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Introduction

Dynamic programming is an approach to model and solve multi-period decision
problems. The fundamental principle of dynamic programming is the Bellman
equation, a certain kind of optimality condition. As we detail in this chapter, the
central idea of the Bellman equation is to break down a multi-stage problem into
multiple two-stage problems. Under suitable conditions, the Bellman equation
yields a recursion that helps in characterizing the solution and in computing it.
Before embarking on a formal description, we illustrate the dynamic programming
approach via some examples.
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Example 13.1 (Matches puzzle)

Suppose there are 30 matches on a table and | play the following game with a
clever opponent: | begin by picking up 1, 2, or 3 matches. Then my opponent
must pick 1,2 , or 3 matches. We continue alternating until the last match is
picked up. The player who picks up the last match loses. How can | (the first
player) be sure of winning?

Solution. If | can ensure that it will be my opponent’s turn when 1 match
remains, | certainly win. Let us work backwards one step: If | can ensure that it
will be my opponent’s turn when 5 matches remain, | will also win. The reason for
this is that no matter what he does when there are 5 matches left, | can make
sure that when he has his next turn, only 1 match will remain. Hence it is clear
that | win if | can force my opponent to play when 5 matches remain. We can
continue working backwards and conclude that | will ensure victory if | can force
my opponent to play when 5,9,13,17,21,25, or 29 matches remain. Since the
game starts with 30 matches on the table, | can ensure victory by picking 1 match
at the beginning, bringing the number down to 29 .
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Example 13.2 (Knapsack problem)

Given a set of items, each with a certain weight and value, select the collection of
items with total maximum value such that their total weight does not exceed
some fixed weight limit W.

Solution. Let w; > 0 and v; > 0 be the weight and value respectively of item t
fort =1,...,n. The knapsack problem can be formulated as an integer program
and solved via the technique covered in Chapter 8.2. We next illustrate an
alternative approach via dynamic programming. Consider the problem as a
sequence of binary decisions x; € {0,1} corresponding to "include” or "do not
include” item t for t =1,...,n. To find the optimal selection of items, we can
work "backwards” as we did in the matches puzzle. Let W; be the remaining
amount of weight available at stage t = 1,...,n with Wy = W, and let J; (W;)
denote the value of an optimal collection of items if we started selecting items at
stage t with remaining weight limit W;.
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The value function J; (W;) satisfies the following backward recursion for
t=12,...,n—1:

_ Jt+1 (Wt) if Wy > Wt
Jt (Wt) B { maX{Jt+1 (Wt) 5 Jt+1 (Wt — Wt) + Vt} |f Wt S Wl’ (131)

Our goal is to obtain the value J;(W) and the corresponding optimal collection of
items. The steps that lead to J;(W) in the above recursion are tied to the
optimal decisions x; for t =1,...,n—1. On the one hand, x; = 0 corresponds to
Jy (W) = Jey1 (We); that is, do not select item t. On the other hand, x; =1
corresponds to J; (W) = Jev1 (We — wy) + v Observe that for 0 < W, < W the
last-stage value function satisfies

0 it w,>W,
v, if w,<W,

n(w) = {
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Example 13.3 (Optimal consumption problem)

Assume that now (beginning of year 0 ) you have an initial amount of wealth

Wo > 0. At the beginning of year t you choose to consume C; dollars and invest
the rest of your wealth in one-year treasury bills. You can consume at most the
wealth available in year t. Consuming C; in year t provides a utility U (C;). On
the other hand, each dollar invested in one-year treasury bill yields 1 + r dollars
cash at the beginning of the next year. Suppose you want to maximize your total
utility of consumption over the next T years:

T
a U(G).
COT-',)ET ; ( t)
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How much should you consume each year?

Solution. The key to solving the optimal consumption problem is again to work
"backwards” in time just like we did in the matches puzzle and knapsack problem.
Let W; denote the amount of wealth available at the beginning of year t and let
Ji (W) be the total utility of consumption from year t to year T if we start at
year t with wealth W;. The value function J; (W;) satisfies the following

backwards recursion for t = 0,1,2,..., T —1:
Je (W) = 0202y, {Jern (W = C) - (14 1)) + U(G)} (13.2)

and the maximizer C; is the optimal consumption level at year t. Observe that for
Wt > 0 the last-stage value function satisfies

Jr (Wr) = U (Wr)

attained at the optimal consumption level Cx = Wr.
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Model of a Sequential System (Deterministic Case)

We next introduce the formal notation and terminology of dynamic programming.
The presentation follows the approach popularized in the classical book of
Bertsekas (2005). For ease of exposition, we first consider the deterministic case.
That is, the context without random components.

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



A sequential system is defined by the following elements.

Stages: These are the points in time when decisions are made. We will normally
consider t =0,1,..., Tort=1,2 ..., T.

