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Quadratic Programming

A quadratic program is an optimization problem whose objective is to minimize or
maximize a quadratic function subject to a finite set of linear equality and
inequality constraints. By flipping signs if necessary, a quadratic program can be
written in the generic form:

1
min  -x' Qx+c'x
x 2
st. Ax=b (5.1)
Dx>d
for some vectors and matrices ce R". b e R™, dc€ RP, A c R™" D e RP*",

Q € R™" @ is a symmetric matrix. The term quadratic programming model is
also used to refer to a quadratic program.
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Observe that the constraint set in (5.1) is convex since it is a system of linear
inequalities. Furthermore, the objective function of (5.1) is convex when Q is a
positive semidefinite matrix. Throughout this chapter we assume that @ is
symmetric and positive semidefinite. Therefore problem (5.1) is a convex program.
A quadratic programming model is in standard form if it is written as follows:

1
minEXTQx—i— c x
st. Ax=>b (5.2)

x> 0.
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Example 5.1 (Asset allocation)

Assume the one-year returns of the asset classes large stocks, small stocks, and
bonds have the following correlations and standard deviations:

Large Small Bonds Standard deviation

Large 1 0.6 0.2 0.12
Small 0.6 1 0.5 0.20
Bonds 0.2 0.5 1 0.05

Determine the asset allocation of minimum risk, that is, find a portfolio comprised
of these three asset classes whose return has the lowest standard deviation.
Assume the portfolio can only hold long positions in each of the asset classes.

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



Example 5.1 (Asset allocation)

This problem can be formulated as a quadratic programming model. To that end,
first construct the covariance matrix V of asset returns: this is the matrix whose
(i,) entry is the covariance of asset i and asset j; that is, p; - o; - 0j. Using matrix
notation and ' o ' to denote the componentwise product of matrices, the
covariance matrix can be computed as

[ 1 06 02] [o012
V=|06 1 05 ]|o]| 020 [[012 020 0.05 |
| 02 05 1 | | 005
[ 1 06 027 [ 00144 0.024 0.006
=06 1 05 |o]| 0024 004 001
| 02 05 1 | | 0006 0.01 0.0025
0.0144 0.0144 0.0012
= | 0.0144 0.04 0.005
| 0.0012 0.005 0.0025
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Example 5.1 (Asset allocation)

Quadratic programming model for asset allocation Variables: x; : percentage of
the portfolio invested in asset i for i =1,2,3. Objective (minimize the variance of
the portfolio return):

minx' Vx = min (0.0144x¢ + 0.04x3 + 0.0025x3 + 0.0288x1x

X X1,X2,X3
+0.0024x;x3 + 0.01x2x3)
Constraints:
x; +x2+x3 =1 (percentages add up to one)
x1,x2,x3 > 0  (long-only positions).

Observe that even in this small example the quadratic objective is much more
concise and easier to write using matrix notation.
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Consider a quadratic program without constraints:
1
min EXTQer c'x (5.3)
X

The optimality conditions in this case are as follows.

Let c € R", Q € R"™" and assume Q is symmetric and positive semidefinite. If
(5.3) is bounded, then it attains its minimum. Furthermore, a point x € R" is an
optimal solution to (5.3) if and only if

Qx+c=0.

When Q is positive definite, the problem (5.3) has the unique minimizer x =
—Qc. When Q is positive semidefinite but not positive definite, the matrix Q is
singular and the problem (5.3) is either unbounded or has multiple solutions.
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Example 5.3 (Ordinary least squares)

Assume (x;, y;), for i=1,..., N, is a random sample drawn from the joint
distribution of X, Y where X, Y are respectively RP-valued and R-valued random
variables. Using the training data (x;, y;), with i=1,..., N, estimate a vector of
coefficients B for the linear model

Y=08"X+e

The most popular approach to this problem is to find the estimate of 3 that
solves the following least-squares problem:

Observe that

N
(B xi—y) =(XB-y)T"(XB—y)=B" X XB-2y"X3+y"y
i=1
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Example 5.3 (Ordinary least squares)

for
"1T 341
X=1 1, y=1:
X; YN

Hence the least-squares problem can be formulated as follows.
Quadratic programming formulation for least-squares estimation. Variables: 3 :
vector of coefficients in the linear model Y= 3T X + €. Objective:

