) be the amount of time the Markov chain spends in state j
during time periods 1, ..., N, then

r(Xp) =Y _aj(N)r(j)

n=1 j=0

M=

Since a;j(N)/N — m; the result follows from the preceding upon dividing by N and
then letting N — oo. |

If we suppose that we earn a reward r(j) whenever the chain is in state j, then
Proposition 4.6 states that our average reward per unit time is ir(m;.



Markov Chains 231

Example 4.29. For the four state Bonus Malus automobile insurance system specified
in Example 4.7, find the average annual premium paid by a policyholder whose yearly
number of claims is a Poisson random variable with mean 1/2.

Solution: With ay = e~/ 2%, we have
apg = 0.6065, a;=0.3033, ap=0.0758

Therefore, the Markov chain of successive states has the following transition prob-
ability matrix:

0.6065 0.3033 0.0758 0.0144
0.6065 0.0000 0.3033 0.0902
0.0000 0.6065 0.0000 0.3935
0.0000 0.0000 0.6065 0.3935

The stationary probabilities are given as the solution of

w1 = 0.606571 + 0.60657,,

mp = 0.30337; 4+ 0.606573,

3 = 0.0758m1 4 0.3033m, + 0.606574,
T+t 3+ =1

Rewriting the first three of these equations gives

1 —0.6065
="z 71,
0.6065
7o — 0.3033m
3= —F—_~—- >
0.6065
Ta w3 — 0.0758m1 — 0.30337;
‘= 0.6065
or
7y = 0.64887mq,
3 =0.5697m,
4 = 0.49005m

Using that Z?:l m; = 1 gives the solution (rounded to four decimal places)
71 =0.3692, m=0.2395, n3=0.2103, m4=0.1809
Therefore, the average annual premium paid is

2007 4 25072 4+ 40073 4+ 60074 = 326.375 ]
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4.4.1 Limiting Probabilities

In Example 4.8 we considered a two-state Markov chain with transition probability
matrix

07 03
P= <0.4 O.6>
and showed that

p _ (05749 04251
~ 05668 0.4332

From this it follows that P® = P® . P@ is given (to three significant places) by

p® _ (0571 0429
0571 0429

Note that the matrix P®is almost identical to the matrix P®, and that each of the
rows of P® has almost identical values. Indeed, it seems that P[.’; is converging to
some value as n — oo, with this value not depending on i. Moreover, in Example 4.22
we showed that the long-run proportions for this chain are 7o = 4/7 ~ .571, 11 =
3/7 ~ .429, thus making it appear that these long-run proportions may also be lim-
iting probabilities. Although this is indeed the case for the preceding chain, it is not
always true that the long-run proportions are also limiting probabilities. To see why
not, consider a two-state Markov chain having

Pp1=Po=1

Because this Markov chain continually alternates between states 0 and 1, the long-run
proportions of time it spends in these states are

mo=m1=1/2
However,

pro_ 1, ifniseven
00710, ifnisodd

and so Py, does not have a limiting value as n goes to infinity. In general, a chain that
can only return to a state in a multiple of d > 1 steps (where d = 2 in the preceding
example) is said to be periodic and does not have limiting probabilities. However,
for an irreducible chain that is not periodic, and such chains are called aperiodic,
the limiting probabilities will always exist and will not depend on the initial state.
Moreover, the limiting probability that the chain will be in state j will equal 7 ;, the
long-run proportion of time the chain is in state j. That the limiting probabilities,
when they exist, will equal the long-run proportions can be seen by letting

aj = lim P(X,=j)
n—oo
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and using that

o o0
PXpp1 =)=y PXnp1=jlXa=i) P(X, =i)= Y PijP(X, =1)
i=0 i=0

and
o0
1= Z P(X,=1i)
i=0

Letting n — oo in the preceding two equations yields, upon assuming that we can
bring the limit inside the summation, that

00
aj = ZO{,‘P,']'
i=0
00
1= ZO{,‘
i=0

Hence, {«, j > 0} satisfies the equations for which {r;, j > 0} is the unique solution,
showing thataj = 7, j > 0.
An irreducible, positive recurrent, aperiodic Markov chain is said to be ergodic.