States: The state of the system at a particular stage is the information that is
relevant for subsequent decisions. We will generally denote the state at stage t as
s¢, for t =0,1,..., T. Sometimes it is convenient to include also a "final state”

ST+1-

Decisions: These are also called controls or actions that we can make at each
stage and that affect the behavior of the system. We will generally denote the
decisions as x;, for t =0,1,..., T.

Law of motion: This defines how the state of the system evolves. A general law
of motion has the form

st+1:ft(staxt)a tZO,l,...,T
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Assume we are interested in optimizing some overall objective function

-
th (seyXe) + 8741 (ST41), (13.3)
t=0

where each g; (s¢,x¢), for t =0,1,..., T, and g741 (S7+1) is some cost or reward

per stage. This defines a sequential decision problem: find x;, for t =0,1,..., T,

to minimize the total cost or maximize the reward (13.3).
Both Examples 13.2 and 13.3 can be readily stated in this framework.
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Dynamic programming formulation for the knapsack

problem

Stages: t=1,2,...,n.
State at stage t : remaining weight capacity W;.

Decision at stage t : binary variable x; € {0, 1} indicating whether to include
item t or not. This decision is constrained to be x; = 0 if w; > W, as in this case
the weight of item t exceeds the remaining weight capacity.

Law of motion: the remaining weight capacity at stage t + 1 is the one from
stage t reduced by w; if item t is included. Otherwise they are the same. More
precisely,

Wipi = Wr —wexe, t =1,2,...,n—1

Objective: maximize the total value of the selected items

n

max E VeXe
t=1 n

R
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Dynamic programming formulation for the optimal

consumption problem

Stages: t =10,1,2,..., T.

State at stage t : available wealth W;. It is also convenient to assume that
terminal wealth Wt = 0.

Decision at stage ¢t : consumption C; € [0, W;]. Law of motion: the wealth at
stage t + 1 is the portion of wealth from stage t that was not consumed increased
by a factor 1 + r. More precisely,

Wt+1:(Wt—Ct)(1+r),t:O,172,...7T.

Objective: maximize the total utility of consumption

T

max U(G).
G-, Cr1 —o ( t)
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Bellman's Principle of Optimality

The heart of dynamic programming is a principle of optimality due to Bellman. Its
flavor was suggested by the solutions to Examples 13.1, 13.2, and 13.3. To state
the principle precisely, we need a bit of notation. Suppose we are maximizing total
reward

-
J(so) := max {th (st,x¢) + &741 (ST+1)}~

X0 yee ey XT —0
Consider the "tail problem” that starts at stage t :

XtyeoesXT
T=t

Ji (s¢) == max {Zg‘r (sr,%7) + 8741 (5T+1)}~

Bellman's optimality principle can be stated as follows. The value-to-go functions
Ji (s¢) satisfy the recursive relationship

Je (se) = max {&e (se,%¢) + Jeyn (fe (56, %:))} - (13.4)
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The recursive relationship (13.4) is called the Bellman equation. Observe that the
recursive relationships (13.1) and (13.2) are exactly the Bellman equation (13.4)
in the particular context of Examples 13.2 and 13.3 respectively.

There is a certain jargon associated with the solution to a sequential decision
problem and Bellman's optimality principle. The function J; (s;) is called the
value-to-go function at stage t. If the objective is to minimize a total cost,
Sometimes it is called the cost-to-go function. The solution x}(s;) of Bellman's
equation (13.4) at stage t is called an optimal decision rule at stage t. Notice
that this solution depends on the state s; at stage t. The vector of optimal
decision rules (x3(-), ..., x%(:)) is called the optimal policy.

Bellman's optimality principle can be phrased as:

If (x3(-),.-.,x%(-)) is an optimal policy for the entire problem, then
(xf(),,x*T()) is an optimal policy for the tail problem beginning at
stage t.
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Linear-Quadratic Regulator

We next illustrate Bellman's optimality principle with a popular model from
control engineering called the linear-quadratic regulator. It provides the foundation
for a model of dynamic investment with transaction costs and predictable returns
that we will discuss in the next chapter. The linear-quadratic regulator is a model
for the problem of steering the location s; of an object towards the origin via a
control input u;. Instead of a constraint on the location of the object, the
linear-quadratic regulator imposes a penalty for deviating from the origin. Assume
the states and controls evolve according to the following linear law of motion:

str1 = As; + Buy, t =0,1,... N—1

Assume we have a quadratic cost function

=
L

(s{ Qs¢ + u; Ru;) + sy Qsp

Il
o

t

where Q, R are symmetric positive definite matrices of appropriate sizes.
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The goal is to determine the optimal sequence of controls u;, t =0,1,..., N — 1,
that minimize the above cost when the initial position of the object is sp :

