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GARCH�.
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£Ä²þ�.

��­

σ2
t = [1/(M − 1)]×

MX
i=1

(rt−i −
PM

j rt−j

M
)2

\�

σ2
t = [1/(M − 1)]×

MX
i=1

wt−i(rt−i −
PM

j rt−j

M
)2

D­Æ (SUFE) êþ7K 64 / 94



§2ÂÃÇ�ÅÄÇ
2.3ÅÄÇ

£Ä²þ{´±L�MU�ÂÃÇ��������c��
½ö`�FÅÄÇ��O�§©�{ü£Ä²þÚ\�£Ä

²þü«�{§cöòzU�ÂÃÇw¤´��­�§�ö

KéØÓ��:D�ØÓ��­"T�{I�(½�­�ë

ê=UêM§�â²��§éuFÝêâ§M���5
½10�Z"

D­Æ (SUFE) êþ7K 65 / 94



§2ÂÃÇ�ÅÄÇ
2.3ÅÄÇ

GARCH�.£Generalized Autoregressive Conditional
Heteroskedasticity¤
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ht = α0 + α1r2
t−1 + βht−1

α0!α1Úβþ����ëê§�±^{¤êâ�OÑ"

htÚht−1´�ÏÚcÏ�^���
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1 �ÅL§

2 ê��ÅL§

3 �L§

4 �BL§

5 �BL§Ú�BÚn

D­Æ (SUFE) êþ7K 68 / 94



§3�Å�©
3.1�ÅL§

�ÅL§(Stochastic Process)

�E´��Å¢�§���m�Ω = ω§ë

êT ⊂ (+∞,−∞)§XJé?¿t ∈ T§k�½Â3Ωþ��

ÅCþX (ω, t)��éA,K¡{X (ω, t), t ∈ T}��ÅL§§{
P�{X (t), t ∈ T}½{X (t)},��P�X (t).
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§3�Å�©
3.1�ÅL§

�ÅL§{X (t), t ∈ T}´½Â3í@Tþ���¼ê"

�ÅL§{X (t), t ∈ T})º���ÔnXÚ§X (t)L«X
Ú3��t ¤?�G�, X (t)�¤k�UG�¤�¤�8Ü
¡�G��m§P�I§éu�½�t0 ∈ T , x ∈ I,X (t0) = x
`¤´3��t0§XÚ?uG�x"
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§3�Å�©
3.1ê��ÅL§

ê��ÅL§

��ÅL§{X (t), t ∈ T}§eéut �?¿n�

�t1 < t2 < , < tn, n ≥ 3,k

P{X (tn) ≤ xn | X (t1) = x1,X (t1) = x1, · · · ,X (tn) = xn}

= P {X (tn) ≤ xn|X (tn−1) = xn−1}
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§3�Å�©
3.2ê��ÅL§

ê��ÅL§´�«AÏ��ÅL§"ê��ÅL§�±¦

©Û4��{z"

X (t)���ê��ÅL§§K

f (X (t1),X (t2), · · · ,X (tn)) = f (X (t1))f (X (t2) | X (t1))f (X (t3) | X (t1),X (t2)) · · · f (X (tn) | X (t1), · · ·X (tn−1))

f (X (t1),X (t2), · · · ,X (tn)) = f (X (t1))f (X (t2) | X (t1))f (X (t3) | X (t2)) · · · f (X (tn) | X (tn−1))

�5G��VÇ©Ù�����cG�=�§��y3�c

G��{¤¿ØO\?Û'u�5G��VÇ©Ù�&E"
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§3�Å�©
3.3�L§

�L§£martingale process¤

XJ�ÅL§X (t)÷vé?¿�s < t§Ñ÷v

E(Xt | Xs) = Xs

K¡X (t)��L§"

�*þ
ó§®��L§3,������§Ù?¿���

��^�Ï"�ù�����"lÙä��Ý5w§§´�

�ú²�iZ"
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§3�Å�©
ê��ÅL§��L§

MarkovL§`�´{¤éuýÿ�5vk�^

MartingaleL§`�´ù�L§vk±Y��þ½ö�e�
ª³§�Ò´`ù�L§3?Û���^�Ï"Ñ´��

�"

