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Multi-stage stochastic optimization

Multi-stage stochastic optimization can be seen as a generalization of the
generic class of stochastic optimization model discussed in Chapter 10.

Let 0,1,..., T index a set of stages where decisions are to be made.
Assume that between two consecutive stages t — 1 and t some random
outcome w; is revealed. At each stage t =0,1,..., T we make a set of

non-anticipatory decisions x; that can only depend on the random
information revealed up until that stage. Schematically, the process can be
seen as follows:

decision random decision random random
X0 draw wq X1 draw wy draw wt
decision
XT
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A multi-stage stochastic minimization problem is the following kind of
multi-fold version of the two-stage stochastic model (10.2) discussed in
Chapter 10:

n;(i)ngo (x0) + E[Q1 (x0,w1)]
X0 € Xo, (16.1)
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where the recourse term Q; (xg,w1) similarly depends on the decisions to
be made at later stages:

Q1 (xo,w1) == min g (x1,w1) + E[Q2 (x1,w2)]
X1 € X1 (xo,w1)
with
Qe (xe—1,we) = minge (xe, we) + E [Qer1 (xe, wes1)]
Xt € Xt (X¢—1,wt)

for t =2,..., T — 1, and the last-stage recourse term Qr (x7_1,w7) is of
the form

QT (XT-1,WT) = fQiTn gr (x7,wT)

xT € X1 (XT_]_, (JJT) .
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The multi-stage optimization problem (16.1) can also be written as

min go (xo)+E min g1 (x;,w1) +---+E min g7 (X7, wT)

xoE€Xp x1 €A1 (x0,w1) XTEXT(XT_1,0T)

Consider the special case of linear multi-stage stochastic optimization,
where the components are linear. More precisely, each g; (x¢,w:) = ctht
for some vector c; and each inter-temporal constraint x; € X} (X¢—1,wt) is
of the form

Bixi—1 + Aixt = by, x>0,

where w; = (ct, A¢, B¢, by) is only revealed at stage t.
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In this case we often write:
min EcOTxo—l—clTxl—f—---—i—C;xT
X0, X1 yee s XT
s.t.  Aoxg = by,
Bixo + A1x1 = by,
Box1 + Axxp = bo,

Brxt_1+ ArxT = bT,\
xT > 0.
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Example 16.1 (Financial planning example) Assume an investor has initial
wealth Wy at t = 0. At stage t she can invest in two asset classes: bonds
and stocks. The (random) gross return on bonds from time t — 1 to ¢ is
Rp,+ and the (random) gross return on stocks from t — 1 to t is Rs ;.
Assume that the investor needs to meet liabilities L; at times

t=1,..., T. She wants to maximize her expected wealth at time T
(after covering the liabilities). Assume no shorting is allowed.
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Formulation of the financial planning example

Variables: x; : amount of money invested in bonds at stage t, for
t=0,..., T —1;

vt amount of money invested in stocks at stage t, for t =0,..., T — 1;
W+ : wealth at time T

max E(Wr7)
st. xo+yo= Wy
Rpext—1+ Rstyt-1=Le +xe +yr, t=1,..., T =1
Ry, 7x7-1+ Rs,7yT-1= L7 + W7
Xe, ¥p > 0,t=0,1,..., T =1
Wr > 0.

Notice that in this model the parameters Ry, ; and Rs: are unknown prior
to time t.
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As discussed in Chapter 10 for the two-stage case, a multi-stage
optimization model can be recast as a deterministic equivalent if each of
the random outcomes has a discrete distribution. In this case for each
stage t = 1,2,..., T there is a finite set of possible values or realizations
{w%, e ,wts} for the random outcome w;. These sets of realizations can
be described by an event tree as depicted in Figure 16.1 for a problem with
three stages. In this particular tree, the random variables w; and w, have
two- and five-valued discrete distributions respectively. The tree structure
is associated with the discrete filtration generated by the discrete-time
random process we] = (wi,wo,...,we), t=1,..., T. In particular, each
possible value of w» has a unique predecessor value of ws.
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0 1 2 Stage

Figure: Event tree for a three-stage model

The set of scenarios described by the event tree in turn yield a
deterministic equivalent of a multi-stage stochastic optimization model.
We next illustrate this equivalence for the stochastic optimization model
described in Example 16.1 in a particularly simple event tree. We
subsequently describe the deterministic equivalent for linear multi-stage
stochastic programs in more general event trees.
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Example

Example 16.2 (Financial planning revisited) Consider the model described

in Example 16.1. Suppose T = 2 and there are two equally likely outcomes
(" H" and" T ") for the joint returns ( Rp¢, Rs ) over each period, say

(Rb,t(H), Rs,t(H)) = (1.14,1.25) and (Rp+(T), Rs+(T)) = (1.1,1.06)

. T 1 13T 1 2 24T _2 1 13T 1 2 24T _2 3 3T 3
min coxo + pilei) xi + pilei) xi + pales) x3 + paes) x5 + pales) x2
4 44T 4 5 5\T_5
+ palez) x2 + pa(ez) x2

s.t. Agxg =byg

Bix, + Alxi = b}

3 2

Bixo + Alxd =b?