4.5 Some Applications

4.5.1 The Gambler’s Ruin Problem

Consider a gambler who at each play of the game has probability p of winning one
unit and probability ¢ = 1 — p of losing one unit. Assuming that successive plays
of the game are independent, what is the probability that, starting with i units, the
gambler’s fortune will reach N before reaching 0?

If we let X, denote the player’s fortune at time n, then the process {X,,n =
0, 1,2, ...} is a Markov chain with transition probabilities

Py=Pyy =1,
Piyi=p=1—-P;, i=12,...,N—1

This Markov chain has three classes, namely, {0}, {1, 2, ..., N — 1}, and {/N}; the first
and third class being recurrent and the second transient. Since each transient state is
visited only finitely often, it follows that, after some finite amount of time, the gambler
will either attain his goal of N or go broke.

Let P;,i =0,1,..., N, denote the probability that, starting with i, the gambler’s
fortune will eventually reach N. By conditioning on the outcome of the initial play of



234 Introduction to Probability Models

the game we obtain
Pi=pPii1+qP—, i=12,...,N—1
or equivalently, since p +¢q =1,
pPPi+qP =pPii1+qPi
or
q .
Py —P=—(F—-P-1), i=12,....N—1
p
Hence, since Py = 0, we obtain from the preceding line that

Py,
2
) Py,

i1
q q
Pi—P1=—(P1—Pi2)= <—) Py,
p p

q
Pz—P1=;(P1 — Py =

T
S

q
P3—P2=;(P2—P1)=

N-—1
Py — Py_i = (1) (Py_1 — Py_2) = <1> Py
p p

Adding the first i — 1 of these equations yields

pom=n[(2)+(2) 4+ (2) ]

or
1— i
(q/p) p. it
p—11-(/p p
: —
iPy, if L =1
p

Now, using the fact that Py = 1, we obtain

1—(q/p)

P = 11—(61/17)"”
—, if p=
N np

if p#

N = N =
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and hence
1— i 1
1 (q/p)N’ ifp#i
p=11=@/p 1 (4.14)
i
—, ifp=_—
N BP=3
Note that, as N — oo,
i
1
1— (Z) , if p>—
Pi—> D %
0, if p< =
if p 3

Thus, if p > %, there is a positive probability that the gambler’s fortune will increase
indefinitely; while if p < %, the gambler will, with probability 1, go broke against an
infinitely rich adversary.

Example 4.30. Suppose Max and Patty decide to flip pennies; the one coming closest
to the wall wins. Patty, being the better player, has a probability 0.6 of winning on
each flip. (a) If Patty starts with five pennies and Max with ten, what is the probability
that Patty will wipe Max out? (b) What if Patty starts with 10 and Max with 20?

Solution: (a) The desired probability is obtained from Eq. (4.14) by letting i =
5, N =15, and p = 0.6. Hence, the desired probability is

- (2)
L)IS%O.EW
()

(b) The desired probability is

10

- (3)
——5; ~0.98 |

- (3)

3

For an application of the gambler’s ruin problem to drug testing, suppose that two
new drugs have been developed for treating a certain disease. Drug i has a cure rate
P;,i =1,2, in the sense that each patient treated with drug i will be cured with prob-
ability P;. These cure rates, however, are not known, and suppose we are interested
in a method for deciding whether P; > P> or P > Pj. To decide upon one of these
alternatives, consider the following test: Pairs of patients are treated sequentially with
one member of the pair receiving drug 1 and the other drug 2. The results for each pair

are determined, and the testing stops when the cumulative number of cures using one
of the drugs exceeds the cumulative number of cures when using the other by some
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fixed predetermined number. More formally, let

—

x. 1L if the patient in the jth pair to receive drug number 1 is cured
J 710, otherwise

Y. — 1, if the patient in the jth pair to receive drug number 2 is cured
J 710, otherwise

For a predetermined positive integer M the test stops after pair N where N is the
first value of n such that either

Xi+ 4+ Xy =Y+ +Y)=M
or
X1+ +X -+ +Y)=-M

In the former case we then assert that P; > P,, and in the latter that P, > Pj.