�ö3½Âþvk?Û��8"
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§3�Å�©
ê��ÅL§��L§
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§3�Å�©
3.4�BL§

�BL§(Wiener Process)

�BL§q¡ÙK$Ä(Brownian Motion)§å
u=I�Ô

Æ[ÙKéY�¥�s®âf�$Ä;,�£ã"

1905c§OÏd"�Ñ
ÔnÆþ)º"

1918c§�B�Ñ
î��êÆ½Â"

1�gu���·�§^5£ã]�d��Ä�L§"
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3.4�BL§
IOÙK$Ä

IOÙK$ÄW (t)A÷vµ

ëY´»§W (t)'ut´ëY�"

ÕáOþ§éu?Ûü�ØÓ�mm�∆t§∆W���pÕ

á"

��Oþ§∆W = ε i
√

∆t§ε i ∼ N(0,1)"
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3.4�BL§
IOÙK$Ä�5�

W (t)�ê��ÅL§

P{W (t + s) ≤ a | W (s) = x ,W (u),0 ≤ u ≤ s}

= P{W (t + s)−W (s) ≤ a− x | W (s) = x ,W (u),0 ≤ u ≤ s}

= P{W (t + s)−W (s) ≤ a− x}

= P{W (t + s) ≤ a | W (s) = x}
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3.4�BL§
IOÙK$Ä�5�

W (t)��L§

E(Wt | Ws)

= E(Ws + (Wt −Ws) | Ws)

= E(Ws | Ws) + E(Wt −Ws | Ws)

= E(Ws)

D­Æ (SUFE) êþ7K 79 / 94



3.4�BL§
IOÙK$Ä�5�

W (T )−W (t) =
Pn

i=1 ε i
√

∆t

W (T )−W (t)�Ñl��©Ù

þ��u0

���uT − t

IO��u
√

T − t

���\5
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3.4�BL§
ÊÏÙK$Ä

�ÌÊÏÙK$Ä�Cþx´'u�mÚdW�Ä�L§µ

dX (t) = adt + bdW (t)

X (t) = X0 + at + bW (t)

adt�(½�§¤£Ça¿�Xzü �mSx¤£a¶

bdw´�Å�§�LXéx��mª³L§¤V\�DÑ§¦

Cþx�7X(½ª³þe�ÅÅÄ§�ù«DÑ´d�BL

§�b��Ñ�§b¡�ÅÄÇ"
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3.4�BL§
ÊÏÙK$Ä

ÊÏÙK$Ä�lÑ/ª�

∆X = a∆t + bε
√

∆t

∆Xäk��©ÙA�§Ùþ��a∆t§

X�þ��aT§IO��b
√

∆T§���b2T"
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§3�Å�©
3.5�BL§Ú�BÚn

�BL§( Ito Process )

dX (t) = a(X , t)dt + b(X , t)dW (t)

X (t) = X0 +
Z t

0
ads +

Z t

0
bdW (s)

W (t)´��IOÙK$Ä

a, b´CþsÚt�¼ê

CþX�¤£Ç�a§��Ç�b2
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§3�Å�©
3.5�BL§Ú�BÚn

�BÚn( Ito Lemma )eCþX�Ì�BL§§KCþX Út
�¼êG(X , t)ò�ÌXeL§µ

dG =

 
∂G
∂X

a +
∂G
∂t

+
1
2

∂2G
∂X 2 b2

!
dt +

∂G
∂X

bdW (t)

Ù¥§W (t)´��IOÙK$Ä"
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3.5�BL§Ú�BÚn
�BÚn�{üí�

G��VÐmª�µ

∆G =
∂G
∂x

∆X +
∂G
∂t

∆t +
1
2

∂2G
∂x2 ∆X 2 +

∂2G
∂x∂t

∆X ∆t +
1
2

∂2G
∂t2 ∆t2 + . . .