Bix! + Alx} =bi

2

ng{ + Agxg = b3

Bixi + Adxid = b3

Bixi + Adxd ~ =hb;

Bixi + Adx3 = bi

0. x1, xf. xé. x%. xg. x%. x3 = 0.

Figure: Event tree for financial planning model
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Figure 16.2 illustrates the corresponding scenario tree. In this event tree
the labels” H " and " T " on the edges indicate the specific outcome
between two consecutive stages. Observe that each of the four scenarios
HH,HT, TH, TT in the event tree occurs with probability 1/4.

The scenario tree in turn yields a deterministic equivalent formulation for
the financial planning stochastic optimization model. In the deterministic
equivalent the stage 0 decisions are made at the root of the tree and thus
may not depend on any of the random outcomes. The stage 1 decisions
may depend on the initial path H or T realized up to stage 1 in the event
tree. Finally, the stage 2 decisions may depend on the path HH, HT, TH,
or TT realized up to stage 2 in the event tree. The corresponding
adaptiveness of the variables and constraints is explicitly reflected in the
following deterministic equivalent formulation.
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Scenario optimization model

Variables:

X0, Yo : money in bonds and stocks at t = 0;
x1(H),x1(T),y1(H),y1(T) : money in bonds and stocks at t = 1;
Wa(HH), Wa(HT), Wa( TH), Wa(TT) : wealth at t = 2
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max%(Wz(HH) + WL(HT) 4+ Wo(TH) + W5(TT))

st. xo+yo= Wy (stage0)
1.14x9 + 1.25y9 = L1 + x1(H) + y1(H) (stage 1, path H)
1.1xg + 1.06y0 = L1 + x1(T) +»1(T) (stage 1, path T)
1.14x1(H) + 1.25y1(H) = Lo + Wa(HH) (stage 2, HH)
L1x(H) + 1.06y1(H) = Lo + Wo(HT) (stage 2, HT)
1.14x1(T) + 1.25y1(T) = Lo + Wo(TH) (stage 2, TH)
1.1x(T) + 1.06y1(T) = Lo+ Wo(TT) (stage2, TT)
x0, ¥o, x1(H), x1(T), y1(H), y1(T) = 0
Wa(HH), Wa(HT), Wa(TH), Wa(TT) > 0.
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The above scenario optimization approach is quite flexible. In particular,
consider a variation of the above financial planning model where the
objective is maxE (U (W7r)) for some concave utility function U(W). The
corresponding deterministic equivalent has exactly the same variables and
constraints as the one above and the following objective:

max% (U (Wa(HH)) + U (Wa(TH)) + U (Wa(HT)) + U (Ws(TT))) .
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Furthermore, if U(-) is piecewise linear, then the problem can be recast as
a linear program. (See Exercise 16.1.)

Consider now the general multi-stage linear stochastic program (16.2).
Suppose each random vector wy = (¢, A¢, By, bt) has a discrete
distribution and consider their event tree representation. The description
of the deterministic equivalent relies on the following notation. Let

Q= {wtk - (cf,Af,Bf,bf) k= 1,...,5t}

be the set of possible realizations of the random variable w; for some
integer S; > 1 and for each stage t = 1,..., T. Let pfk =P (wt = wf)
with k=1,....St=1,...,T. The set Q; = {w},...,wft}
corresponds to the nodes in layer t of the event tree, which can be

conveniently denoted (t,1),...,(t,St) as illustrated in Figure 16.3.
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0 1 2 Stage

Figure: Event tree for a three-stage model with node labels
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Observe that in the event tree there is always a single root node (0,1) in
layer O . Furthermore, for each t =1,..., T — 1 each node (t, k) has a
unique predecessor (t — 1, k) in the immediately preceding layer of the tree.
For instance, in the event tree depicted in Figure 16.3 the predecessors of
each of the nodes in layer 2 is a unique node in layer 1 as follows
1=2=13=4=5=2

Observe that the probability of a non-terminal node equals the combined
probability of its direct descendants; that is, for t = 1,..., T and for every

node (t — 1,¢) we have
Pra= ), Pf

(t,k):k=¢
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Consider the multi-stage linear stochastic program (16.2) and assume the
random outcomes are described via a suitable event tree. We next detail
the variables, objective, and constraints of the corresponding deterministic
linear program equivalent.