In order to help ascertain whether the preceding is a good test, one thing we would
like to know is the probability of it leading to an incorrect decision. That is, for given
Py and P, where P; > P, what is the probability that the test will incorrectly assert
that P, > P;? To determine this probability, note that after each pair is checked the
cumulative difference of cures using drug 1 versus drug 2 will either go up by 1 with
probability P;(1 — P>)—since this is the probability that drug 1 leads to a cure and
drug 2 does not—or go down by 1 with probability (1 — P;) P, or remain the same
with probability P; P> + (1 — P1)(1 — P>). Hence, if we only consider those pairs
in which the cumulative difference changes, then the difference will go up 1 with
probability

p = P{up 1|up 1 or down 1}
_ Pi(1—P)
Pi(1-P)+0-P)P,

and down 1 with probability

_ P,(1—Py)
P(1-P)+U-P)P,

g=1-p

Hence, the probability that the test will assert that P, > Pj is equal to the probability
that a gambler who wins each (one unit) bet with probability p will go down M before
going up M. But Eq. (4.14) withi = M, N = 2M, shows that this probability is given
by

1—(q/p)M
1—(q/p)*M
1

1L+ (p/g)™

P{test asserts that P, > P;} =1 —
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Thus, for instance, if P1 = 0.6 and P, = 0.4 then the probability of an incorrect deci-
sion is 0.017 when M =5 and reduces to 0.0003 when M = 10.

4.5.2 A Model for Algorithmic Efficiency

The following optimization problem is called a linear program:

minimize ¢X,

subject to Ax =b,

x>0
where A is an m x n matrix of fixed constants; ¢ = (¢, ...,¢,) and b= (b, ..., by)
are vectors of fixed constants; and X = (x, ..., X,) is the n-vector of nonnegative

values that is to be chosen to minimize ex =) "_, c;x;. Supposing that n > m, it can
be shown that the optimal x can always be chosen to have at least n — m components
equal to O—that is, it can always be taken to be one of the so-called extreme points of
the feasibility region.

The simplex algorithm solves this linear program by moving from an extreme point
of the feasibility region to a better (in terms of the objective function ¢x) extreme point
(via the pivot operation) until the optimal is reached. Because there can be as many

as N = ( r'r’l ) such extreme points, it would seem that this method might take many

iterations, but, surprisingly to some, this does not appear to be the case in practice.
To obtain a feel for whether or not the preceding statement is surprising, let us
consider a simple probabilistic (Markov chain) model as to how the algorithm moves
along the extreme points. Specifically, we will suppose that if at any time the algorithm
is at the jth best extreme point then after the next pivot the resulting extreme point is
equally likely to be any of the j — 1 best. Under this assumption, we show that the
time to get from the Nth best to the best extreme point has approximately, for large
N, anormal distribution with mean and variance equal to the logarithm (base ¢) of N.
Consider a Markov chain for which P;; =1 and

Pijz. j:l,...,i—l,i>1
and let 7; denote the number of transitions needed to go from state i to state 1. A re-
cursive formula for E[7;] can be obtained by conditioning on the initial transition:
=
ElT)=1+— Z E[T;]
j=1
Starting with E[T71] = 0, we successively see that

E[T]=1,
E[T5]=1+1,
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ET=1+ia+1+hH=1+1+1
and it is not difficult to guess and then prove inductively that

i—1
E[T1=)_1/j

j=1

However, to obtain a more complete description of Ty, we will use the representa-
tion