3~�©¥§·���µ

∆G =
∂G
∂x

∆X +
∂G
∂t

∆t

3�Å�©¥§·���µ

∆G =
∂G
∂X

∆X +
∂G
∂t

∆t +
1
2

∂2G
∂X 2 ∆X 2

Ù¥§������ê�∆t
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3.5�BL§Ú�BÚn
�BÚn�{üí�

ò∆X = a∆t + bε
√

∆t�\����§¿�Ñ'∆tp���§
K

∆G =
∂G
∂X

∆X +
∂G
∂t

∆t +
1
2

∂2G
∂X 2 b2ε2∆t

duε ∼ N(0,1)§Ïd§E(ε2∆t) = ∆t


ε2∆t��Ú∆t2Ó�§�±�Ñ§Ïdk

∆G =
∂G
∂X

∆X +
∂G
∂t

∆t +
1
2

∂2G
∂X 2 b2∆t
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3.5�BL§Ú�BÚn
�BÚn�{üí�

�4�

dG =
∂G
∂X

dX +
∂G
∂t

dt +
1
2

∂2G
∂X 2 b2dt

�\

dX (t) = adt + bdW (t)

��

dG =

 
∂G
∂X

a +
∂G
∂t

+
1
2

∂2G
∂X 2 b2

!
dt +

∂G
∂X

bdW (t)

D­Æ (SUFE) êþ7K 87 / 94



3.5�BL§Ú�BÚn
�BÚn�$^

XJ·���x �Ì��BL§§ÏL�BÚn�±í
�G(X , t)�Ì��ÅL§"

duû)�¬d�´I�]�d�Ú�m�¼ê§Ïd�B

Ún3û)�¬©Û¥�ü­���Ú"
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3.5�BL§Ú�BÚn
ln(S)¤�Ì��ÅL§

b�CþSÑlAÛÙK$Ä

dS (t) = µS (t) dt + σS (t) dW (t)

-G = ln(S)§K

∂G
∂S

=
1
S
,

∂2G
∂S2 = − 1

S2 ,
∂G
∂t

= 0

$^�BÚn��G = ln(S)¤�Ì��ÅL§�

dG (t) = d ln S (t) =
 

µ− σ2

2

!
dt + σdW (t)
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3.5�BL§Ú�BÚn
�¦d��CzL§µAÛÙK$Ä

��b��¦d�ÑlAÛÙK$Ä

dS (t) = µS (t) dt + σS (t) dW (t)

K

d ln S (t) =
 

µ− σ2

2

!
dt + σdW (t)
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3.5�BL§Ú�BÚn
�Ûb��¦d�ÑlAÛÙK$Ä

SØ¬�K"

�¦ëYE|ÂÃÇÑl��©Ù"

T − t Ïmcz�ëYE|ÂÃÇ�

���ÅCþη Ñl��©Ù

η ∼ ϕ
�
(µ− σ2

2
),

σ2

T − t

�
²�¯¢y²§�¦d��ëYE|ÂÃÇCq/Ñl��

©Ù"
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3.5�BL§Ú�BÚn
�Ûb��¦d�ÑlAÛÙK$Ä

AÛÙK$Ä´��ê��ÅL§§l
�fªEMH
(Efficient Markets Hypothesis)�Î"

�Ò´`§�¦y3�d�®²�¹
¤k�5G��VÇ

©Ù�&E§ïÄ�¦d��{¤¿Ø'�cd�O\?Û

#�&E"
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3.5�BL§Ú�BÚn
½|k�nØ��ÅL§

Fama(1965)JÑ
Í¶�k�½|b`"Tb`@�§y 
d�é#�½|&E��A´×�ÚO��§y d�U�

��N�Ü&E"

k�½|kn��g

1 fªk�½|

2 �rªk�½|

3 rªk�½|

�â¯õÆö�¢yïÄ§u�I[�y ½|�NÎÜf

ªk�½|b`"��@�§fªk�½|b`�ê��Å

L§´S3���"
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3.5�BL§Ú�BÚn
�Ûb��¦d�ÑlAÛÙK$Ä

AÛÙK$Ä3êÆþé�m??ëY§�??Ø��Ú�

gC©£Quadratic Variation¤Ø�"�5�§��¦ÂÃ
Ç3�mþ�3=òk:�5��´�Î�"
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