N-1
J(so) := min {Z (s; Qs +u/ Ru,) —l—S—,\l;QSN}

up,...,uny—1
t=0

We next apply the backwards dynamic programming principle. For the last stage
N we evidently have

v (sn) = sy Qsy
For stage N — 1 we have the Bellman equation
In—1(sy-1) :mlﬂ {Sz_lQSNq +uy_;Ruy_1 + Jy (sn)}
:min1 {sn_1Qsn—1+uy_;Ruy_;
+(Asy-1 +Bun-1)" Q(Asy_1 +Buy_1)
= min {sh_1Qsn—1+sy_ ;AT QAsy_1 + 25 ;AT QBuy_;

+UE_1 (R + BTQB) uN—l} .
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The latter is a convex quadratic function of uy_;. To find its minimum, we
compute its gradient and equate it to zero to obtain:

2B"QAsy_1 +2(R+B"QB)uy_; = 0.
Thus, the optimal control at stage N — 1 is
—1
uy_,=-(R+B'QB) B'QAsy_; = Ly_1sn_1,

where )
Lv-1=-(R+B'QB) B'QA.

Plugging this value of u},_; in the above expression for Jy_1 (sy—_1) we get
Iv_1(sn_1) =sp_1Qsy_1 +sy_;ATQAsy_;
~sy_,ATQB(R+BTQB) ' BTQAsy_;

.
=sy_1Kn_1Sn-1

where .
Kv1=Q+A"(Q-QB(R+BQB) 'B'Q)A
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Next we will prove by induction that
Jt (St) = S;I—Ktst, Ut = LtSt,

where
Ky =Q
K.=Q+AT (Kt+1 —Ke1B(R+BTK.1B) BTKtH) At=N-1,...,0

and
Le=—(R+BTK,1B) 'B'K 1A t=N—1,....0.
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We already showed that the above holds for t = N — 1. Assume that it holds for
t + 1. At stage t we have the Bellman equation

I (st)

= n?jln {S:Qst + U;rRut + Jt+1 (S;_LH_)}
= min {stTQst +ul Ru; + (As; + Bu,) " Keyp (As, + But)}

= min {s{ Qs; +s, ATK.;1As; + 25/ ATK.1Bu +uf (R+ B K1B)u ).
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The latter is a convex quadratic function of u;. To find its minimum, we compute
its gradient and equate it to zero to obtain:

2B"K;1As; +2 (R+ B K¢ 1B)u, = 0.
Thus, the optimal control at stage t is
U: = — (R -+ BTKHlB)il BTKt+1ASt = L;s¢,

where .
L, =— (R + BTKt+1B) BTKH-IA.

Plugging this value of u} in the above expression for J; (s;) we get

-1
i (s¢) = S:—Qst + SIATKtHASt - S:ATKhLlB (R + BTKt+1B) BTKt+1ASt

T
=S; Kest,
where

-1
K,—Q+AT (Kt+1 — Ki11B (R+BTK,1B) BTKtH) A.
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Sequential Decision Problem with Infinite Horizon

Infinite horizon problems are often appropriate models for problems where there is
no terminal stage, such as investments for an endowment or a foundation. They
are also often appropriate to model problems with very long time horizons. The
infinite horizon setting tends to simplify some issues since the dependence of the
value function on t can be eliminated.

Consider an infinite horizon problem whose law of motion is of the form

St4+1 = f (xtv St)

and whose objective function is

oo
t
max § 0 'g(xtvst)a
X0,X1 .- 0
t=

where 6 € (0,1) is a given discount factor.
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Define the value-to-go function V/(:) as

V (so) := max Zé’t (X¢,8¢) -

X0,X15--

Observe that at any intermediate stage t we have

V(s;) ;== max ZGT_t (Xr,87)

Xty Xe+1,ee

Thus, in this case the Bellman equation can be written as

V(s:) = max g (xt,8:) + 6 - V(sp41)-
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Linear-Quadratic Regulator with Infinite Horizon

Consider now the infinite horizon version of the linear-quadratic regulator that we
discussed in Section 13.4. The goal now is to determine the optimal sequence of

controls u;, t = 0,1, ..., that minimizes the following cost:
o0
V(so) : = mi s, Qs IR
(so) min {;( { Qs; + u; Ru;)

A common technique to solve the Bellman equation (and similar differential
equations) is "ansatz”, which can be loosely described as "make an educated
guess and later verify”. In this problem, we try the following quadratic ansatz for
the form of the value function:

V (st) =s/; Ks;

for some symmetric positive definite matrix K.
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With this educated guess we now apply the Bellman equation (infinite horizon
case):

V(s) = rrl1‘in [s{ Qs: + u] Ru; + V (s¢41)]

= min |:S;FQSt + u;rRut + (Ast + But)T K (Ast + But):|

=min [s/ Qs; +s; ATKAs, + 25, ATKBu; +u/ (R+ B'KB) u,]
ug

The latter is a convex quadratic function of u;. To find its minimum, we compute
its gradient and equate it to zero to obtain:

2B"KAs; + 2 (R+B"KB) u, = 0.
Thus, the optimal control at stage t is
u; = — (R+BTKB) 'B'KAs; = Ls,

where .
L=-(R+B'KB) B'KA.