Lo T
min>B8 QB-b j

where Q := X" X,b= X'y.
Constraints: None.
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Example 5.3 (Ordinary least squares)

By applying Theorem 5.2 we obtain the widely known solution to the least-squares
problem:

B=Q@'b=(X"X)"Xy

provided the N x p matrix X has full column rank. This latter condition usually
holds in the typical practical situation when there are more observations than
predictor variables; that is, when N > p. However, the case N < p occurs as well.
In this kind of situation the matrix X is never full column rank so the ordinary
least-squares approach is not appropriate. Section 5.6.2 describes two popular
variants for this kind of situation, namely ridge regression and lasso regression,
both of which can be seen as modifications of the ordinary least-squares procedure.
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Numerical Quadratic Programming Solvers

Figure 1 displays a printout of an Excel spreadsheet implementation of the
quadratic programming model for Example 5.1 as well as the dialog box obtained
when we run the Excel add-in Solver. The spreadsheet model contains the three
components of the quadratic program. The decision variables are in the range
B20:D20. The objective function is in cell E22. The Excel formula in this cell,
using matrix operations, is as follows: MMULT(B20 : D20, MMULT(B16 : D18,
TRANSPOSE(B20 : D20))).

The left-hand and right-hand sides of the equality constraint are in cells E20 and
G20 respectively.
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Figure 1: Spreadsheet implementation and the Solver dialog box for the asset allocation
model
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nsitivity Analysis

As is the case for linear programming, the process of solving a quadratic program
also generates some interesting sensitivity information via the so-called Lagrange
multipliers associated with the constraints. Assume the constraints of a quadratic
program, and hence the Lagrange multipliers, are indexed by i=1,..., m. The
Lagrange multiplier yf of the i th constraint has the following sensitivity
interpretation:

If the right-hand side of the i th constraint changes by A, then the optimal value
of the quadratic program changes by approximately A - yi for small A.
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Unlike the shadow prices of a linear program, the Lagrange multipliers only give
an approximation of the change in the optimal objective value. The situation is
akin to how the derivative of a quadratic (or more general nonlinear) function at a
particular point gives an approximation of the change in the function value when
that point changes. To make this information explicit in Excel Solver, we request
a sensitivity report after running Solver as shown in Figure 2.
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Figure 2: Requesting sensitivity report in Solver
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Duality and Optimality Conditions

As in linear programming, there is a dual quadratic program associated with every
primal quadratic programming problem, and this dual can be obtained via the
Lagrangian function. Throughout this section consider the primal quadratic
program

1
min=x' Qx+ ¢'x
x 2
st. Ax=0»b (5.5)
Dx>d

where ce R", Qe R™" AcR™" beR™ Dec RP*". dec RP, and Q is
symmetric and positive semidefinite.
The Lagrangian function associated with Eq.(5.5) is

1
L(x.y,8) = 5x" Qx+ c"x+y' (b~ Ax) + 5" (d - Dx).
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The constraints of Eq.(5.5) can be encoded via the Lagrangian function through
the following observation: For a given vector x

1

“x'Qx+c"xif Ax=band Dx>d
max L(x,y,s) = ¢ 2
55 400 otherwise.

Therefore the primal problem Eq.(5.5) can be written as

min max L(x, y, s).
x ys
s>0
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The dual problem is obtained by flipping the order of the min and max operations:

max min L(x, y, s).
Y5  x
s>0

It is easy to see that the dual problem can be written as follows:

1
maxb'y+d's— Zx" Qx
x.y,s 2

st. Aly+D's— Qx=c (5.6)

s>0

In particular, when the primal problem is in standard form Eq.(5.2), the dual
problem is

maxyys b'y—ix'Qx
s.t. Aly—Qx+s=c
s>0
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Weak duality

Observe that the dual problem of a quadratic program is again a quadratic
program. Note that, unlike the case of linear programming, some primal-like
variables x also appear in the dual problem. As in linear programming, there is a
deep connection between the primal problem Eq.(5.5) and its dual Eq.(5.6). The
next result follows by construction.

