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Examples of Stochastic Optimization Models

The next three examples inherently involve making decisions under
uncertainty.
Example 10.1 (The newsvendor problem) A vendor purchases a
particular commodity to satisfy some demand that occurs later over
some time period. The demand D is random. The per-unit ordering
cost, back-ordering cost, and holding costs are known to be c, p, and
h, respectively. The total cost incured by the vendor if he purchases x
units and the demand tums out to be D is

F(x,D) = c · x + p ·max(D − x, 0) + h ·max(x − D, 0)

The problem is to decide the order quantity x that minimizes the
expected total costE[F(x,D)].
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Examples of Stochastic Optimization Models

Example 10.2 (Utility-based optimization)An investor with
endowment W0 needs to decide how to invest this initial capital over a
planning horizon. The investor’s preferences for her final wealth W are
expressed via a concave utility function U(W). Assume r is the vector
of random returns on the assets that the investor can purchase over
the planning horizon. The investor wishes to choose a portfolio x ∈ X
that maximizes the expected utility E[U(W)] of her final wealth W :

W = W0
(
1+ r⊤x

)
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Examples of Stochastic Optimization Models

Example 10.3 (Optimal consumption and investment) An
individual may consume some portion C0 of her initial endowment W0
now and invest the remaining capital W0 − C0 for consumption at a
future time. Assume r is the vector of random returns on the assets in
which she can invest her remaining capital W0 − C0. Investing in a
portfolio x will thus produce a random wealth W =
(W0 − C0)

(
1+ r⊤x

)
. What should her consumption C0 and

investment decisions x ∈ X be to maximize her total expected utility

U0 (C0) + E [U1(W)]
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Two-Stage Stochastic Optimization

Consider the following generic type of optimization problem under
uncertainty. At time 0 we need to make a set of decisions x subject to
some constraint set X . Between time 0 and time 1 a random
outcome ω is revealed. Our goal is to choose x to minimize the
expectation of some objective function F(x, ω) that depends both on
x as well as on the random outcome ω. This generic stochastic
optimization problem has the following formal formulation:

min
x
E(F(x, ω))

x ∈ X
(10.1)

The particular form of F(x, ω) may define various types of problems,
as we saw in Examples 10.1, 10.2, and 10.3. The function F(x, ω)
could be more involved: In a problem with recourse the function
F(x, ω) depends on decisions that can be made after the uncertainty
ω is revealed.
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Two-Stage Stochastic Optimization
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Two-Stage Stochastic Optimization

Stochastic optimization with recourse is a refinement of the generic
formulation (10.1). In this class of problems a first set of decisions x
must be made here and now at time 0 . Between time 0 and time 1 a
random outcome ω occurs. Then at time 1 we have the opportunity
to make a new round of wait-and-see decisions y(ω) after the random
ω is revealed. This leads to a two-stage stochastic optimization with
recourse problem formally stated as follows:

min
x

f(x) + E[Q(x, ω)]

x ∈ X
(10.2)
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Two-Stage Stochastic Optimization

The recourse term Q(x, ω) depends on the initial set of decisions x
and on the random outcome ω, and it is of the form

Q(x, ω) := miny(ω) g(y(ω), ω)
y(ω) ∈ Y(x, ω)

The set of decisions y(ω) are the recourse decisions. They are
adaptive to the random outcome ω. This means that unlike x they
are allowed to depend on ω.
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Two-Stage Stochastic Optimization
Example 10.4 (Newsvendor problem revisited) In this case the total
cost is

F(x,D) = c · x + p ·max(D − x, 0) + h ·max(x − D, 0).
We want to solve

min
x≥0

E[F(x,D)] = min
x≥0

(c · x + E[p ·max(D − x, 0) + h ·max(x − D, 0)])

= min
x≥0

(c · x + E[Q(x,D)])

where the recourse term Q(x,D) is

Q(x,D) := miny,z py + hz
s.t. y ≥ D − x

z ≥ x − D
y, z ≥ 0.
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Two-Stage Stochastic Optimization