=
L

Tv=Y 1

-
Il
—_
<

where

1, if the process ever enters j
I; = .
0, otherwise

The importance of the preceding representation stems from the following:

Proposition 4.7. Iy,..., Iy_1 are independent and
PUi=1)=1/j, 1<j<N-1

Proof. Given Ij,1,...,Iy,letn =minf{i: i > j, I; = 1} denote the lowest numbered
state, greater than j, that is entered. Thus we know that the process enters state n and
the next state entered is one of the states 1, 2, ..., j. Hence, as the next state from state
n is equally likely to be any of the lower number states 1,2, ...,n — 1 we see that

/(-1
S j/n—1)

Hence, P{I; =1} = 1/j, and independence follows since the preceding conditional
probability does not depend on /1, ..., Iy. |

P{l;=1ljq1,....IN} =1/j

Corollary 4.8. (i) E[Ty]= 21/\1;11 1/j.

() Var(Ty) = Y05 /)1 = 1/)).
(iii) For N large, Ty has approximately a normal distribution with mean log N and
variance log N.

Proof. Parts (i) and (ii) follow from Proposition 4.7 and the representation Ty =
Z;vz_ll I;. Part (iii) follows from the central limit theorem since

N N-1 N—1
dx dx
— < E 1/j<1+/ —
/1 X 1 1 X
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or
N—1
logN < " 1/j <1+log(N —1)
1
and so
N-—1
logN~ Y 1/ [
j=1

Returning to the simplex algorithm, if we assume that n, m, and n — m are all large,
we have by Stirling’s approximation that

" /2
- <m> - (n — m)n=—m+1/2ym+1/2, /27
and so, letting c =n/m,
log N ~ (mc + 3)log(mc) — (m(c — 1) + %) log(m(c — 1))
- (m + %) logm — %log(Zn)
or

Cc

logN ~m |:c log + log(c — l)j|

c—1
Now, as limy_, 5 x log[x/(x — 1)] = 1, it follows that, when c is large,
log N ~m[1+1log(c — 1)]

Thus, for instance, if n = 8000, m = 1000, then the number of necessary transitions
is approximately normally distributed with mean and variance equal to 1000(1 +
log 7) =~ 3000. Hence, the number of necessary transitions would be roughly between

3000 £ 24/3000 or roughly 3000+ 110

95 percent of the time.

4.5.3 Using a Random Walk to Analyze a Probabilistic Algorithm
for the Satisfiability Problem

Consider a Markov chain with states 0, 1, ..., n having
Poy=1, Pit1=p, Pi-1=q=1-p, 1<i<n

and suppose that we are interested in studying the time that it takes for the chain to
go from state O to state n. One approach to obtaining the mean time to reach state n
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would be to let m; denote the mean time to go from state i to state n,i =0, ...,n — 1.
If we then condition on the initial transition, we obtain the following set of equations:

mo=1+my,
m; = E[time to reach n|next state is i + 1]p
+ E[time to reach n|next state is i — 1]g
=+miyDp+A+mi—1)q
=14+pmiy1+qgmi—, i=1,....,n—1

Whereas the preceding equations can be solved for m;,i =0,...,n — 1, we do not
pursue their solution; we instead make use of the special structure of the Markov chain
to obtain a simpler set of equations. To start, let N; denote the number of additional
transitions that it takes the chain when it first enters state i until it enters state i + 1.
By the Markovian property, it follows that these random variables N;,i =0, ...,n —1
are independent. Also, we can express Ny ,, the number of transitions that it takes the
chain to go from state 0 to state n, as

n—1
Non =Y _Ni (4.15)
i=0

Letting u; = E[N;] we obtain, upon conditioning on the next transition after the chain
enters state i, thatfori =1,...,n—1

ui = 1+ E[number of additional transitions to reach i 4+ l|chaintoi — 1]g

Now, if the chain next enters state i — 1, then in order for it to reach i + 1 it must first
return to state i and must then go from state i to state i + 1. Hence, we have from the
preceding that