Theorem (5.4 Weak duality)

Assume x is a feasible point for Eq.(5.5) and (X, y, s) is a feasible point for
Eq.(5.6). Then

1 1
bTy—i— d's— EXTQ)"( < ExTQx—i— c' x
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If x and (X, y, s) satisfy the above assumptions then
1 1
b'y+d's— 55505( < (Ax)'y+ (Dx)"s— E’N‘T Qx
1
=(ATy+ D—'—s)—r X — EF(TQ)"(
1
= (c+ Q%) "x— ExTos(
IS T 1 o\ T s
=5 Qx+c' x— E(x—x) Q(x— X)

1
5 TQX-F c'x

The following much deeper result also holds. ]

IA
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Strong duality

Theorem (5.5 Strong duality)

Assume one of the problems (5.5) or (5.6) is feasible. Then this problem is
bounded if and only if the other one is feasible. In that case both problems have
optimal solutions and their optimal values are the same.
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Optimality conditions

Theorem (5.6 Optimality conditions)

The vectors x € R" and (X, y,s) € R"x R™ x RP are optimal solutions to (5.5)
and (5.6) respectively if and only if Qx = QX and

Qx+c—ATy—D's=0
Ax—b=0
Dx—d>0 (5.7)
s>0
(Dx—d)is;i=0, i=1,...,p
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For a quadratic program in standard form (5.2), the optimality conditions (5.7)
can be written as follows:

—Qx+A'y+s=c
Ax=b

x>0 (5.8)
s>0

xisi=0, i=1,...,n
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The optimality conditions (5.7) can be seen as "saddle-point” conditions for the
Lagrangian function

1
L(x.y.s) = 3 TQx+c'x+y' (b— Ax)+s' (d— Dx).

We next discuss the special case of a quadratic program with equality constraints
only. Consider the problem

1
mjnix—r Qx+c'x (5.9)
st. Ax=0»b

where ce R", Q € R™" A€ R™" b e R™, and Q is symmetric and positive
semidefinite. In this case the optimality conditions (5.7) simplify to

Qx + c—ATy:0

5.10
Ax—b=0 ( )
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The optimality conditions (5.10) in turn can be stated in terms of the Lagrangian
function of (5.9):

1
L(x,y) = EXT Qx+c'x+y'(b— Ax).
Indeed observe that (5.10) can be succinctly written as

VLi(x,y)=0.

When Q is positive definite and A has full row rank, problem (5.9) has a unique
minimizer x and a unique Lagrange multiplier y given by

HEFHEERF!

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



In particular, if Q is positive definite and A has full row rank, then the minimizer
and vector of Lagrange multipliers for the problem

1+
mingx Q@x (5.11)
st. Ax=0>b
are respectively
X* — QflAT (AoflAT)fl b
y* — (AQ—IAT)_l b
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Example 5.7 (Asset allocation)

Consider the same problem as in Example 5.1 but assume this time that the
portfolio is allowed to hold short positions.

The formulation for this modification of Example 5.1 is straightforward: just drop
the non-negativity constraint on the variables. Thus we obtain the quadratic
programming model

miny %TVX
st. 1'x=1

From the above discussion it readily follows that the optimal solution and
Lagrange multiplier are

x* = 71
1w

1

C1'v-1

v11

*

y
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Example 5.7 (Asset allocation)

For the particular value of V in Example 5.1 we get the following optimal solution
and Lagrange multiplier

0.1934
x*= | —0.1406 |, y*=0.001897074
0.9472
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Active-Set Methods

Active-set methods are based on the following key observation. Assume X is an
optimal solution to (5.5) and

I'={i=1,...,p: (Dx—d);=0}.
Then the optimality conditions (5.7) can be rewritten as

Qx+c—A'y—D[s =0

Ax—b=0
(5.12)

D/X— d[ = 0

>0
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If we ignore the last constraint s; > 0, the remaining conditions in (5.12) are
precisely the optimality conditions of the problem

1
min=x' Qx+ ¢"x
x 2

st. Ax=0>b (5.13)

D/X = d/

This suggests an algorithmic strategy to solve (5.5): guess the active set | and
solve the subproblem (5.13). If the solution X to this subproblem satisfies the
other conditions in (5.7) then stop. Otherwise, make a new guess for /. Algorithm
5.1 gives a possible version of this strategy.