Note that here the recourse decisions y and z are easy to compute
once the demand D and the number of units purchased x are known,
namely y = (D − x)+ and z = (x − D)+.
Sometimes it is preferable to consider a more general model obtained
by replacing the objective E(F(x, ω)) in (10.1) with ϱ(F(x, ω)) where
ϱ(·) is a realvalued function. In particular, it is common to let ϱ(·) be
a risk measure as illustrated in the following example. We formally
define and discuss risk measures in more detail in Chapter 11.
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Two-Stage Stochastic Optimization

Example 10.5 (Mean-variance revisited) Let r denote the vector of
random asset returns in an investment universe and let µ and V
denote respectively the expected value and covariance matrix of r.
The classic mean-variance model

minx
1
2γ · x⊤Vx − µ⊤x
x ∈ X

can be written as the stochastic optimization problem

min
x
ϱ
(

r⊤x
)

x ∈ X

for the risk measure ϱ defined by

ϱ(Z) = 1
2γ · σ2(Z)− E(Z).
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Linear Two-Stage Stochastic Programming

A linear two-stage stochastic program is a problem of the form

minx c⊤x + E[Q(x, ω)]
s.t. Ax = b

x ≥ 0,

where the recourse term Q(x, ω) is the value of another linear
program:

Q(x, ω) := miny q(ω)⊤y(ω)
s.t. T(ω)x + W(ω)y(ω) = h(ω)

y(ω) ≥ 0
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Linear Two-Stage Stochastic Programming

Here the parameters q(ω),T(ω),W(ω),h(ω) are random, and ω
represents a random outcome ω ∈ Ω that is revealed between stage 0
and stage 1 . It is customary and convenient to think of ω itself as
the array of random parameters ω = (q,T,W,h). The vector x
represents the first-stage decisions. These must be made without
knowing the random draw ω. The vector y(ω) denotes the
secondstage decisions. These may depend on the random draw ω.
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Linear Two-Stage Stochastic Programming

To ease notation, this type of problem is often written in the following
form:

minE
[
c⊤x + q⊤y

]
s.t. Ax = b

Tx + Wy = d
x ≥ 0
y ≥ 0

(10.3)

but we should keep in mind that the tuple of uncertain parameters
ω = (q,T,W,h) is revealed between time 0 and time 1 and the
recourse variables y may depend on this outcome.
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Scenario Optimization

Scenario optimization is a computational approach to stochastic
optimization. The gist of this approach is to assume a discrete
distribution for the random outcome. More precisely, assume the set
of possible random outcomes is a discrete probability space
Ω = {ω1, . . . , ωS}, with probability distribution pk =
P (ωk) , k = 1, . . . , S. The elements in Ω are the possible realizations
or scenarios

ωk = (qk,Tk,Wk,hk)

of the stochastic components of the model.
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Scenario Optimization

Under this assumption, the stochastic optimization problem (10.3)
can be written as the following deterministic equivalent:

min
x,yk

c⊤x +
S∑

k=1
pk

(
q⊤

k yk
)

s.t. Ax = b
Tkx + Wkyk = hk for k = 1, . . . , S
x ≥ 0
yk ≥ 0 for k = 1, . . . , S

(10.4)
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Scenario Optimization

The deterministic equivalent problem has S copies of the second-stage
decision variables and hence can be significantly larger than the
original problem before we considered the uncertainty of the
parameters. Fortunately, the constraint matrix has a very special
sparsity structure that can be exploited as we explain in Section 10.5
below.
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*The L-Shaped Method

The constraint matrix of (10.4) has the following form:
A
T1 W1
... . . .

TS WS


Observe that the blocks W1, . . . ,WS of the constraint matrix are only
interrelated through the blocks T1, . . . ,TS which correspond to the
first-stage decisions. In other words, once the first-stage decisions x
have been fixed, (10.4) decomposes into S independent linear
programs. The Benders decomposition method is an algorithm that
takes advantage of this type of structure. This method is also called
the L-shaped method in the stochastic programming literature.
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*The L-Shaped Method

The constraint matrix of (10.4) has the following form:
A
T1 W1
... . . .