Variables: Stage O variables: xg. Stage t variables can be adapted to the
S; possible paths up to stage t; that is,
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Objective: The deterministic equivalent of the objective function

-
cho + g ctht

t=1

min £ [cho el x4 +c;xr} =minE

T St

m|nc0xo+22pt ( ) xK

t=1 k=1
Constraints: The deterministic equivalent of each inter-temporal constraint

Bixi—1+Axt = b, x>0

is the set of constraints

BXxk | + Akxk =b,, xK>0, fork=1,...,S,

Observe that these constraints link the stage t variables x associated with
the layer t nodes (t, k) with the variable associated with their predecessor
(t—1,k).
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Thus the complete deterministic equivalent of (16.2) is as follows:

S
min coTxo—i—pr (c’{) X1 + - —|—ZpT (cT> ka
k=1
s.t. Agxg = by
Bll(XO—l- All(xlf :bll(,k: 1,....%

kak_|_Al2(x12( :b27k:1,...,52
Bixf_;+ ATXT =bl k=151
X07X]_7 TZO
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For example, if T = 2 and the event tree is as depicted in Figure 16.3,
then the deterministic equivalent is

H -
T~ : ;
_ ;_{____ —
“-..,;_ -
—r
] 1 2 Stape
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Observe that the constraint matrix in the above model has the following
structure:

A -
Bi Al
B A?
B3 A
B3 A3
B3 A3
B3 A;
! B3 A3 |

The constraint matrix for the general deterministic equivalent (16.3) has a
similar type of structure.
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A key aspect of multi-stage stochastic programming is the generation of
scenarios so that the deterministic equivalent formulation (16.3) accurately
represents the underlying stochastic optimization problem.

There are two separate issues. First, one needs to model the correlation
over time among the random parameters. For a pension fund, such a
model might relate wage inflation (a random parameter that influences the
liability side) to interest rates and stock prices (random parameters that
influence the asset side). Below we discuss a simple autoregressive model
that can be used for this purpose.
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A second issue is the construction of a scenario tree from these
inter-temporal statistical models: A finite number of scenarios must reflect
as accurately as possible the random processes modeled in the previous
step, suggesting the need for a large number of scenarios. On the other
hand, the linear program (16.3) can only be solved if the size of the
scenario tree is reasonable, suggesting a limited number of scenarios. To
reconcile these two conflicting objectives, it might be crucial to use
variance reduction techniques. We address these issues in this section.
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Autoregressive Model

In order to generate the random parameters underlying the stochastic
program, one needs to construct an economic model reflecting the
correlation between the parameters. Historical data may be available. The
goal is to generate meaningful time series for constructing the scenarios.
One approach is to use an autoregressive model.

Specifically, if r; denotes the random vector of parameters in period t, an
autoregressive model is defined by

re =Do+Dire1 4 +Dprep + €

where p is the number of lags used in the regression, Do, Dy,...,D; are
timeindependent constant matrices, which are estimated through
statistical methods such as maximum likelihood, and ¢; is a vector of i.i.d.
random disturbances with mean zero.
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To illustrate this, consider a problem where the vector r; consists of three
random parameters: s;, by, and m; are the rates of return of stocks,
bonds, and the money market, respectively, in year t. An autoregressive
model with p = 1 has the form:

St di dii dip di3 St—1 €;
by | = | do |+| do1 do do3 bey |+| €8 |, t=2,...,T
m; d3 d31 d3p ds3 me—1 e

Assuming independent error terms 5, €2, and ¢, and using historical data,
one can find the parameters di, di1, di2, di3 in the first equation,

st = di + di1St—1 + diobe—1 + dizm_1 + €

using standard linear regression tools that minimize the sum of squared
errors €;. Useful statistics, such as the standard error o of the estimates
s, can also be obtained. Similarly for b; and m;.
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Constructing Scenario Trees

The random distributions relating the various parameters of a stochastic
program must be discretized to generate a set of scenarios that is
adequate for its deterministic equivalent. Too few scenarios may lead to
approximation errors. On the other hand, too many scenarios will lead to
an explosion in the size of 16.3 Scenario Generation 257 the scenario tree,
leading to an excessive computational burden. In this section, we discuss a
simple random sampling approach and two variance reduction techniques:
adjusted random sampling and tree fitting. Unfortunately, scenario trees
constructed by these methods could contain spurious arbitrage
opportunities. We end this section with a procedure to test that this does
not occur.
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Random Sampling

One can generate scenarios directly from the autoregressive model
introduced in the previous section:

ry = DO + D]_rt_]_ + -+ Dpl’t_p + €t

where €; ~ N(0,X) are independently distributed multivariate normal
distributions with mean 0 and covariance matrix X.