Each main iteration of Algorithm 5.1 requires solving the following subproblem for
some current trial solution X and trial active set /:
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Each main iteration of Algorithm 5.1 requires solving the following subproblem for
some current trial solution X and trial active set /:

1
n&inE(Ax)TQAx—i— (@x+c)" Ax
X

st. AAx=0 (5.14)
D/AX =0
To update the trial solution we also need to compute the step length
d: — D;A
ai=min 1, min DT(X (5.15)
D;Ax<0
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Algorithm 5.1 Active-set method

1: Choose xq feasible for (5.5) and Iy C {i: Dixo = d;,i=1,...,p}
2: for k=0,1,... do

3:  Solve (5.14) for I = Iy and X = xi

4. if Ax=0 then

5: Compute the Lagrange multipliers 5; of (5.14) for I = I, and X = x
6: if 5, > 0 then HALT X is an optimal solution to (5.5)

7 else

8: Let j:=argminic;S;, lkr1 := I\ {J}, and xk1 1= Xk

9: end if

10:  else

11: Compute « via (5.15) for I = I and let xyt1 := Xk + aAx
12: if o has a blocking constraint j then 1 1= Iy U {j}

13: else 1 := I

14:  end if

15: end if

16: end for

Table 1: Active-set method algorithm
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We say that the step length o computed in (5.15) has a blocking constraint, j ¢ |,
if

. d; — D,'AX dJ — DjAX
a = min =

i#l D;Ax n DJ'AX
D;Ax<0

And we say that a has no blocking constraints when

1 < . d,' — D,'AX
o= min ———
i1 D;Ax
D;Ax<0
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Interior-Point Methods

For notational convenience and without loss of generality we assume that the
problem of interest is in standard form (5.2).

As in the linear programming case, interior-point methods generate a sequence of
iterates that satisfy x,s > 0. Each iteration of the algorithm aims to make
progress towards satisfying —Qx + ATy + s = c, Ax = b, and x;s; = 0, with
i=1,...,n

As before we use the following notational convention: Given a vector x € R”, let
X € R™" denote the diagonal matrix defined by X; = x;, with i=1,...,n, and
let 1 € R" denote the vector whose components are all 1 s. The optimality
conditions (5.8) can be restated as

—Qx+ATy+s—c 0
Ax—b =10, x,s>0.
XS1 0

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



Given p > 0, let (x(), (1), s(1t)) be the solution to the following perturbed
version of the above optimality conditions:

—Qx+ATy+s—c 0
Ax—b =/ 0 |, xs>0
XSl 1

The first condition above can be written as r,(x,y, s) = 0 for the residual vector

—-Qx+ATy+s—c
r,(x,y,s) = Ax—b
XS1 —pul

The central path is the set {(x(u), y(1), s(p)) : p > 0}. It is intuitively clear that
(x(1), ¥(1), s(pe)) converges to an optimal solution to both (5.2) and its dual.
This suggests the following algorithmic strategy. Suppose ( x,y, s) is "near”
(x(1), y(1), s(pe)) for some p > 0. Use (x,y, s) to move to a better point
(x*,y",s") near” (x ("), y(u*),s(u"))for some ut < pu.
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It can be shown that if a point (x,y, s) is on the central path, then the
corresponding value of y satisfies x"s = nu. Likewise, given x, s > 0, define

x's

p(x; s) = T

To move from a current point (x,y, s) to a new point, we use the so-called
Newton step; that is, the solution to the system of equations

-Q AT | Ax c+Qx—ATy—s
A 0 0 Ay | = b — Ax (5.16)
s 0 X||as 41— XS1

Algorithm 5.2 presents a template for an interior-point method.
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Algorithm 5.2 Interior-point method for quadratic programming

1: Choose x°, s > 0

2: for k=0,1,...