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



Plugging this value of u} in the above Bellman equation we get
v@gzsjoa+sIAT(K—KB(R+BTKBy*BTK)A&.
Hence for the above guess to be correct, we must have:
K=Q+A" (K-KB(R+BTKB) B'K)A.

This is the so-called Ricatti equation. Under suitable assumptions on Q,R, A, B,
this equation is known to have a unique symmetric positive definite solution K.
Consider the following special case: A =B =1 and R = AQ with A > 0. In this
case the law of motion is

St+1 =St T Ut

and the Ricatti equation is
K=Q+K-KO\Q+K) K.

We thus obtain
Q=KA\Q+K) 'K
To solve for K, try to find a solution of the form K = aQ. Plugging this in the

above equation yields

32

1= .
A+ a
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This is a quadratic equation in a with two roots, but only one that is positive,
namely

. 14+ V144N
-
Therefore we get

K—sq= VTN

and consequently

L 1+VI+4A |
O+ 14+ VI+AN

In particular, the optimal control at time t is

b 14+ VI+4N .
o F1eVITAN T

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



Note that when A\ = 0, there is no direct cost associated with the control variable
u; and therefore it is optimal to select u; to minimize the cost of s;11 = s;+ ug,
which is given by stTHQsHl. Clearly, this is minimized when s;;; = 0, or
equivalently, when u; = —s;. On the other hand, for A > 0, the cost AutTQut
keeps u; from reaching all the way to —s;. Instead, u; is a scalar multiple of —s;,
where the scalar multiple is less than 1 . In addition, the larger A, the higher the
cost of the control variable u;, and therefore the smaller this scalar multiple.
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Model of Sequential System chastic Case)

The above dynamic programming machinery has a straightforward extension to a
more general context that includes a stochastic component in the law of motion.
A stochastic sequential system is an extension of the deterministic case. Like a
deterministic sequential system, the main components of a stochastic sequential
system are stages, states, decisions, and law of motion. The first three are exactly
as before. On the other hand, the law of motion of a stochastic sequential system
is of the more general form

st+1:ft(st7xt;wt)a t:0a17"'aT

As before, s;, x; are the state and action at stage t and s;;1 is the state at stage
t + 1. In addition, w; is some random disturbance that occurs at stage t.
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Assume we are interested in optimizing some overall objective function

T

E th(st,xt7wt)+gT+1(sT+1) ) (13.5)
t=0

where each g; (s¢, %, w:),t =0,1,..., T, and gr11(s7+1) is a cost or a reward
per stage. This defines a stochastic sequential decision problem: find x;,t =
0,1,..., T, to minimize or maximize the expected total cost or reward (13.5).
Bellman's optimality principle also extends in a natural fashion. Suppose we are
maximizing the expected reward

T
J(so) := max E th (st; xe, we) + g141 (ST41)
XQyee ey XT —0

Consider the "tail problem” that starts at stage ¢ :

-
Jy (st) = max E ZgT (ST7 X7, OJ-,—) + 8741 (ST—H)
Xtyeo oy XT —t
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Bellman's optimality principle

Bellman's optimality principle can be stated as follows. The value-to-go functions
Ji (s¢) satisfy the following Bellman equation:

Ji (st) = max £, (gt (se, Xt we) + Jeya (Fe (s, xe, we))] (13.6)

The stochastic case also has an infinite horizon version. Consider an infinite
horizon problem with a law of motion of the form

St+1 = f(xt7stawt)

and objective function

[ee]
E ot . s
Xorg(?,x Z g (xt7 t7wt)] 9

t=0

where 6 € (0,1) is a given discount factor.

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



Define the value-to-go function V/(:) as

P t
V (so) = Xorr)l(elwxE ;0 - g (X¢, 8¢, we)

Observe that at any intermediate stage t we have

oo
V S = E 9T_t : 7y Sr, Wr
(s¢) :=, max Tz::t g (Xr, 87, wr)

In this case the Bellman equation can be written as

V (St) = n':(aX]Et [g (Xt7 St,wt) + 9 . V (St+]_)]

Sirong Luo (Shanghai University of Finance and Econc Optimization Methods in Finance



	Introduction
	Some Examples
	Bellman's Principle of Optimality
	Linear-Quadratic Regulator
	Sequential Decision Problem with Infinite Horizon
	Linear-Quadratic Regulator with Infinite Horizon
	Model of Sequential System (Stochastic Case)