TS WS


The idea behind this method is to solve a ”master problem” involving
only the variables x and a series of independent ”recourse problems”
each involving a different vector of variables yk. The master problem
and recourse problems are linear programs. The size of these linear
programs is much smaller than the size of the full model (10.4). The
recourse problems are solved for a given vector x and their solutions
are used to generate inequalities that are added to the master
problem. Solving the new master problem produces a new x and the
process is repeated.
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*The L-Shaped Method

More specifically, let us write (10.4) as

min
x

c⊤x + P1(x) + · · ·+ PS(x)

s.t. Ax = b
x ≥ 0

(10.5)

where
Pk(x) = min

yk
pkq⊤

k yk

s.t. Wkyk = hk − Tkx
yk ≥ 0

(10.6)
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*The L-Shaped Method

for k = 1, . . . , S. The dual of the linear program (10.6) is:

Pk(x) = maxuk
(hk − Tkx)⊤ uk

s.t. W⊤
k uk ≤ pkqk

(10.7)
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*The L-Shaped Method

For simplicity, assume (10.7) is feasible, which is the case of interest
in many applications. The recourse linear program (10.6) will be
solved for a sequence of vectors xi, for i = 0, 1, 2, . . .. The initial
vector x0 can be obtained by solving

min
x

c⊤x

s.t. Ax = b
x ≥ 0.

(10.8)

For a given vector xi, two possibilities can occur for the recourse
linear program (10.6): either (10.6) has an optimal solution or it is
infeasible.
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*The L-Shaped Method

If (10.6) has an optimal solution yi
k, and ui

k is the corresponding
optimal dual solution, then (10.7) implies that

Pk(x) ≥
(
ui

k
)⊤ (

Tkxi − Tkx
)
+ Pk

(
xi) .

This inequality, which is called an optimality cut, can be added to the
current master linear program. Initially, the master linear program is
just (10.8).
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*The L-Shaped Method

If (10.6) is infeasible, then the dual problem is unbounded. Let ui
k be

a direction where (10.7) is unbounded, that is,
(
hk − Tkxi)⊤ ui

k > 0
and W⊤

k ui
k ≤ pkqk. Since we are only interested in first-stage

decisions x that lead to feasible second-stage decisions yk, the
following feasibility cut can be added to the current master linear
program: (

ui
k
)⊤

(hk − Tkx) ≤ 0.
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*The L-Shaped Method

After solving the recourse problems (10.6) for each k, we have the
following upper bound on the optimal value of (10.4):

UB = c⊤xi + P1
(
xi)+ · · ·+ PS

(
xi) ,

where we set Pk
(
xi) = +∞ if the corresponding recourse problem is

infeasible.
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*The L-Shaped Method

Adding all the optimality and feasibility cuts found so far (for
j = 0, . . . , i ) to the master linear program, we obtain:

minx,z1,...,zS c⊤x +
∑S

k=1 zk
s.t. Ax = b

for some pairs (j, k) : (
uj

k

)⊤ (
Tkxj − Tkx

)
+ Pk

(
xj) ≤ zk

for the remaining pairs (j, k) :(
uj

k

)⊤
(hk − Tkx) ≤ 0

x ≥ 0
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*The L-Shaped Method

Denoting by xi+1, zi+1
1 , . . . , zi+1

S an optimal solution to this linear
program, we get a lower bound on the optimal value of (10.4):

LB = c⊤xi+1 + zi+1
1 + · · ·+ zi+1

S

The Benders decomposition method alternately solves the recourse
problems (10.6) and the master linear program with new optimality
and feasibility cuts added at each iteration until the gap between the
upper bound UB and the lower bound LB falls below a given
threshold. It can shown that UB − LB converges to zero and indeed
reaches zero after finitely many iterations. For details see Birge and
Louveaux (1997, chapter 5).
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