3:  Solve the Newton system (5.16) for (x,y,s X<, yk, $9)
and g := 0.1p(x*, s¥)

4:  Choose a step length a € (0, 1]

and set (X1, yk1 1) = (XX yk §¥) 4+ a(Ax, Ay, As)

5: end for

Table 2: Interior-point method for quadratic programming

The step length « in step 4 should be chosen so that x**1, s*1 > 0 and the size
of r, (x¥1, ykt1 k1) is sufficiently smaller than r, (x¥, y*, s¥). A linesearch
procedure such as the one described in Algorithm 2.4 in Chapter 2 can be used for
choosing the step length a.
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Applications to Machine Learning

@ Binary Classification and Support Vector Machines.
@ Ridge and Lasso Regression.
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Binary Classification and Support Vector Machines

Consider feature vectors a; € R" for i= 1, ..., ky corresponding to class 1 , and

vectors b; € R" for i=1, ..., kp corresponding to class 2 . If these two vector sets

can be linearly separated, a hyperplane w' x = ~ exists with w € R",y € R such

that
T .
w a; >~ fori=1,... k
wib <~ fori=1,... k.

To have a "strict” separation, we often prefer to obtain w and ~ such that

wha>vy+1, fori=1,....k
wib<y—1fori=1,..., k.

In this manner, we find two parallel lines (wa: v+1and wix=~— l) that

form the boundaries of the class 1 and class 2 portions of the vector space; see
Figure 3.
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Figure 3: Linear separation of two classes of data points
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Support Vector Machine

(i) Consider the following quadratic problem:
min || w][3
W,y
a,Twz'y—l—l, fori=1,...,k (5.17)
b'w<~y—1fori=1,... k.

The objective function of this problem is equivalent to maximizing the margin
between the lines w' x =~ + 1 and w' x = — 1 (see Exercise 5.6).
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(i) The linear separation idea we presented above can be used even when the two
vector sets {a;} and {b;} are not linearly separable. (Note that linearly inseparable
sets will result in an infeasible problem in formulation (5.17).) This is achieved by
introducing a non-negative violation variable for each constraint of (5.17). Then,
one has two objectives: to minimize the total of the constraint violations and to
maximize the margin. One can formulate a quadratic programming model that
combines these two objectives using an adjustable parameter that can be chosen
in a way to put more weight on violations or margin, depending on one's
preference (see Exercise 5.7).
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Ridge and Lasso Regression

Recall the regression problem described in Example 5.3, namely to estimate the
linear model

Y=08"X+e¢,

where X and Y are RP-valued and R-valued random variables, by using some
training data (x;,y;), with i=1,..., N.

When p < N the p x p matrix X7 X has rank at most N < p and thus the
least-squares approach

. 2
min X781

is inadequate because the optimality conditions lead to an underdetermined
system of equations 0
(X"X)B=X"y
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We next describe two popular modifications to the ordinary least-squares approach
that aim to rectify this difficulty, namely ridge regression and lasso regression.
Ridge regression adds a quadratic penalty term to the objective function in the
least-squares model

min | XT3 — y][; + N8I3 (5.18)

where A > 0 is a tuning parameter. The effect of the penalty term is to shrink the
regression coefficients towards zero. The magnitude of A determines the shrinking
effect. In the limit when A — oo the solution to the ridge regression model is

B3 = 0. On the other hand, when A = 0 ridge regression and ordinary least squares
coincide.
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The optimality conditions for (5.18) yield the following system of equations:

(XTX+AM)B-X"y=0

Thus the solution to (5.18) is

B=(X"X+ M) XTy.
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On the other hand, the lasso regression model, proposed in a seminal paper by
Tibshirani (1996), adds a 1-norm penalty term to the objective function in the
least-squares model

mg”HXTﬂ—yHiJFAIIBIh (5.19)

where A > 0 is a tuning parameter. The effect of the penalty term is again to
shrink the regression coefficients towards zero. However, the properties of the 1
-norm have a far more interesting effect. The penalty term A||3||; makes some of
the regression coefficients be equal to zero. In particular, the solutions to the lasso
regression model (5.19) are typically sparse and the level of sparsity is controlled
by the tuning parameter \. Lasso regression can be formulated as a quadratic
program (see Exercise 5.9). Unlike ridge regression, there is no closed form
formula for the solution to lasso regression.
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