i = 1 +E[ i*fl +Ni*]q

where N l.*_l and N l.* are, respectively, the additional number of transitions to return
to state i from i — 1 and the number to then go from i to i 4+ 1. Now, it follows
from the Markovian property that these random variables have, respectively, the same
distributions as N;_; and N;. In addition, they are independent (although we will only
use this when we compute the variance of Ny ,). Hence, we see that

wi =14+ q(ui—1 + i)
or
1
Mi:—+gﬂi—l7 i=1,....,n—1
p p
Starting with g = 1, and letting « = g/ p, we obtain from the preceding recursion
that

ur=1/p+a,
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w2=1/p+a(l/p+e)=1/p+a/p+a’
us=1/p+a(l/p+a/p+a’)

=1/p+a/p+a’/p+a’
In general, we see that
=
Ml:—Zaj—i—al, i=1,...,n—1 (4.16)
p“

Using Eq. (4.15), we now get
1 n—1i—1 ) n—1
E[Nonl=1+4+— ZZ(X] + Za’
P20 i=1
When p = % and so o = 1, we see from the preceding that

E[NO,n]:1+(Vl—1)n+n—1=n2

When p # %, we obtain

1 n! . a—a”
E[Nyyl=1+ ——— 1—do
[No,»] +p(1_a)§( o)+ —
=1+1+a n_l_(a—a”) +a—a"
l—« l—« l—«

20" —(n+ Da24+n—1

=1 (1 —a)?

where the second equality used the fact that p = 1/(1 + «). Therefore, we see
that when « > 1, or equivalently when p < % the expected number of transitions
to reach n is an exponentially increasing function of n. On the other hand, when
p= %, E[No,l= n?, and when p> %, E[Ny ] is, for large n, essentially linear in n.

Let us now compute Var(Np ,). To do so, we will again make use of the repre-
sentation given by Eq. (4.15). Letting v; = Var(N;), we start by determining the v;
recursively by using the conditional variance formula. Let S; = 1 if the first transition
out of state i is into state i + 1, and let S; = —1 if the transition is into state i — 1,

i=1,...,n—1.Then,

giventhat §; =1: N; =1
giventhatS; = —1: N; =1+ N}, + N}

Hence,

E[Ni|Si=1]=1,
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E[N;i|Si=—11=14pj—1 + p;
implying that
Var(E[N;|S;]) = Var(E[N;|S;] — 1)
= (i1 + mi)°q — (ic1 + mi)’q’
=qp(pi—1 + ni)*

Also, since Ni*—l and Ni*, the numbers of transitions to return from state i — 1 to i
and to then go from state i to state i + 1 are, by the Markovian property, independent
random variables having the same distributions as N;_; and N;, respectively, we see
that

Var(N;|S; = 1) =0,
Var(N;|S; = —1) = vi—1 +v;

Hence,
E[Var(N;|$)] = q(vi—1 + v;)
From the conditional variance formula, we thus obtain
vi = pq(pizy + i) + q(vi—1 + vy)
or, equivalently,
vi=qui+p)*Favioy, i=1,...,n—1
Starting with vg = 0, we obtain from the preceding recursion that

v =q(po+ 1)
va = q (1 + p2)? + ag(po + 112,
v3 =q(pa + 13)? +aq(uy + n2)? + a®q (o + n1)?

In general, we have for i > 0,

i
vi=qy o (i1 + )’ 4.17)
j=1

Therefore, we see that
n—1 n—1 i o
Var(No,,) = Z vi=q Z Za’ﬁ (jo1+uj)?
i=0 i=1 j=1

where 1 is given by Eq. (4.16).
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We see from Eqgs. (4.16) and (4.17) that when p > %, and so o < 1, that y; and v;,
the mean and variance of the number of transitions to go from state i to i + 1, do not
increase too rapidly in i. For instance, when p = % it follows from Eqs. (4.16) and
(4.17) that