In our example with three random parameters s;, by, and m;, and
independent error terms €5, €2, 7", the matrix ¥ is a 3 x 3 diagonal matrix,
with diagonal entries o5, 0, 0. Thirty branches or so may be needed to
get a reasonable approximation of the distribution of the rates of return in
stage 1. For a problem with three stages, 30 branches at each stage
represent 27,000 scenarios.
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With more stages, the size of the linear program (16.3) explodes.
Kouwenberg (2001) performed tests on scenario trees with fewer branches
at each node (such as a five-stage problem with branching structure
10-6-6-4-4, meaning ten branches at the root, then six branches at each
node in the next stage and so on) and he concluded that random sampling
on such trees leads to unstable investment strategies. This occurs because
the approximation error made by representing parameter distributions by
random samples can be significant in a small scenario tree. As a result the
optimal solution of (16.3) is not optimal for the actual parameter
distributions. How can one construct a scenario tree that more accurately
represents these distributions, without blowing up the size of the linear
program (16.3)?
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Adjusted Random Sampling

An easy way of improving upon random sampling is as follows. Assume
that each node of the scenario tree has an even number K = 2k of
branches. Instead of generating 2k random samples from the
autoregressive model, generate k random samples only and use the
negative of their error terms to compute the values on the remaining k
branches. This will fit all the odd moments of the distributions correctly.
In order to fit the variance of the distributions as well, one can scale the
sampled values. The sampled values are all scaled by a multiplicative
factor until their variance fits that of the corresponding parameter.
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How can one best approximate a continuous distribution by a discrete
distribution with K values? In other words, how should one choose values
vk and their probabilities py, for k = 1,..., K, in order to approximate the
given distribution as accurately as possible? A natural answer is to match
as many of the moments as possible. In the context of a scenario tree, the
problem is somewhat more complicated since there are several correlated
parameters at each node and there is interdependence between periods as
well. Hoyland and Wallace (2001) propose to formulate this fitting
problem as a nonlinear program. The fitting problem can be solved either
at each node separately or on the overall tree.
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We explain the fitting problem at a node. Let S; be the values of the
statistical properties of the distributions that one desires to fit, for
I=1,...,s. These might be the expected values of the distributions, the
correlation matrix, the skewness, and kurtosis. Let v, and pjx denote the
vector of values on branch k and its probability, respectively, for
k=1,...,K. Let fi(v,p) be the mathematical expression of property / for
the discrete distribution (for example, the mean of the vectors v, their
correlation, skewness, and kurtosis). Each property has a positive weight
w; indicating its importance in the desired fit. Hoyland and Wallace
formulate the fitting problem as

minyp >, wi (fi(v,p) — SI)2
s.t. Yepk=1 (16.4)
p>0
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One might want some statistical properties to match exactly. As an
example, consider again the autoregressive model:

ry = DO + D]_rt_]_ + 4 Dprt_p + €t

where €; ~ N(0,X) are independently distributed multivariate normal
distributions with mean 0 and covariance matrix X. To simplify notation,
let us write € instead of €;. The random vector € has distribution N(0, %)
and we would like to approximate this continuous distribution by a finite
number of disturbance vectors X occuring with probability py, for
k=1,...,K. Let eg denote the g th component of vector €. One might
want to fit the mean of € exactly and its covariance matrix as well as
possible. In this case, the fitting problem is

. i ! K k _k 2
MiNet K p Zq:l > =1 (Zk:l Pke€qg€r — qu)

s.t. Sk pkek =0
Dbk =1
p=>0
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Arbitrage-Free Scenario Trees

Approximating the continuous distributions of the uncertain parameters by
a finite number of scenarios in the linear program (16.3) typically creates
modeling 16.4 Exercises 259 errors. In fact, if the scenarios are not chosen
properly or if their number is too small, the supposed “linear programming
equivalent” could be far from being equivalent to the original stochastic
optimization problem. One of the most disturbing aspects of this
phenomenon is the possibility of creating arbitrage opportunities when
constructing the scenario tree. When this occurs, model (16.3) is flawed as
it would be distorted by the arbitrage opportunities. Klaassen (2002) was
the first to address this issue.
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In particular, he shows how arbitrage opportunities can be detected ex
post in a scenario tree. See Exercise 16.3 for details. When arbitrage
opportunities exist, a simple solution is to discard the scenario tree and to
construct a new one with more branches. Klaassen also discusses what
constraints to add to the nonlinear program (16.4) in order to preclude
arbitrage opportunities ex ante. The additional constraints are nonlinear,
thus increasing the difficulty of solving (16.4).

Sirong Luo (Shanghai University of Finance a Optimization Methods in Finance(V2.0)



	Multi-Stage Stochastic Programming
	Scenario Optimization
	Scenario Generation