Mi==2i+'1

and

1 : N2 : .2
vi=5_21<41) =8Zlf
J= J=

Hence, since Ny, is the sum of independent random variables, which are of roughly
similar magnitudes when p > %, it follows in this case from the central limit theorem
that Ny, is, for large n, approximately normally distributed. In particular, when p =
%, Ny, 1s approximately normal with mean n? and variance

n—1 i
Var(Nos) =8 " j
i=1j=1
n—1n—1
=82 J°
j=li=j
n—1
=8 (n—j’

j=1

n—1
%8‘[ (n—x)x*dx
1

Example 4.31 (The Satisfiability Problem). A Boolean variable x is one that takes
on either of two values: TRUE or FALSE. If x;,i > 1 are Boolean variables, then a
Boolean clause of the form

X1+ X2+ x3

is TRUE if x1 is TRUE, or if x; is FALSE, or if x3 is TRUE. That is, the symbol “+”
means “or” and x is TRUE if x is FALSE and vice versa. A Boolean formula is a
combination of clauses such as

(x1 +x2) * (x1 +x3) * (x2 +X3) * (X1 + Xx2) * (x1 + x2)

In the preceding, the terms between the parentheses represent clauses, and the formula
is TRUE if all the clauses are TRUE, and is FALSE otherwise. For a given Boolean
formula, the satisfiability problem is either to determine values for the variables that
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result in the formula being TRUE, or to determine that the formula is never true. For
instance, one set of values that makes the preceding formula TRUE is to set x; =
TRUE, x, = FALSE, and x3 = FALSE.

Consider a formula of the n Boolean variables xi, ..., x; and suppose that each
clause in this formula refers to exactly two variables. We will now present a proba-
bilistic algorithm that will either find values that satisfy the formula or determine o
a high probability that it is not possible to satisfy it. To begin, start with an arbitrary
setting of values. Then, at each stage choose a clause whose value is FALSE, and ran-
domly choose one of the Boolean variables in that clause and change its value. That
is, if the variable has value TRUE then change its value to FALSE, and vice versa. If
this new setting makes the formula TRUE then stop, otherwise continue in the same

fashion. If you have not stopped after n%(1 + 4\/2 ) repetitions, then declare that the
formula cannot be satisfied. We will now argue that if there is a satisfiable assignment
then this algorithm will find such an assignment with a probability very close to 1.
Let us start by assuming that there is a satisfiable assignment of truth values and let
2/ be such an assignment. At each stage of the algorithm there is a certain assignment
of values. Let Y; denote the number of the n variables whose values at the jth stage
of the algorithm agree with their values in <. For instance, suppose that n = 3 and
&/ consists of the settings x; = x, = x3 = TRUE. If the assignment of values at the
Jjth step of the algorithm is x; = TRUE, x, = x3 = FALSE, then Y; = 1. Now, at each
stage, the algorithm considers a clause that is not satisfied, thus implying that at least
one of the values of the two variables in this clause does not agree with its value in <7
As a result, when we randomly choose one of the variables in this clause then there is
a probability of at least % that Y; 11 =Y; + 1 and at most % that Yj1 1 =Y; — 1. That
is, independent of what has previously transpired in the algorithm, at each stage the
number of settings in agreement with those in .27 will either increase or decrease by
1 and the probability of an increase is at least % (it is 1 if both variables have values
different from their values in 7). Thus, even though the process ¥}, j > 0 is not itself
a Markov chain (why not?) it is intuitively clear that both the expectation and the
variance of the number of stages of the algorithm needed to obtain the values of .«
will be less than or equal to the expectation and variance of the number of transitions to
go from state 0 to state n in the Markov chain of Section 4.5.2. Hence, if the algorithm
has not yet terminated because it found a set of satisfiable values different from that of
47, it will do so within an expected time of at most n> and with a standard deviation

of at most nz\/g . In addition, since the time for the Markov chain to go from 0O to
n is approximately normal when 7 is large we can be quite certain 